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TO  THE  HONOURABLE 

i \i  ’ . ' 

Charles  Frederick , Efq; 

Surveyor-General  of  his  Majesty’s 
Ordnance,  &c>  &C* 


Honourable  Sir, 

THE  fubjedt  of  the  ftieets  which  I here 
beg  leave  to  lay  before  you,  is  of  fo 
much  confequence  to  mankind,  as  juftly  to 
claim  the  regard  and  fandtion  of  the  Great. 
Geometry  is,  not  only  a mod:  accurate,  but  a 
very  extenfive  fcience,  whofe  application  and 
great  utility,  as  well  in  the  arts  of  peace  as  of 
war,  are  well  known  to  You. 

But  though  this  work,  if  the  manner  in 
which  it  is  executed  be  correfpondent  to  the 
importance  of  the  fubjedt,  may  not  want 
fufficient  merit  to  render  it  worthy  of  the 
approbation  of  a Gentleman,  who,  amidft  a 
multiplicity  of  public  employments,  pre- 
ferves  an  undiminilh’d  ardor  for  the  fciences, 
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and  a knowledge  of  the  works  of  art  and 
nature  ; yet  I have.  Sir,  ftill  farther  motives 
for  this  addrefs : Your  great  influence  and 
zeal  to  promote  the  good  of  an  inftitution 
under  which  I am  placed ; and  the  favours 
that  I have  received  at  your  hands,  make  me 
earned:  to  embrace  this  opportunity  of  teftify- 
ing  publickly,  that  I am. 

Honourable  Sir, 

With  great  refpect, 

Your  much  obliged, 
and  mod:  obedient 

humble  fervant. 


Royal  Academy, 

March  3,  1 7 60, 

Thomas  Simplon. 


P R E F A C E. 


Mr  defign  in  writing  upon  the  fubjeCt  of  Geo - 
metry,  was  to  open  an  eafy  way  for  young 
beginners  to  arrive  at  a proficiency  in  that 
ufeful  fcience ; without  either  being  obliged  to  go  thro * 
a number  of  unnecejfary  propofiticns , or  having  re - 
war/tf  /i>i?  ungeometrical  methods  of  demonfira- 
iion,  that  abound  in  mojl  modern  compositions  of  this 
nature . 

‘The  difficulty  of  the  undertaking , I was  not  unap- 
prifed  of ; and  objections  occurred  that  were  not  eafy 
to  be  removed : Never thelefs , I have  grounds  to  hope , 
reception  my  firfl  attempt  has  met  with , 
endeavours  have  not  been  entirely  unfuccefsful.  No 
pains  havejndeedfieen  f pared  to  render  the  work  ufeful : 
And  l flatter  myfelf , that  the  fpirit  and  rigour  of  de- 
monfiration , fo  effiential  to  the  fubjeCt , are  alfo  tolera - 
bly  well  preferved  j though  I have  not  been  fo  intent  to 
guard  againjl  the  attack  of  Criticks,  as  to  lofe  fight 
of  my  main  defign  of  furnifioing  a plain , eafy  infii- 
tution  for  learners : Tet  1 have  ftrong  hopes , that 
there  will  not  be  found  in  thefe  Jheets , any  inaccura- 
cies, or  overfightSy  that  are  abfolutely  unpardonable. 
To  eupeCl  a faultlefs  piece  is  impoffiible  ; And  I well 
know  that  the  moft  elaborate  and  beft- approved fyf- 
tems  of  Geometry  extant , are  not  without  many  imperfec- 
tions. Bitty  were  the  fmallefi  imperfection  to  be  a real 
faulty  my  ambition  would  rather  bey  to  Jhew  fome  de- 
gree of  judgmenty  by  avoiding  a multitude  of  fucb 
faultSy  than  by  expofing  and  magnifying  the  flaws  of 
other  writers.  It  is  more  eafy  to  fee  a faulty  than  to 
avoid  one  : And  thofe  men  who  are  the  moft  fanguine 
to  dijlinguifh  themf elves  at  the  expence  of  otherSy  are 
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generally  obferved  to  ftand  in  need  of  greater  indulgen- 
ces^ than  even  the  perfons  whom  they  unmercifully 
attack.  But  1 fhall  put  an  end  to  this  digreffion  by 
pointing  out  one  objeftion , that  may  be  brought  againjl 
this  work  •,  which  is , that  in  demonftrations  admitting 
of  feveral  cafes , the  moft  eafy  ones  are  fometimes  omit- 
ted j and  that  the  converfe  of  fome  propofitions  is 
not  at  all  demonfirated.  But  this , I conceive , will 
be  found  a real  advantage  to  the  learner  ; without 
which , it  would  have  been  impoffible  to  have  comprifed 
the  Elements  in  the  compafs  they  now  take  up.  Be - 
fides,  the  great  eft  part  of  the  demonftrations  omitted 
being  fuch  as  may  be  inferred  from  thofe  given,  by  means 
of  Axioms  only  *,  they  may,  therefore,  be  eafily  /ap- 
plied by  any  reader,  Jhould  they  happen  to  become  tie - 
cejfary,  which  1 have  fcarce  ever  found  to  be  the  cafe. 
But , even  allowing  this  to  be  a defect,  it  is  abun- 
dantly compenfated  by  the  extenfive  application  given 
in  the  three  laft  feblions  ; which  is  infinitely  more 
ufeful,  in  it  [elf,  and  more  necejfary  to  the  forming  an 
able  Geometrician,  than  any  thing  of  the  kind  we 
have  been  /peaking  of. 

In  this , fecond , edition  ( which  is,  in  a manner,  a 
new  work ) many  conftderable  alterations  and  additions 
have  been  made.  The  order  of  fome  of  the  fir  ft  pro- 
pofitions  is  changed : And  fome  difficult  propofitions  in 
the  fecond  book  are  rendered  more  plain.  In  the 
fourth  book  feveral  new  Theorems  on  proportions  are 
added.  The  folid  Geometry  is  now  connected  with 
the  plane,  and  is  demonfirated  with  the  fame  accuracy . 
The  menfuration  of  Superficies  and  Solids  is  alfo  move 
explicitly  handled ; and  the  demonftr ation  of  the  fe- 
veral rides  is  here  eftablifhed  on  a better  foundation, 
than  even  in  authors  who  have  wrote  profeffedly  on 
the  fubjebt.  The  Maxima  and  Minima , and  the  con - 
ftrubhon  of  Geometrical  Problems,  are  likewife  confi - 
derably  extended  and  improved.  And,  at  the  end, 
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Notes  geometrical  and  critical , very  ufeful  to  improve 
the  judgment  of  young  Jiudents , are  now  added. 

But , whilft  1 am  talking  of  improvements  and 
matters  of  criticifm , I am  called  upon  to  anfwer  to  a 
charge , which , (hould  it  appear  to  deferve  credit , 
would  indeed  leave  me  hut  little  room  to  pafs  myfelf 
upon  the  world  for  a judge  in  thefe  matters.  As  the 
gentleman  by  whom  I Jland  accufed , is  known  to  the 
world  by  his  holding  one  of  the  moft  confiderable  ma- 
thematical pofls  in  the  kingdom  •,  1 Jhall , in  order  to 
do  all  due  honour  to  the  manner  and  importance  of  his 
writing , give  you  his  own  words . 

44  There  has  lately  been  publijhed  a book  under  the 
44  title  of  Elements  of  Plane  Geometry , defigned  for 
44  the  ufe  of  fchools , which  is  an  incorred  copy  of  the 
“ firjl  eight  fed! ions  of  this  work , lent  the  pretended 
“ author  on  a particular  occafion , and  printed  in  a 
41  fpurious  manner , without  my  knowledge  or  confent ; 
4‘  an  adion  too  fcandalous  for  any  man  of  honour  to 
44  be  guilty  of.  The  Editor  imagined , 1 fuppofe , that 
44  the  changing  fome  proportions , mangling  the 
46  demonjlrations  of  others,  was  a fuff  dent  difguife 
“ *7  pafs  for  his  own  performance  ; 

44  far  this  will  juftify  fuch  a piece  of  piracy,  mujl  be 
44  left  to  the  judgment  of  the  publick 

Were  I to  attempt  to  defcribe  the  ideas  excited  in 
my  mind  by  the  lingular  modefty  of  this  important 
and  Jolemn  appeal  to  the  publick , 1 Jhould  be  at  a lofs 
for  fit  words  to  exprefs  them,  without  tranfgrefiing  the 
bounds  of  decency.  But  I hope  that  I have  not  de - 
ferved  fo  ill  of  the  publick , to  be  thought  capable  of 
a ding  fo  very  humble  a part,  as  that  of  copying  from 
this  author , and  of  mangling  his  demonjlrations,  in 
order  to  make  them  pafs  for  my  own. — That  a manu • 
feript  of  his  ( containing  between  20  and  30  of  the 
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principal  Theorems  in  Geometry , extremely  ill  digejled) 
came  into  my  bands , is  indeed  true ; but  it  was  not 
lent  me,  but  forced  upon  me , by  himfelf  ( the  'very 
firjt  night  after  my  removal  to  Woolwich)  in  virtue 
of  an  article  in  the  original  rules  and  inftruftions  for 
the  Academy  •,  whereby  it  is  ordered , that  the  fecond 
mafler  (hall  teach  Geometry  under  the  direction  of  the 
firft  mafler.  But  this  well  intended  article,  which 
has  been  made  fubfervient  to  the  purpofes  of  ignorant 
tyranny , and  daring  calumny , has  fince , in  confequence 
of  a publick  examination , been  annulled  by  an  exprefs 
order  of  the  Mafler -General  of  the  Ordnance . — I could 
mention  fame  particulars , [upported  by  good  authority , 
that  occurred  in  the  courfe  of  that  examination , which 
would  but  ill  agree  with  the  importance  he  affumes 
in  his  confident  accufation  ; but  1 do  not  think  it  worth 
while  : This  Gentleman  has , himfelf , by  his  different 
publications , fo  well  convinced  the  world  of  his  abili- 
ties^ as  to  render  any  farther  comment  on  that  head 
intirely  unneceffary  and  ineffectual. 
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S in  every  work  of  this  nature,  defigned  to 


£\  contain  whatever  may  be  moft  requifite  to 
the  forming  of  a regular  and  complete  lyftem  of 
Geometry,  a number  of  propofitions  muft  necef- 
farily  have  a place,  whofe  chief  ufe  and  application 
lie  in  the  higher  branches  of  the  Mathematics; 
and  there  being  many  perfons,  particularly  young 
gentlemen  in  publick  fchools,  who  want  to  learn 
fo  much  Geometry  only,  as  is  neceflary  to  give 
them  a proper  introduction  into  the  practical  and 
moft  common  applications  thereof ; fuch  as  Men- 
furation.  Trigonometry,  Navigation,  Fortification, 
PerfpeCtive,  &V,  For  thefe  reafons,  I thought 
that  it  might  be  of  fervice,  to  point  out  to  fuch 
Readers,  what  propofitions  in  thefe  elements  may- 
be omitted,  as  leaft  ufeful  to  them  ; without  ei- 
ther hurting  the  connection,  or  taking  away  from 
the  evidence  of  the  other  demonftrations.  The 
numbers,  of  thefe  propofitions,  in  the  feveral 
books,  are  as  follow. 

In  Book  I.  the  6,  17,  19,  21,  22,  23,  and 
29th. 

In  Book  II.  the  4,  5,  10,  1 1,  1 2,  13th,  and  the 
2d  Corol.  to  the  9th. 

In  Book  III.  the  4,  5,  6,  7,  8,  9,  15,  18,  19, 
20,  25,  26,  27,  and  28th. 


In  Book  IV.  the  4,  5,  6 , 9,  1 r,  13,  16,  17,  20, 
21,  22,  23*  25,  26,  27,  28,  and  29th. 


In 
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In  Book  V.  the  i,  2,  16,  17,  18 , 19,  20,  25, 
26,  28,  and  31ft. 

In  Book  VI.  the  two  or  three  firft  propofitions 
only,  need  be  read  •,  except  by  thofe  who  are 
concerned  in  furveying  and  dividing  of  lands  j to 
whom  the  whole  Book  will  be  highly  ufeful. 

Alfo,  with  regard  to  the  feventh  book,  if  Per- 
fpeEtive  be  the  only  application  in  view  (which  I 
have  known  frequently  to  be  the  cafe)  the  ift, 
2d,  4th,  and  1 2th  propofitions  may  fuffice.  But 
if  a more  general  idea  of  the  properties  of  in- 
terfering planes  fhould  be  required,  fuch  as  is  ne- 
ceflary  in  the  doctrine  of  folids  and  fpheric  geo- 
metry ; then  all  the  propofitions,  to  the  12th, 
ought  to  be  taken. 

The  17th,  19th,  20th,  2 1 ft,  22d,  and  23d  pro- 
pofitions of  this  feventh  Book  ftiould  alfo  be  read 
by  thofe  who  would  be  able  to  find  the  content  and 
proportion  of  folid  bodies ; as  (hould,  likewife,  the 
whole  eighth  book*  except,  perhaps,  the  firft  and 
ninth  propofitions,  together  with  the  three  firft 
lemmas  •,  which  may  be  thought  too  plain,  by 
thofe  who  are  not  very  folicitous  about  geometri- 
cal rigour,  to  need  a demonftration. 
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An  INDEX  or  TABLE  referring  to  the  places  in  thefe 
Elements , where  all  the  mo  ft  material  propofttions  in  the  firjl fix , and 
in  the  eleventh  and  twelfth  books  of  Euclid,  are  demonftrated. 
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The  following  BOOKS  are  all  written  by 
Mr.  Thomas  Simpson,  F.  R.  S.  and  printed 
for  J.  Nourse. 

I.  XT'  S5AYS  ON  SEVERAL  CURIOUS  AND  USEFUL 

X-rf  Subjects,  in  speculative  and  mixed 
Mathematicks  ; in  which  the  raoft  difficult  Pro- 
blems of  the  firft  and  fecond  Books  of  Newton  s Principia 
are  explained  j in  4to. 

II.  Mathematical  Dissertations  on  a variety 
of  Phyfical  and  Analytical  Subjects,  in  4to. 

III.  Miscellaneous  Tracts  on  fome  curious  and 
very  interefting  Subjects  in  Mechanics,  Phyfical  Aftro- 
nomy,  and  Speculative  Mathematics,  in  4to. 

jy#  the  Doctrine  of  Annuities  and  Rever- 
sions, deduced  from  general  and  evident  Principles  ; 
with  ufeful  Tables,  (hewing  tile  Values  of  Angle  and 
joint  Lives,  &c.  in  8vo.  2d.  Edition. 

y A Treatise  of  Algebra  ; wherein  the  fun- 
damental Principles  are  fully  and  clearly  demonftrated, 
and  applied  to  the  Solution  of  a great  Variety  of  Pro- 
blems, and  to  a Number  of  other  ufeful  Enquiries. 
4th  Edition,  in  8vo. 

VI.  The  Doctrine  and  Application  of  Flux- 
ions ; containing  (befides  what  is  common  on  the  Subject) 
a Number  of  new  Improvements  in  the  Theory,  and  the 
Solution  of  a Variety  of  new  and  very  interefting  Pro- 
blems in  different  Branches  of  the  Mathematics,  2 Vols. 
Svo.  2d  Edition. 

VII.  Trigonometry,  Plain  and  Spherical, 
with  the  Conftruction  and  Application  of  Logarithms, 
in  Svo.  3d  Edition. 


elements 


GEOMETRY. 


BOOK  li 


DEFINITIONS. 

x.  EOMETRY  is  that  fcience,  by  which 

S we  compare  fucn  quantities  together  as 

V.  J have  extenfion6 

Extenfion  is  diftinguifhed  into  lengthy  breadth , and 
thicknefs . 

2.  A Lihe  is  that,  which  has  length  without 
breadth. 

The  terms , bounds  or  extremes  of  a Line  are 
points. 

3.  A Surface  is  that,  which 
has  length  and  breadth,  only,  as 
C. 


The  bounds  of  a Surface  are  lines . 

4.  A 


B 


2 


Elements  of  Geometry. 


4.  A Solid  is  that,  which  has  length, 
breadth,  and  thicknefs,  as  D. 


The  hounds  of  a Solid  are  furfaces. 


/ 

7 

I) 

/ 

/ 

5.  A R ight  (or  ftrait)  line  is  that  which  lies  even- 
ly between  its  extremes, or  which  every- where  tends 
the  lame  way,  as  AB.  A B 


6.  A Plane  furface  is  that,  which  is  every-where 
perfe&ly  flat  and  even,  or  which  touches,  in  every 
part,  any  right  line  extended  between  points  any- 
where taken  in  that  furface. 


7.  An  Angle  is  the  inclination, 
or  opening  of  two  right-dines  meet- 
ing in  a point,  as  D. 


G 


D B 


9.  An  Acute-angle  is  that,  1 
is  lefs  than  a right  angle,  as  E. 


10.  An  Obtufe- angle  is  that, 
which  is  greater  than  a right- 
angle,  as  F. 


8.  When  one  right-line 
DC,  (landing  upon  another  * 
AB,  makes  the  angles  on 
both  fldes  equal,  thofe  an- 
gles are  called  right  an- 
gles ; and  that  line  CD  is  _ 
laid  to  be  perpendicular  to 
the  other  AB  on  which  it 
infifts. 


11.  The 
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11.  The  diftance  of  two  points,  is  the  Right- 
line  reaching  from  the  one  to  the  other. 

12.  The  diftance  of  a point  from  a line,  is  a 
Right-line  drawn  from  that  point,  perpendicular 
to,  and  terminating  in,  the  line  given. 

13.  Parallel  (or  equi-  C D 

diftant)  right-lines  AB,  

CD  are  fuch,  which  be* 

ing  in  the  fame  plane- 
furface,  if  infinitely  pro- 
duced,would  never  meet.  ^ ^ 

14.  A Figure  is  a bounded  fpace,  and  is  either 
a furface,  or  a folid. 

15.  A right-lined  plane  Figure  is  that,  formed 
in  a plane  iurface,  whofe  terms,  or  bounds,  arc 
right-lines. 

16.  All  plane  Figures  bounded  by  three  right- 
lines,  are  called  Triangles. 

T 

1 r*  r- 

17.  An  equilateral  Triangle 
is  that,  whofe  bounds  or  fides  are 
all  equal,  as  A. 


' ' 

18.  An  ifofceles  Triangle  is,  when 
two  fides  are  equal,  as  B. 
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19.  A fcalene  Triangle  is,  when 
all  the  three  fides  are  unequal,  as 

C. 


20.  A right-angled  Triangle  is  £ 

that,  which  has  one  right-angle, 
as  ACB;  whereof  the  fide  AB 
oppofite  to  the  right  angle,  is  cal- 
led the  Hypothenufe. 

A C 

21.  An  obtufe- angled  Triangle  is  that,  which 
has  one  obtufe  angle. 

22.  An  acute-angled  Triangle  is  that,  which 
has  all  its  angles  acute. 

23.  Every  plane  Figure  bounded  by  four  right- 
lines,  is  called  a Quadrangle,  or  Quadrilateral. 

24.  Any  Quadrangle,  whofe 
oppofite  fides  are  parallel,  is 
called  a Parallelogram,  as  D. 


25.  A Parallelogram,  whofe  an- 
gles are  all  right-ones,  is  called  a 
Re&angle,  as  E. 


26.  A Square  is  a parallelogram 
whofe  fides  are  all  equal,  and  its  an- 
gles all  right-ones,  as  F. 


27.  A Rhombus  is  a parallelo- 
gram whofe  fides  are  all  equal,  but 
its  angles  not  right,  as  G. 


28.  All 
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28.  All  other  four- Tided  figures,  befides  thefe, 

are  called  trapeziums. 

\ 

29  A right  line  joining  any  two  oppofite  angles 
of  a four-fided  figure,  is  called  a Diagonal. 


30.  That  fide  AB  upon 
which  any  parallelogram 
ACEB,  or  triangle  ACB 
is  fuppoled  to  Hand,  is 
called  the  bafe ; and  the 
perpendicular  CD  falling  thereon  from  the  oppofite 
angle  C,  is  called  the  altitude  of  the  parallelogram, 
or  triangle. 


31.  All  plane  figures  contained  under  more  than 
four  Tides,  are  called  polygons ; whereof  thofe  hav- 
ing five  Tides,  are  called  Pentagons  ; thofe  having 
fix  Tides,  Hexagons  j and  To  on. 


32.  A Regular  Polygon  is  one  whofe  angles,  as 
well  as  Tides,  are  all  equal. 


33.  A Circle  is  a plane 
figure,  bounded  by  one 
curye-line  APCD,  called 
its  circumference,  every- 
where equally  ditfant  from  a 
point  E within  the  circle, 
called  the  center  thereof. 


D 


34-*  T he  Radius  of  a circle,  is  the  diftance  of  the 
center  from  the  circumference,  or  a right-line  EA 
dravvn  from  the  center  to  the  circumference. 


b a 
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AXIOMS,  or  Self-evident  Truths. 

1.  Things,  equal  to  one  .and  the  fame  thing,  are 
alfo  equal  to  each  other. 

2.  Every  whole  is  greater  than  its  part. 

3.  Every  whole  is  equal  to  all  its  parts  taken 
together. 

4.  If  to  equal  things,  equal  things  be  added, 
the  wholes  will  be  equal. 

5.  If  from  equal  things,  equal  things  be  taken 
away,  the  remainders  will  be  equal. 

6.  If  to,  or  from  unequal  things,  equal  things 
be  added,  or  taken  away,  the  l'ums,  or  remainders, 
will  have  the  fame  difference,  as  the  unequal  things 
firlt  propofed. 

7.  All  right-angles  are  equal  to  one  another. 

8.  More  than  one  right-line  cannot  be  drawn 

from  one  given  point  A to  an-  ^ g 

other  given  point  B. 

9.  If  two  points  *> 


D,  F,  in  a right- 
line  MN,are  pofited 


at  unequal  diffances  T — p 17 — 

DC,  F£,  from  an- 
other right- line  AB  in  the  fame  plane-furface;  thofe 
two  lines,  being  infinitely  produced,  on  the  fide  of 
the  leaft  diftance  EF,  will  meet  each  other. 


10.  If 
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io.  If  two  C 1? 

right-linesCA, 

CB,  making  an 
angle  C,  be  re- 
fpcitively  equal 
to  two  other 
right- lines  FD, 

FE,  making  an  angle  F,  and  the  angles  which  they 
make  C,  and  F,  be  likewile  equal  ; the  right-lines 
AB,  DE  joining  theii  extremes  will  be  equal,  and 
the  two  triangles  ACB,  DFE  equal  in  all  re- 
fpefts. 

If  this  fliould  not  appear  fufficiendy  evident  for 
an  axiom  ; conceive  the  triangle  DFE  to  be  remov- 
ed, and  fo  applied  to  the  triangle  ABC,  that  the 
point  F may  coincide  with  C,  and  the  fide  FD  fall 
upon  the  fide  CA  ; then,  becaule  FD  is  fuppofed 
equal  to  CA,  the  point  D will  alfo  fall  upon  A. 
And,  the  angle  F being  equal  to  the  angle  C,  the 
fide  FE  will  fall  upon  CB  ; and  confequently  the 
point  E upon  the  point  B,  becaule  FE  is  fuppofed 
equal  to  CB.  Therefore,  feeing  all  the  bounds  of 
the  two  triangles  coincide,  it  is  manifell,  that  not 
only  the  bafes  AB,  DE,  but  the  angles  oppofite 
to  the  equal  (ides,  are  alfo  equal. 

When  all  the  four  lines  CA,  CB,  FD,  FE  are 
equal;  the  triangle  DFE,  being  contrariwife  applied 
to  ACD  fo  that  FE  may  coincide  with  CA,  will, 
alfo , agree  with  the  triangle  ACB  (as  is  manifelt 
from  the  reafoning  above)  : and  fo,  the  angle  E (as 
D did  before)  now  coinciding  with  the  angle  A,  the 
two  angles  E and  D mult  necelfarily  be  equal  to 
each  other,  in  this  cafe,  where  the  triangle  DFE 
is  an  ifolceles  one. 
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POSTULATES,  or  PETITIONS. 

1.  That,  from  any  given  point,  to  any  other 
given  point,  a right  line  may  be  drawn. 

2.  That,  a right  line  may  be  produced,  or  con- 
tinued out,  at  pleafure. 

3.  That,  from  any  ppint  as  a renter,  with  a 
radius  equal  to  any  right- line  aiTigned,  a circle  may 
be  defcribed. 

4.  That,  a right-line  may  be  drawn  perpendi- 
cular to  another,  at  any  point  afligned  ; and  that; 
it  is  alio  pofiible  for  to  make  a right-line,  or  a 
right-lined  angle,  equal  to  any  right- line,  or  right- 
lined  angle  afiigned,  or  to  the  half  thereof. 

This  fourth  Populate  is  added,  more  for  the  fake  of 
making  the  proper  references , than  through  abjolute 
neceffity  : fince , what  is  here  barely  affumed  as  poffi - 
ble  is  effected,  and  adlually  demonfir ated , in  the  begin- 
ning of  the  Fifth  Book,  intirely  independent  of  every 
thing  but  Axioms  and  the  other  Populates,  above  laid 
down,.  Jt  may  alfo  be  proper  to  note  here , that , 
though  thefe  Populates  are  not  always  quoted , it  will 
he  eajy  to  perceive  where , and  in  what  fenfe , they  are 
to  be  underfiood. 

Notes  and  Observations,  with  the Jigni- 
fications  of  Signs  ujcd  in  this  Trabf. 

A Proposition  is,  when  fomething  is,  either, 
propofed  to  be  done,  or  to  be  demonitrated,  and 
is  either  a Problem,  or  a Theorem. 

A Problem  is,  when  fomething  is  propofed  to 
be  done. 

A Thf.q- 
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A Theorem  is,  when  fomething  is  propofed  to 
be  demonftrated. 

A Lemma  is,  when  fome  premifeis  demonftrat- 
ed, in  order  to  render  the  thing  in  hand  the  more 
eafy. 

A Corollary  is,  a confequent  truth,  gained 
from  fome  preceding  truth,  or  demonftration. 

A Scholium  is,  when  remarks  and  obfervations 
are  made  upon  fomething  going  before. 

> 

A 

- \ 

The  fignif  cation  of  Signs. 

The  fign  denotes  that  the  quantities  betwixt 
which  it  ltands,  are  equal. 

The  fign  tr~,  denotes  that  the  quantity  preceding 
it,  is  greater  than  that  which  comes  after  it. 

The  fign  denotes  that  the  quantity  precede 
ing  it,  is  lefs  than  that  which  comes  after  it. 

The  fign  +»  denotes  that  the  quantity  which  it 
precedes,  is  to  be  added. 

The  fign  — , denotes  that  the  quantity  which  it 
precedes,  is  to  be  taken  away  or  fubtradled. 

A figure,  or  number,  prefixed  to  any  quantity, 
(hews  how  often  that  quantity  is  to  be  taken,  or  re- 
peated *,  as  5 A (hews,  that  the  quantity  reprefented 
by  A,  is  to  be  taken  5 times. 

When  feveral  angles  are  C 
formed  about  the  fame  point 
(as  at  B),  each  particular  angle 
is  defcribed  by  three  letters, 
whereof  the  middle  one  fhews 
the  angular  point,  and  the 
other  two,  the  lines  that  form  the  angle  : thus  CBD 
or  DBC  fignifies  the  angle  formed  by  the  lines  CB 
and  DB. 


When, 
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When,  in  any  demonftration,  you  meet  with  fe~ 
veral  quantities  joined  the  one  to  the.  other  conti- 
nually by  the  mark  of  equality  (“),the  conclufion 
drawn  from  thence,  is  always  gathered  from  the  firfb 
and  laft  of  them  ; which  are  equal  to  each  other,  by 
virtue  of  the  firft  axiom.  Thus  if  A~  B— C — D, 
then  will  the  bill  (A)  and  the  laft  (D)  be  equal  to 
each  other. 

Alfo,  when  in  the  quotations  you  meet  with  two 
numbers,  the  firft  fiiews  the  propofition,  and  the 
fecond  the  book.  Moreover,  Ax.  denotes  axiom  ; 
Poll,  poftulatum  ; Def.  definition  •,  Hyp.  hypothe- 
sis. Note  alfo,  that,  when- ever  the  word  Line  oc- 
curs, without  the  addition  of  either  right , or  curved , 
a right-line  is  always  underftood : and  that,  when 
a line  is  faid  to  be  drawn  to,  or  from  an  angle, 
the  angular  point  is  meant. 

THEOREM  I. 

A line  ( A B ) Jlanding  upon  another  line  (CD)  makes 
with  it  two  angles  (ABC),  ( ABD)  which , taken  to- 
gether, are  equal  to  two  right  angles. 

If  the  angles  AEC,  ABD 
are  equal,  it  is  plain  they 
1 Def  8 make  two  right-angles  a ; if 
unequal,  let  BE  be  perpen- 
Poll.  4.  dicular  to  CD  b,  dividing 

the  greater  of  them  (ABC)  C 
into  the  parts  EBC,  EBA  ; 
then  the  former  part  EBC  being-  a right- ancde  a, 
and  the  remaining  part  EBA  together  with  the 
whole  lefier  angle  ABD,  equal  to  another  right- 
c Ax  3.  angle  EBD  c ; the  whole,  of  both  the  propofed 
angles,  taken  together,  muft  necefiarily  be  equal 
d Ax.  4.  to  two  right-angles  d. 
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COROLLARY. 

Hence  all  the  angles  at  the  fame  point  (B)  on  the 
fame  fide  of  a right  line  (CD)  are  equal  to  two 
right-angles  c. 

THEOREM  II. 

If  one  line  (AB)  meeting  two  others  (BC,  BD) 
in  the  fame  point  (B),  makes  two  angles  with 
them  (ABC,  ABD)  which  together  are  equal  to  two 
right  angles ; theft  lines  (BC,  BD)  will  form  one  con- 
tinued right-line. 

For,  if  pojfihle,  let  BH, 
and  not  BD,  be  the  con- 
tinuation of  the  right-line 
CB  : then  the  angles  ABC 
and  ABH  being  — two 
right  angles6  =:  ABC  and  C ’ T I) 

ABD  f ; if  from  thefe  equal  quantities,  ABC,  com- 
mon to  both,  be  taken  away,  there  will  remain 
ABH  ~ ABD  * j which  is  impoffible  h. 


THEOREM  III. 

Ifhe  oppofite  angles  (DEB,  AEC),  made  by  two 
lines  (DC,  BA)  interfering  each  other.,  are  equal . 


For  DEB  + DEA  ~ two 
right-angles1  = AEC  + DEA-, 
whence,  by  taking  away  DEA, 
common,  there  remains  DEB 
= AEC  k. 

* jm 

t 


t 
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: 1.  1. 

r Hyp. 

2 Ax.  5. 
h Ax.  2. 


1 1.  t. 

\ 

k Ax. 
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THEOREM  IV. 

'Two  right-lines  ( AB,  CD)  perpendicular  to  one  and 
the  fame  right  line  (EF),  aye  parallel  to  each  other. 

If  you  fay,  they  are  not  parallel ; then  let  them, 
when  produced  out,  meet  in  fome  point,  as  G. 

In  EA,  pro-  C F d 

duced  (if  necel- 
fary)  let  there 
be  taken  EH  ~ ~pr 
iPoft.  . EG1,  and  let 
m Poft.  i-  the  right-line  FH  be  drawn  m.  The  triangles  EFIF 
and  EGF,  having  EHzzEG,  the  angle  HEFzz 
n Def.  8.  GEF  % and  FF  common,  are  therefore  equal  in  all 
* Ax.  10.  relpedts  ° : and  fo,  the  angle  EFH  being  zz  EFG 
p Hyp.  (TFD)zza  right-angle p,  HFDG  (as  well  as  HEG) 
i 2.  i.  muft  be  one  continued  right-line  q : which  is  im- 
1 Ax.  8.  pojfible  r.  Therefore  AB  and  CD  are  parallels, 

SCHOLIUM. 

In  this  theorem,  the  poffibility  of  parallel  lines 
(or  fuch,  which  being  infinitely  produced,  in  the 
fame  plane,  can  never  meet)  is  demonftrated  : for 
EF  may  be  drawn  perpendicular  to  ABk  and  CFD, 
again,  perpendicular  to  EF  1 *,  which  laft,  it  is  de- 
monftrated, will  be  parallel  to  AB. 

THEOREM  V. 

Perpendiculars  (EF,  GH)  to  one  (AB)  of  two  pa- 
rallel lines  (AB,  CDJ  terminated  by  thofe  lines , are 
equal  to  each  other  •,  and  alfo  perpendicular  to  the  other 
of  the  two  parallels  (CD). 

For,  AB  and  CD  being  parallel  to  each  other, 
3 Ax.  9.  GH  can  neither  be  greater,  nor  lefs  than  EF  5 ; 
and  Def.  ancj  therefore  muft  .be  equal  to  EF.  If  you  fay, 
I3'  that  EF  is  not  perpendicular  to  CD  ; then  let  FM 
tPoft.  4..  be  perpendicular  to  EF‘,  meeting  GH  produced  (if 
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neceffaryj  in  M : fo  (hall 
FM  be  parallel  to  AB  u ; 
and  confequently  GM  — 

EF  w - GH;  which  is  im- 
pojfible x.  Therefore  EF  is 
perpendicular  to  CD.  And 
bythe  fame  argument,  GH 
is  perpendicular  to  CD. 


V. 


COROLLARY. 

Hence,  through  the  fame  point  F,  more  than 
one  parallel  cannot  be  drawn  to  the  fame  line  given 
AB. 

SCHOLIUM. 

From  the  preceding,  proportion,  the  confidence 
of  the  twenty-fifth  definition,  or  the  poffibility,  that 
all  the  properties  afcribed  to  a 
redangle,  can  fubfid  together  in 
the  fapie  figure,  will  appear, 
together  with  the  method  of 
conftrudiom  For  at  any  two 

points  C,  D iri  aTlght  line  RS,  __ . 

two  perpendiculars  CG,  DH  ^ ^ ^ 

may  be  ereded  y •,  and  a perpendicular  to  one  of  y Pod*  4* 
thefe,  at  any  point  E,  meeting  the  other  in  F, 
may  be  drawn.  The  figure  CEFD  thus  condruded 
will  be  a redangle  : for  CE  and  DF  are  parallel  * 4* 
as  are  alfo  CD  and  EFZ : therefore  the  angle  F (as 
well  as  C,  D,  and  E)  is  a right-angle  \ If  CE  be1  s- 1. 
made  — CD,  then  will  the  redangle  CEDF  have  all 
its  Tides  equal b.  Which  anfwers  to  the  definition b 5.1.  and 
of  a fquare.  Ax>  u 

THEOREM  VI. 

Right-lines  (AB,  EFj  parallel  to  the  fame  right- 
line (CD)  are  parallel  to  each  other . 

For 
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For  let  the  line  HIG 

A 

Cr 

. T? 

be  perpendicular  to  CD: 
then,  that  line  being  alio 
perpendicular  to  both  AB 

/ L 

1? 

I 

■Ji 

Xi 

r* 

Jb' 

* 5;  1.  and  EF  c,  thefe  lafl:  are 

Tr 

JJt 

d 4.  1.  parallel  to  each  other rt. 


S- *« 


THEOREM  VII. 

A line  (AB)  interfering  two  parallel  fines  (SR, 
QP)  makes  the  alternate  angles  SDC,  PCDJ  equal 
to  each  ether. 

Let  CF  and  DE  be  per- 
pendicular to  QP,  and  SR  e;  S. 
then  thefe  lines  FC  and  DE 
are  likewife  parallels f ; and 

To  the  triangles  CFD  and  Q y— — 

CDE,  having  the  fide  CF  A/  ^ ^ * 

— DE  % FD  — CE  % and 

g Ax.  7.  the  angle  F — E 5,  they  will  alfo  have  the  angle 
h Ax.  ,10.  FDCczECD  h. 


1. 


1 3-  1. 
k 7.  1. 


COROLLARY  I. 

Hence,  a line  interfe&ing  two  parallel  lines, 
makes  the  angles  (BDR,  BCP)  on  'the  fame  fide, 
equal  to  each  other : for  BDR  ( “CDS  j)  —BCP  k. 

COROLLARY  II. 


Hence,  alfo,  a line  falling  upon  two  parallel  lines, 
makes  the  fum  of  the  two  internal  angles  (SDC-F 
QCD)  on  the  fame  fide  of  it,  equal  to  two  right-* 
angles:  for  the  angle  SDC  being  — PCD,  andv 
1 1.  1 PC  D + QCD  — two  right-angles  1 1 thence  is 
» Ax.  4.  SDC  + QCD  — alfo  to  two  right-angles  m. 


THEOREM  VIII. 

If  a line  (AB)  interfering  two  other  lines  (PQ, 
RS),  makes  the  alternate  angles  (DCP,  CDS)  equal 
to  each  other  j then  are  thoje  two  lines  parallel. 


For 
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For,  if-poflible,  let 
fome  ocher  line  DT,  afnd 
not  DS,  be  parallel  to 
PQ  n ; then  muft  CDT 
- DCP  0 = CDS  p : 
which  is  mpcjfible  q. 

C O R O L 


n Sch.  to 
4.  1. 

0 7-  «• 
p Hyp. 
s Ax.  2. 


Hence,  if  a line  falling  on  two  others,  makes 
the  angles  (BDR,  BCP)  above  them,  on  the  fame 
fide,  equal  to  each  other  j then  thofe  two  lines 
are  parallels  : becaufe  SDC  — BDk  r. 


THEOREM  IX. 

• i ,/i 

If  one  fide  ( AB)  of  a triangle  ( ABC)  he  produced , 
the  external  angle  (CBD)  will.be  equal  to  both,  the  in- 
ternal oppoCite  angles  (A,  C)  taken  together. 

For,  let  BE  be  pa- 
rallel to  AC  5 •,  then 
will  the  angle  C ~ 

CBE l,  and  the  angle 
A = DBE  “ : there- 
fore C-f  A ” CBE 
+ DBE  1 = CBD  y. 

COROLLARY.  . ' 

Hence  tht  external  angle  of  a triangle  is  greater  . 
than  either  of  the  internal,  oppolice  angles.  ■ , 

THEOREM  X.  1 ti;jrr'  5 

The  three  angles  of  any  plane  triangle  (ABC)  taken 
together , are  equal  to  two  right-angles. 

For,  if  A B be  produced  to  C/\ 

D,  then  C + A — CBDZ,  to  / \.  *9.1. 

which  equal  quantities  let  the  / \ 

angle  CBA  be  added,  then  / \ 

will  C + A + CBA  = CBD  £ 1 

4-CBAa  — tworight-anglesb.  a 4 

CO  R 6 L b i.  1. 
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COROLLARIES. 

1.  If  two  angles  in  one  triangle,  be  equal  to  two 
angles  in  another  triangle,  the  remaining  angles 

cAx.  5.  will  alfo  be  equal c. 

2.  If  one  angle  in  one  triangle,  be  equal  one 
angle  in  another,  the  fums  of  the  remaining  an* 
gles  will  be  equal c. 

3.  If  one  angle  of  a triangle  be  right,  the  other 
tWo  taken  together,  will  be  equal  to  a right-angle. 

4.  The  two  lead  angles,  of  .every  triangle,  are 

acute.  c 

THEOREM  XI. 

The  four  inward  angles  of  a quadrangle  (ABCDj 
taken  together , are  equal  to  four  right-angles . 

Let  the  diagonal  AC  be 
drawn  j then  the  three  angles 
of  the  triangle  ABC  being 
u 10.  j.  — two  right-angles  d,  and 
thofe  of  the  triangle  ACD 
equal  alfo  to  two  right  an- 
gles'1 ; it  follows  that  the  furri 
of  all  the  anglesof  both  trian- 
gles, which  make  the  four  angles  of  the  quadrangle, 
c Aar.  4.  mult  be  equal  to  four  right-angles  c. 

COROLLARY  I. 

Hence,  if  three  of  the  angles  be  right  ones,  the 
fourth  will  alfo  be  a right-angle. 

COROLLARY  U. 

Moreover,  if  two  of  the  four  angles,  be  equal  to 
two  right- angles,  the  remaining  two  together  will 
likewife  be  equal  to  two  right-angles, 


SC  HO- 
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SCHOLIUM. 

If  from  any  point  P,  within  a polygon  A8CDE, 
lines  be  dVawn  to  all  the  angles,  fo  as  to  divide  the 
whole  int<?  as  many  triangles 
APB,  BPC,  CPD,  DPE,  EPA, 
as  the  polygon  has  Tides  ; the 
fum  of  all  the  angles  of  thefe  ^ 
triangles,  (which  together  make 
up,  or  compofe  the  angles  of  the 
polygon,  over  and  above  thofe 
about  the  poin#P)  wjll  be  equal  to  twice  as  many 
right  angles  as  the  polygon  has  Tides  by  10.  1.) 
Therefore,  Teeing  all  the  angles  about  the  point  P, 
whereby  the  angles  of  all  the  triangles  exceed  thole 
of  the  polygop,  are  equ^l  to  four  right  angles,  it 
is  manifeft,  that  all  the  angles  of  the  polygon, 
taken  together,  will  be  equal  to  twice  as  many  right- 
angles,  wanting  four,  as  the  polygon  has  Tides. 

THEOREM  XII. 

The  angles  (A,  B,)  at  the  bate  of  an  if 0 Cedes  Irian* 
gle  (ABC)  are  efsial  to  each  other. 

For,  let  the  line  CD  bifedb, 
or  divide  the  angle  ACB  in- 
two  two  equal  parts  ACD, 

BCD,  and  meet  AB  in  D : 
then  the  triangles  ACD, 

BCD,  having  AC  zr.  BC  f,  A.  f Def.  18. 

CD  common,  and  the  an- 
gle ACD  — BCDs,  will  alfo  have  the  angles  Hvd 
a — R h - 0 

A — 0 • h Ax.  1 o,, 

COROLLARY  I. 

Hence,  the  line  which  bifefls  the  vertical  angle 
of  an  iiofceles  triangle,  bife&s  the  bafe,  and  is  alfo 
perpendicular  to  it h. 


C 


CORO  L- 
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COROLLARY  II. 

Hence  it  appears  alfo,  that  every  equilateral  tri- 
angle is  likewife  equiangular. 

THEOREM  XIII. 


In  any  triangle  (ABC)  the  greatejl  fide  fub tends 


the  greatejl  angle. 

Let  A B be  greater  than  AC  ; c 

in  which  let  there  be  taken 
AD  — AC  ; drawing  CD.  s'  y\ 

The  triangle  ADC  being  > / A \ 

ii'ofceles,  the  angles  „ACD  and  A D B 


1 12*  *•  ADC  are  therefore  equal1  j whence  ACB,  which 
exceeds  the  former  of  them,  mult  alio  exceed  the 
k Ax.  2.  latter  ADC  k,  and  confequently,  much  more  exceed 
1 Cor.  to  B,  which  is  lefs  than  ADC 

COROLLARY. 


Hence,  in  any  triangle,  the  fide  that  fubtends 
the  greateft  angle,  is  thegreateft;  becaufe  ACB  can- 
not be  greater  than  B,  unlefs  AB  is  greater  than 
ffl  *3*  *•  AC  m. 

THEOREM  XIV. 

If  the  three fides  (AB,  AC,  CB)  of  one  triangle , 
be  equal  to  the  three  fides  (DE,  DF,  FE)  of  another 
triangle , each  to  each  refpedlively  \ then  the  angles  op - 
pofed  to  the  equal  fides  will  alfo  be  equal. 


m Ax.  io 
Hyp. 


Let  the  an- 
gle BAG  = D, 

AG  = DF,  and 
let  GB  and  GC 
be  drawn  ; fo 
fhall  the  trian- 
gles ABG  and 
• DEF  be  equal  in  all  refpefts  n! : therefore,  AG 
being  = DF  = AC%  and  BG  = EF  ~ BCn, 


U 
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the  angle  ACG  is  alfo  — AGC  °,  and  BCG0  12.  1. 
— BGC  0 ; and  confequently  ACB  — AGB  p — 'Ax.  4 
DFE  : therefore  the  triangles  ABC,  DEF  are  equal  or  5* 
in  all  refpe&s m. 

SCHOLIUM. 

The  demonftration  of  the  laft  theorem,  in  ob- 
tufe-angled  triangles,  may  admit  of  another  cafe  ; 
which,  however,  is  not  neceffary  ; becaufe,  if  the 
triangle  AGB  (equal  to  DEF)  be  conceived  to  be 
formed  on  the  longeft  fide  of  ABC  ; then,  all  the 
angles  CAB,  CB A,  GAB,  GBA  being  acute q,  the 15  Cor-  4* 
line  CG  will,  always,  fall  within  the  figure  ACBG  r,  r ^x.0 2 .** 
as  in  the  prefent  cafe. 

% 

THEOREM  XV. 

If  two  triangles  { ABC,  DEF)  mutually  equiangu- 
lar^ have  two  correfpondingjides  ( AB,  DE)  equal  to 
each  other , the  other  correfpondmg  fuxes  will  alfo  be 
equal. 


If  you  fay  (g 

BC  is  great- 
er than  EF ; 
from  BC  let 
a parr  BG 
be  taken  — 

EF5,  and  let 

AG  be  drawn.  The  triangles  ABG,  DEF  having 
AB  rr  DE,  BG  = EF,  and  B zr  E (by  hyvothfis ),  t , 
will  alfo  have  BAGzrD  4 •,  but  D — BAC  u j there-  u Hyp.°' 
fore  BAG  — BAC  w j which  is  impoffible.  H w r 

1 ' and  2. 

COROLLARY. 


Hence,  equiangular  triangles,  having  any  two 
correfponding  Tides  equal,  are  equal  to  each  other  \ 

i aX*  I O*  2 o 

Ci  THEO- 
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THEOREM  XVI. 

Tf  two  right-angled  triangles  (ABC,  DEF)  hav- 
ing equal  hypothenufes  (AC,  DF),  have  two  other 
fides  (BC,  EF)  likewife  equal-,  the  remaining  fides 
(AB,  DE)  will  he  equal \ and  the  two  triangles  equal 
in  all  refy efts. 


7 Hyp. 
z Ax.  7 


In  AB  produced, 


take  BG  — 
and  let  GC 
drawn  : then, 
triangles  BCG 
DEF,  having 
= ED,  BC  = 


and  the  angle  CBG  — E 
a Ax.  io.  will  alfo  have  the  angle  G ~ D,  and  CG  ~ DF  a. 
— AC  y : whence,  the  triangle  ACG  being  ilofceles, 
the  angle  G,  or  D,  will  be  = A b ; and  confequentJy 
F alfo  — ACB  c *,  therefore  the  triangles  ABC  and 
1‘  DEF,  being  mutually  equiangular,  and  having  AC 
a J5*  *•  z=  DF,  they  are  equal  in  all  refpedts  d. 


b 12.  I. 

c Cor.  r 
to  io. 


THEOREM  XVII. 

If  two  triangles  (ABC,  DEF)  having  two  fides 
(AC,  BC)  of  the  one  equal  to  two  fides  (DF,  EF) 
of  the  other  refpeftively , have  alfo  the  angles  (A,  D) 
fub  tended  by  two  of  the  equal  fides  (BC,  EF)  equal  to 
each  other  and  if  the  angles ...(B,  £)  fub  tended  by  the 
other  equal  fides , be  either , both  acute  or  both  obtufe  ; 
then  will  the  two  triangles  be  equal  in  all  refpefts. 


Let  CG  and  FH  be  perpendicular  to  AB  and 


e '\x.  7«  DE  : then,  the  angle  AGC  being  zz  DHF  % 

A = 
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A =:  D,  and  the  fide  AC=:DF  f,  CG  will  alfo  be  f Hyp. 
— FHS;  whence,  CB  being  — FEf,  the  angles2 ‘S-1* 
GBC  and  HEF  are  likewife  equal h,  and  fo,  the1116*1* 
triangles  ABC  and  DEF,  being  mutually  equi- 
angular ',  and  having  the  fides  AC  and  DF  equal,1  Cor.  i. 
are  equal  in  all  refpecds  s. 

The  demonftration  is  the  fame,  when  both  the 
angles  are  obtufe,  as  in  the  triangles  AbC,  DeF  : 
for,  if  Cb  (—  CB  — FE)  rr  Fet  the  angles  G^C 
and  HeF  being  equal  (as  before ),  the  angles  AbC 
and  D<?F  will  likewife  be  equal  k. 


to  IO. 


k i.  i.  and 
Ax.  5.  1. 


THEOREM  XVIII. 

If  two  angles  (A,  B)  of  a triangle  (ABC)  be 
equal , the  fides  (BC,  AC ) fubtending  them  will  like- 
wife  be  equal. 


Let  CD  bifeft  the  angle 
ACB,  and  meet  AB  in  D : 
then  the  triangles  ACD, 
BCD  being  equiangular k, 
and  having  CD  common  to 
both,  they  will  alfo  have 
AC  - BC  *. 


THEOREM  XIX. 

Any  two  fides  (AC,  BC)  of  a triangle  (ABC) 
taken  together , are  greater  than  the  third  fide  (AB.) 

In  BC  produced,  let  ^ 
there  be  taken  CD  ~ CA, 
and  let  AD  be  drawn.  The 
angles  D and  DAC  are 
equal ni ; therefore  BAD, 
which  exceeds  the  latter", 
mult  alfo  exceed  the  for- 
mer D ; and  confequently 
BD  (or  BC  + AC)  mult  exceed  AB 

c 3 


15. 1. 


m 12. 1. 
n Ax.  2. 


T H E O- 


0 Cor.  to 

«• 
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THEOREM  XX. 

Of  all  the  right  lines  (PA,  PB,  VC)  falling  from 
a given  point  (P)  upon  an  infinite  right  line  ( RS),  that 
(PA)  is  the  leaf  which  is  perpendicular  to  it\  and , 
of  the  reft,  that  (PB)  which  is  the  near  eft  the  per- 
pendicular is  lefs  than  any  other  (PC)  at  a greater 
difiance. 


tO  I 0»  I«  ■'  ■jj 

r Cor.  to 

13.  I. 


9.  I. 


For  BAP  being  a right- 

Hyp.  angle  p,  ABP  will  be  a- 
Cor.  4.  cute  q,  and  therefore  AP 
“□  BP  r. 

Again,  when  PB  and 
PC  are  both  on  the  fame 
fide  of  the  perpend  cular 
Cor.  to  PA  ; then  is  CBP  cr  right  angle  5 cr  BCP  % and 
coniequently  PC  tr“  PB 

It  PB  be  on  the  eonrrary  fide  of  the  perpendicu- 
lar to  PC  •,  from  AC,  let  AB  be  taken  = AB  •,  then 
the  two  lines  PB,  PB  will  be  alfo  equal  3 and  there- 
fore PC,  which  exceeds  the  one  (by  the  preceding 
cafe)  will  alfo  exceed  the  other. 


s Ax.  10 


theorem  xxr. 


Of  two  triangles  (ABC,  DEF)  having  two fides 
(AB,  BC)  of  the  one , equal  to  two  fides  (DE,  EF) 
of  the  other , each  to  each  refpeblively , the  bafe  of  that 
(ABC)  will  be  the  greateft , which  is  Jubtended  under 


the  greatefi  angle 

Let  the  angle  ABG  cc:  E,  BG  ~ EF  ( — BC)  alfo 


XL 


let  AG  and  CG  be  drawn,  upon  the  laft  of  which, 

produced. 
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produced,  let  fall  the  perpendiculars  BH  and  AI  u. u 4*  *• 
Since  BG  “ BC  w,  and,  confequently,  GH  =HC  x,  " 
it  is  evident,  that  GI  (whether  the  point  I be  confi. 
dered  as  falling  between  G and  K,  or  between  G 
and  H)  will  be  lefs  than  Cl  z;  and  therefore  AG, z Ax.  2. 
or  its  equal  DF  a,  alfo  lefs  than  AC  b.  “ •Ax- 10* 

THEOREM  XXII. 

Of  two  triangles  (ABC,  DEF),  having  one  angle 
(BAC)  in  the  one  equal  to  one  angle  (EDF)  in  the 
other , and  the  fides  (BC,  EF)  oppofed  to  them  alfo 
equal , that  { ABC}  will  have  the  great  eft  hafe , where- 
of the  oppofite  angle  (ACB)  differs  the  leaf  from  a 
right- angle. 

Let  BG,  and  EH  be  perpendicular  to  AC  and 
DF,  in  which  produced,  take  HK  rz  HE,  GI  zz 
GB,  and  BM  — EFI ; alfo  let  MN  be  parallel  to 
GA,  meeting  AB,  produced  if  neceffary,  in  N j and 
let  Cl  and  KF  be  drawn. 


The  angle  ICG  being  ~ BCG d,  and  the  latter  of 
thefe  greater  than  EFH  c (or  KFH  d),  thence  is c Hyp. 
lCBcrKFE;  and  confequently  BIcrEKe;  whence11  Ax*  I0* 
alfoBG(lBl)  c-EH(lEK)  or  its  equal  BM d ; and6  2I*  u 
therefore  BAr  BN,  becaufe  AG  and  MN  being 
parallels,  both  the  points  M and  N will  fall  on  the 
fame  fide  of  AG.  But  BN  (as  the  triangles  NBM, 

DEM  are  equiangular,  and  have  BM  — EH  f)  is 
— DE  s : therefore  BA  is  alfo  greater  than  DE.  % 15.  1. 

C 4 T H E O- 
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THEOREM  XXIII. 

If \ of  two  triangles  (ABC,  ABD)  flanding  upon 
the  fame  hafe  (AB),  the  one  be  wholly  included  within 
the  other , the  two  fides  (AD,  BD"*  of  the  included  one 
taken  together , will  be  lefs , and  the  angle  (D)  con- 
tained by  them  greater,  rejpeliively , than  the  two  fides 
(AC,  BC),  and  the  contained  angle  (C)  of  the  other. 


19. 


1. 


* Ax.  6. 
k Ax.  3. 
1 Cor.9.1 


Case  I.  If  the  vertex  of  the  contained  triangle 
be  in  one  fide  of  the  other : 

Then,  AD  is  lefs  than  AC  + 

CD  h j whence,  by  adding  BD 
common,  AC  + BD  will  alfo 
be  lels  than  Ac  -|-CD  + BD 
or  than  its  equal  AC  + BC  k. 

But  the  angle  ADB  is  C ACB 


Case  II.  If  the  vertex  be  within  the  other  triangle « 
Let  AD  be  produced  to 
meet  BC  in  E : then  [by  the 
■preceding  cafe)  the  fum  of  AD 
and  bD  is  lefs  than  the  fum  of 
AE  and  BE-,  which  laft  fum, 
and  confequently  the  former, 
is,  again,  lefs  than  the  fum  of 
AC  and  BC.  Moreover,  the 


angle  ADB  ur  BhD  c C. 


£ 


THEOREM  £XIV. 

7 he  oppofte  fides  (AB,  DC)  of  any  parallelogram 
fABCD)  are  equal , as  are  alfo  the  oppofite  angles 
(b,  D)  j and  the  diagonal  (AC)  divides  the  paralle- 
logram into  two  equal  parts. 


For, 


25 
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For,  AB,  DC,  and  AD,  BC  d 
being  parallels  n,  the  angle 
BAC  is  zr  DC  A °,  and  BCA 
— DAC°,  therefore  the  equi-  U 
angular  triangles  ABC,  ADC  p A 
having  AC  common,  are  equal 
in  all  reipe&s q. 

COROLL AR1 

Hence,  if  one  angle  (B)  of  a parallelogram  be  a 
right-angle,  all  the  other  three  will  be  right  ones : 
for  D,  being  zr  B,  is  a right  angle  and  BCD  is 
zz  B,  and  DAB  — D,  byTheor.  V. 

THEOREM  XXV. 

Every  quadrilateral  7 A BCD)  whofe  oppofite  fides 
are  equal , is  a parallelogram.  (See  the  preceding 
fcheme). 


Let  the  diagonal  AC  be  drawn  ; then  the  trian- 
gles ABC,  ADC  being  mutually  equilateral  r,  they  r fjyp. 
will  alfo  be  mutually  equiangular  s ; confequently  * 1^.  f. 
AB  will  be  parallel  to  DC,  and  AD  to  BC  t g. 


THEOREM  XXVI. 

The  lines  (AD,  BC)  joining  the  correfponding  ex- 
tremes of  two  equal , and  parallel  lines  (AB,  DC) 
are  themfelves  equal  and  parallel. 


Let  the  diagor&l  BD  be  drawn.  Becaufe  AB”  Hyp. 
d DC  are  parallel u,  the  angle  ABD  is  — CDB  wjW  7" 


being  zz 

O 


and 

therefore,  BA 
DC*  and  BD  Common, 
the  remaining  Tides  and 
angles  will  l.kewife  be 
relpeclively  equal 7 ; and 


confequently  AD  parallel  to  BC 


T H E O- 
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THEOREM  XXVII. 

If,  in  one  fide  ( AB)  of  a triangle  (ABC,),  from 
three  ■points  (D,  F,  H ) at  equal  diflances  (DF,  FH), 
lines  (DEM,  FG,  HI)  he  drawn  parallel  to  the 
hafe,  the  parts  (EG,  GI)  of  the  other  fide{h.Q) 
intercepted  by  them , will  alfo  he  equal  to  each  other . 

Let  NGM  be  parallel 
to  AB,  interfering  HI 
and  DE  in  N and  M. 

Then,  the  triangles 
1GN,  MGE,  having  the 
‘3-1*  angle  IGN  zz  EGM  % 
b7-  i-  ING  rz  Mb,  and  GN 
c24-  *•  (-  FH  c z=  FD  d.)  - 
A RyP-  GM  % will  alfo  have 
• *5- 1-  Gl  = GE e.  B 

COROLLARY  I. 

Hence  it  appears,  that,  if  one  fide  of  a triangle 
be  divided  into  any  number  of  equal  parts,  and 
from  the  points  of  divifion  lines  be  drawn  parallel 
to  the  bale,  cutting  the  other  fide,  they  will  alfo 
divide  it  into  the  fame  number  of  equal  parts. 

COROLLARY  II. 

Hence,  alfo,  if  two  lines  FG,  HI,  cutting  the 
fidesof  a triangle,  be  parallel  to  each  other,  and 
another  line  DE  be  fo  drawn  as  to  cut  off  FD  ~ 
FH  and  GE  — GI,  this  line  DE  will  be  parallel  to 
the  two  former. 


T H E O- 
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THEOREM  XXVIII. 

If  in  the  fides  of  a fquare  ( ABCD),  equally  dijlant 
from  the  four  angular  points , there  be  taken  four  - 
other  points  (E,  F,  G,  H,)  the figure  ( EYGH)  form- 
ed by  joining  thofe  points , fhall  alfo  be  a fquare. 

For  the  wholes  AD, 

DC,  CB,  BA  being  e- 
qual f,  and  alio  the  parts 

AE,  DF,  CG,  BHs, 

the  remaining  parts  ED, 

FC,  GB,  HA  muff:  con-  H 
iequently  be  equal  h •, 
whence,  all  the  angles 
D,  C,  B,  A being  equal 1 ; B 
the  Tides  EF,  FG,  GH, 

HE  will  be  equal  likewife  k,  and  the  angle  DEF  — 
AHEk.  Therefore,  becaufe  DEH  is  — A q- 
AHE  J,  if  from  thefe,  the  equal  angles  DEF, 1 9.1. 
A.HE  be  taken  away,  there  will  remain  HEF  ~ 

Ah  — a right-angle  f.  By  the  fame  argument  (or 
by  Theor.  25th,  and  the  Corok  to  the  24th)  the 
other  three  angles  wiil  be  right-angles, 

THEOREM  XXIX. 

If  all  the fides  of  any  quadrilateral  ('ABCD)  be 
bifebled,  the  figure  (EFGH)  formed  by  joining  the 
points  of  bifefiion , will  be  a parallelogram. 

Draw  the  diagonals  AC 
and  BD.  becaufe  EF  and 
HG  are  parallel  to  AC n, 
they  are  alfo  parallel  to  each 
other0.  After  the  fame  H < 
manner  is  FG  Darallel  to 
F.H  ; therefore  EFGH  is  a L 
parallelogram p.  A 

The  End  of  the  First  Book. 
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DEFINITIONS. 

t 

i.  T N a parallelogram  ABCD,  if  two  right-lines 
1 EF,  HI,  parallel  to  the  fides,  interfering 
the  diagonal  in  the  fame  point  G,  be  drawn, 
dividing  the  parallelo-  C F B 

gram  into  four  other 
parallelograms  •,  thofe  two 
GD,  GB  through  which  r 
the  diagonal  does  not 
pafs,  are  called  Comple- 
ments ; and  the  other  jE  A. 

two,  HE,  FI,  parallelo- 
grams about  the  diagonal. 


2.  Every  rectangle  is  faid  to 
be  contained  under  the  two 
right  lines  AB,  BC  that  are  the 
bale  and  altitude  thereof. 


£ 


\ 


The 
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Book  the  Second. 

’The  reft  angle  contained  under  two  right- lines  AB 
end  BC  is  of  ten,  for  brevity  fake,  denoted  by  ABxBC. 
But  when  the  figure  is  a fquare , it  is  ufually  repre- 
fented  by  placing  the  number  2 over  the  letter , or  letters 
expreffing  the  fide  thereof:  thus  AB1  denotes  the  fquare 
made  upon  the  line  AB. 

THEOREM  I. 

The  rectangles  (BD,  FH)  contained  under  equal 
lines , are  equal. 

For,  let  the  di-  D O 

agonals  AC,  EG  / 

be  drawn  : then, 
becaule  AB  — 

EF,  BC  = FG,  IX 
and  B r 1 a,  the  A.  B F F 

triangles  ABC, 

EFG  a e equal  b.  And,  in  the  very  fame  manner 
will  ADC  and  EFIG  appear  to  be  equal.  Therefore 
the  whole  redtangle  ABCD  is  alfo  equal  to  the 
whole  rectangle  EFGH  c. 


THEOREM  II. 

Parallelograms  (ABCD,  BCFE)  ftanding  upon  the 
fame  bafe  (BC)  and  between  the  fame  parallel  (BC, 
AF)  are  equal. 


For,  fince  (in  Fig,  i.)  the  angle  F — BEA  d, 
and  CDF  — A d,  the  triangles  FDC,  EAB  are 
equiangular'  *,  they  are  alfo  equal f,  becaufe  CF  = 
BE  f : therefore,  if  each  be  taken  from  the  whole 
figure  ABCF,  there  will  remain  ABCDzzEBCF  h. 

COROL- 


a Hyp- 

b Ax.  io. 


c Ax. 4. i. 


d Cor.  t . 

to  7.  1 • 
e Cor.  1 . 

to  10.  i . 
f 15.  1. 
s 24.  I. 
h Ax.  5. 
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COROLLARY  I. 

Hence,  triangles  BAC,  BFC  (Fig.  2,)  landing 
upon  the  fame  bale,  and  between  the  fame  parallels, 
are  alfo  equal,  being  the  halves  of  their  refpettive 
J 24.  1.  parallelograms  *. 

COROLLARY  II. 

Hence  all  parallelograms,  or  triangles,  what- 
ever, whofe  bales  and  altitudes  are  equal,  are  equal 
among  themlelves  *,  becaufe  all  fuch  parallelograms 
are  equal  to  redlangles  Handing  on  the  fame  bafes, 
and  between  the  fame  parallels  *,  and  thefe  laft  are 
equal,  by  the  preceding  propofition. 

THEOREM  III. 

The  complements  (EC,  EA)  of  any  parallelogram 
(AC)  are  equal. 


For,  the  whole  tri- 
angle DCB  being  equal 
to  the  whole  triangle 
k 34.  t*  DAB  k,  and  the  parts 
DIE,  EFB  refpedtive- 
e ' ITy  equal  to  the  parts 
DHE,  EGB  k,  the  re- 


D 


3 Ax.  s^-maining  parts  EC,  EA  mult  likewife  be  equal  *. 


THEOREM  IV. 

A trapezium  (ABCD)  whereof  two  fides  (AD, 
BC)  are  par  allele  is  equal  to  half  a par  allelo%ramy 
whofe  hafe  is  the  fum  of  thofe  two  fides, and  its  altitude , 
the  perpendicular  dijiance  between  them. 


/ ' 
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For,  in  AD  produced, 
take  DF  zz  BC  •,  and  let 
CG,  DH  and  FE  be  all 
parallel  to  AB,  meeting 
AF  and  BC  produced,  in 
G,  H and  E.  ^ Then  AE 
is  a parallelogram  of  the  lame  altitude  with  ABCD, 
having  its  bale  AF  equal  to  the  fum  of  AD  and  n Confir. 
BC  n : but  this  parallelogram,  becaule  BG  zz  HF  °,  0 Cor-  2* 
and  CGD  zz  CHD  p,  is  equally  divided  by  the  line  p 1t°z,\2* 
CD  9 j and  fo  ABCD  is  the  half  thereof.  q Ax.  4. 

THEOREM 

The  fum  of  all  the  rectangles  contained  under  a given 
line  (AD  \ and  all  the  parts’  AH,  HG,  GB)  of 
another  (AB),  any  how  divided , is  equal  to  the  red- 
angle  contained  under  the  two  whole  lines. 


Let  ABCD  be  the  reft- 
angle  contained  under  the 
two  whole  lines,  and  let 
HF,  GE  be  parallel  to  AD, 
meeting  DC  in  F and  E. 

Then  will  AF,  HE,  GC 
be  redtangles r of  the  fame 
altitude  with  AC  s ; therefore  AF  zz  AD  x AH, 
HE  zz  AD  x HG,  and  GC  zz  AD  x BG  f •,  and  s 
confequently  AD  x AB(  AC  zz  AF  + HE  + GC) 
zz  AD  X AH  + AD  x HG  + AD  x BG  u. 

THEOREM  VI. 


Cor.  to 
24.  1. 
24.  1.  & 
Ax.  1. 
1.  2. 

Ax.  5 .& 
4.  i. 


If  a right  dine  (AB)  be,  any -wife,  divided  into 
two  parts  (AC,  BC),  the  fquare  of  the  whole  line  will 
be  equal  to  the  fquare s of  both  the  parts,  together  with 
two  rectangles  under  the  fame  parts . 


& 


Let 
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I M 


G 


N 


F 

E 


Let  ABGI  be  the  fquare 
of  AB,  and  CBEF  that  of 
BC,  and  let  EF  and  CF  be 
produced  to  meet  the  fides 
of  the  fquare  ABGI  in  M 
and  N. 

From  the  equal  quantities 
and  De-CM,  EN  w take  the  equal 
fin.  26.  quantities  CF  and  EF,  and  there  remains  FM  ~ 
x Ax.  5.1.  FN  x ; therefore,  all  the  angles  of  the  figure  being 
y Cor.  to  right  ones  y,  NM  is  a fquare  z upon  FN  ( — AC)  *, 
zDef  26  anc^  AF,  FG  are  equal  to  two  redangles  under 
* 2.  * BC  and  ACa:  but  AG  rr  BF  + FI  + AF  + FG, 

6 Ax.  3. 1.  or  AB1  = BCi  + AC1  + 2 AC  X BC  b. 


A c 


B 


COROLLARY  I. 

Flence,  the  fquare  of  any  line  is  equal  to  four 
times  the  fquare  of  half  that  line. 

COROLLARY  II. 

Hence,  alfo,  if  two  fquares  be  equal,  their  fides 
mult  be  equal ; becaufe  unequal  lines  BA,  BC  have 
not  equal  fquares. 


THEOREM  VII. 

The  difference  of  the  fquares  (ABEH,  AC  IK)  of 
any  two  unequal  lines  ( AB,  ACj,  is  equal  to  a rect- 
angle under  the  fum  and  difference  of  the  fame  lines . 

In  EB,  produced,  take  BF'  — 

AC  i let  F'G  be  drawn  parallel  to 
EH,  and  let  Cl  be  produced 
both  ways,  to  meet  EH  and  FG 
in  D and  G.  It  is  evident  that 
c Cor.  24.  DF  is  a redangle  c,  whofe  bale 
‘’AX.24.I.QP  eg  d)  = the  difference 
of  the  given  lines  AB,  AC  •,  and 
whofe  altitude  FE  (becaufe  BE  6'L, — 
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iz  BA  e,  and  BFn  AC  f ) iszzthe  fum  of  the  fame  * Def.24. 
lines  : but  this  rectangle  DF  is  ~ DB  GB  g — f H>T* 
DB+DK  (becaufe  DK  h zz  GB)  = the  fquare  AE  Sh  fx23* 
— the  fquare  AI. 

THEOREM  VIII. 

The  fquare  made  upon  the  fide  (AC)  fub  tending  the 
right-angle  of  a plane  triangle  (ABC),  is  equal  to  both 
the  fquares  (BE,  BG)  made  upon  the  fides  (AB,  BC) 
containing  that  angle. 


E A 


D 


Let  the  Tides  of  the 
fquares  BE,  BG  be  pro- 
duced to  meet  each  o- 
ther  in  L and  D \ in 
which  take  KL  and  IG 
each  equal  to  AE  (or 
AB)  * and  let  Cl,  IK,  and 
KA  be  drawn. 

Since  ABH  and  FBC 
(which  are  continued  right-lines l)  are  equal  to  each  . 
other*,  EL,  DG,  ED,  and  LG  will  be  all  equal 
among  themfelves  1 ; and  fo  the  angles  E,  D,  G 1 2 
and  L being  all  right  ones'11,  EDGL  will  be  a ^ Hyp.  & 
iquare,  and  confequently  ACIK  a iquare  likewife n.  5-  *• 
Now,  if  from  the  fquare  DL,  the  four  equal  0 tri-  "0  2J*'  l’ 
angles  ADC,  CGI,  ILK,  and  KEA  be  taken  away,  **  IO“ 
there  will  remain  the  iquare  Al  : and,  if  from  the 
fame  DL,  the  two  equal p parallelograms  DB,  BL  p i 
(which  are  equal  to  the  laid  four  triangles,  becaufe 
D3  — two  of  them  *)  be  taken  away  ; then  there 
will  remain  the  two  fquares  BE  and  BG.  Con- 
fequently the  fquare  AI  is  the  two  fquares  BE 
and  BG  q. 


s Ax.  5. 


The  fame  demonf  rated  ctherwife. 

Let  AD  be  the  fquare  on  the  hypothenufe  AC, 
and  BG,  BI  the  two  fquares  on  the  fides  AB  and 

D BC  : 


.r.H 
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BC  : let  MBLI  be  parallel  to  AE,  meeting  GF 
(produced)  in  H;  and  let  EA  be  produced  to 
meet  GH  in  N. 

r Ax.  7.  if  from  the  equal  r angles 
GAB,  CAN,  the  angle  NAB, 
common  to  both,  be  taken 
away,  there  will  remain  NAG 
3 Ax.  5.  — BAC  * ; whence,  as  the  an- 
gle G is  alfo  rr  ABC  r,  and  the 
* Def.  26.  fide  AG  — AB  l,  the  Tides  AN 
and  AC  ( zr  AE)  are  likewife 
u is-  T-  equal  u ; and  therefore  the  pa- 
rallelogram AM  — the  paralle- 
V tologram  AH  w ; which  laft,  and 

confequently  the  former,  is  equal  to  the  fquare  BG  * 
Banding  on  the  fame  bale  AB,  and  between  the 
fame  parallels.  By  the  lame  argument,  the  paral- 
lelogram CM  is—  the  fquare  B'.  : and,  confequenc- 
ly,  the  fquare  AD  ( — AM  + CM)  — both  the 
y Ax.  4.  fquares  BG  and  BI y. 


2.  2 
* 2.  2. 


COROLLARY. 


Hence,  the  fquare  upon  either  of  the  Tides  in- 
cluding the  right  angle,  is  equal  to  the  difference 
of  the  fquares  of  the  hypothenufe  and  the  other 
z Ax.  5.  fide  z \ or,  equal  to  a rettangle  contained  under  the 
fum  and  difference  of  the  hypothenufe  and  the  other 
a - 2.  fide  a. 

THEOREM  IX. 

The  difference  of  the  fquares  of  the  two  /ides  ( AC, 
BC)  of  any  triangle  (ABC)  is  equal  to  the  difference 
of  the  fquares  of  the  two  lines , or  diflances  (AD,  BD) 
included  between  the  extremes  of  the  bafe  (AB)  and  the 
perpendicnlar  (CD)  of  the  triangle.  1 

For,  fince  AC*  zz  DC*  -f  AD%  and  BC*zzDC* 
4-  BD1  (by  the  precedent),  it  is  evident  that  the 

difference 
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difference  of  AO  and  BO  will  be  equal  to  the  dif- 
ference between  DC1  + AD1  and  b DC+  BD1,  or b Ax.  5. 


between  AD1  and  c BD%  by  taking  away  DC% c Ax.  6. 
common,  from  both. 


COROLLARY  I. 

, . 1 \ 

Since  the  redangle  under  the  fum  and  difference 
of  any  two  unequal  lines,  is  equal  to  the  difference 
of  their  fquares d,  it  follows,  that  the  difference  of  j 7.  2, 
the  fquares  (or  the  redangle  under  the  fum  and  dif-  ' 
ference)  of  the  two  fides  of  any  triangle,  is  equal 
to  the  redangle  under  the  fum  and  difference  of  the 
diftances  included  between  the  perpendicular  and 
the  two  extremes  of  the  bafe. 

• / 

COROLLARY  II. 

It  follows , moreover , that  the  difference  of  the 
fquares  (or  the  reft  angle  under  the  fum  and  difference ) 
of  th'e  two  fides  of  a triangle , is  equal  to  twice  a 
reflangle  under  the  whole  bafe , and  the  diftance  of  the 
perpendicular  from  the  middle  of  the  bafe. 

For,  let  E be  the  middle  of  the  bafe,  and  let 
EF  be  made  —ED*,  then  AF  being  — BD  % the  ex-  e ^x.  5. 
cefs  of  AD  above  BD  (or  AF)  will  {in  Fig.  1.)  be 
~ DF  — zDE*,  therefore  the  redangle  under  the 
fum  and  difference  of  AD  and  BD  ( — * AO  — s 9.  2. 
BO)  is  — AB,x  2DE,  Again  (in  Fig.  2.)  AD-{- 
BD  being  — AD  + AF  h — FD  rz  2ED,  and  h Ax.  4. 
AD  — BD  — AB,  we  have,  alfo*  in  this  cafe  , 

AC"  — BO  = ABX2DE. 

D 2 


THEO- 


36 


Elements  of  Geometry . 


THEOREM  X. 

Fhe  fquare  of  one  fide  (AC}  of  a triangle  (ABC} 
is  greater,  or  lefs  than  the  fum  of  the  [qua res  of  the 
bafe  ( AB)  and  of  the  other  fide  [ BC ),  by  a double  reft- 
angle  under  the  whole  bafe  ( A B ) and  the  d[ fiance  ( 3 D ) 
of  the  perpendicular  from  the  angle  (B)  op  polite  to  the 
fide  firft  mentioned ; that  is , greater , when  the  perpen- 
dicular falls  beyond  the  faid  angle  ( as  in  Fig  i } •,  but 
lefs , when  it  falls  on  the  contrary  fide  (as  in.  Fig  2. 
and  3.) 

Let  the  fquare  ABHF,  on  the  bafe  AB,  be  di« 
’ 1.  2.  vided  into  two  equal  1 redtangles  EF  and  EH  by 


the  line  EG,  bifedling  AB  in  E ; and  let  the  per- 
pendicular CD  be  continued  out  to  meet  FH 
(produced)  in  I. 

Tn  Fig.  1.  AC1  — BC1  — twice  the  rectangle 
' Cor-2‘  El1  = 2EH  + 2BInl  - AH  (AB1)  + 2B[ 
m a*9  3*  ( 2 X BD) ; therefore,  if  from  the  firft  and  laft 
of  thele  equal  quantities,  AB1  be  taken  away,  then 
» Ax.  , AC  lefs  both  BC1  and  AB1  — 2 AB  X BD  n. 

In  Fig.  2.  and  3.  BC* — AC1  — 2EI 1 — 2BI  — 
2BGm  — 2AB  x BD  — AB* ; and-fo,  by  adding 
AB1  to  the  firft  and  laft  of  thefe  equal  quantities, 
» Ax.  4..  we  have  here  AB1  -f-  BC" — AC1  — 2AB  x BD 


T FI  E O- 
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THEOREM  XL 

The  double  of  the  fquare  of  a line  (CE)  drawn 
from  the  vertex  to  the  middle  of  the  bafe  of  any  tri- 
angle (ABC),  together  with  double  of  the  fquare  of 
the  femi-bafe  (AE),  is  equal  to  the  fquares  of  both 
the  fides  ( AC,  BC)  taken  together. 

For,  ler  CD  be  perpendi- 
cular to  AB:  then,  becaule 
{by  the  precedent)  AC1  ex- 
ceeds the  fum  of  the  two 
fquares  AE2  and  CE1  (or 
BE2  and  CE1)  by  the  double 
re&angle*  2AE  x ED  (or 
2 BE  X ED)  ; and  becaufe 
BC2  is  lei's  than  the  fame  fum  by  the  fame  double 
redangle;  it  is  manifeft  that  both  AC2  and  BC1 
together  muft  be  equal  to  that  fum  twice  taken  ; 
the  excels  on  the  one  part  making  up  the  defed 
on  the  other. 


C 


THEOREM  XII. 

The  two  diagonals  (A EC,  BED)  of  a parallelogram 
(ABCD;  bifedl  each  other ; and  the  fum  of  their 
fquares  is  equal  to  the  fum  of  the  fquares  of  all  the 
four  fides  of  the  parallelogram. 

Eor,  the  triangles 
AEB,  DEC  being 
equiangular  p,  and 
having  AB  z=  DC  % 
will  alio  have  ( A E 
— CE,  and  BE  — 

DE  r.  Moreover,  be- 

caufe  2AE1  + 2ED1  = -AD1  + CD2,  by  taking  

the  double  of  thefe,  we  have  4AE2  (MC2)  + 4ED2  'Cor-  J 
(DBO  - u AD1  + BC1  -h  CD2  + AB2. 

D 3 THEO 


15. 1. 

11.2. 


to  6.  2. 
1 Ax.  4. 
and  24. 1. 
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THEOREM  XIII. 

If  from  any  point  (F),  to  the  four  angles  of  a rect- 
angle (A BCD)  jour  lines  be  drawn  \ the  fums  of  the 
fquares  of  thofe  drawn  to  the  oppofite  angles  will  be 
equal  (I fay,  that  FA-  -+■  FC1  — FBZ  + FDZ). 


For,  let  the  diagonals  AC 
and  BD  be  drawn,  bifedting 
each  other  in  E*,  and  let 
E,  F be  joined  •,  then  the 
triangles  ABC,  BAD  being 
equal  in  all  refpe&s  w,  thence 
and  Ax.  Will  AE(4AC)=zDE(4-DB). 
,0*  But  FAZ  + FCZ  = y aAE* 
(iDEz)  + 2EFl  = yFB2  + 


w 24 


y ii.  2. 


D 


FD\ 
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DEFINITIONS. 

i.  A NY  light-line 
L\  FD,  palling 

T.  through  E the 
center  of  a circle,  and 
terminating  in  the  cir- 
cumference at  both  ends,  E 
is  called  a Diameter. 

2.  An  arch  of  a circle, 

is  any  portion  of  the  pe-  Gl 

riphery,  or  circumference,  as  ACB. 

3.  The  chord,  or  fubtenfe  of  an  arch  ACB,  is 
a right- line  AB  joining  the  two  extremes  of  that 
arch. 


C 


4.  A femi-circle  is  a figure  contained  under  any 
diameter  and  either  part  of  the  circumference  cut 
off  by  that  diameter. 

D 4 5-  A 
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5.  A fegment  of  a circle  is  a figure  contained 
under  an  arch  ACB  and  its  chord  AB. 

6.  A Sedtor  of  a circle  is  a figure  contained 
under  two  right-lines  EF,  EG,  drawn  from  the 
center  to  the  circumference,  and  the  arch  EG  in- 
cluded betwixt  them.  When  the  two  lines  EE,  EG, 
Hand  perpendicular  to  each  other,  then  the  Sedtor 
is  called  a quadrant. 

7.  An  angle  ABC  is 
faid  to  be  in  a fegment 
of  a circle  ABC,  when, 
being  in  the  periphery 
thereof  the  right-lines 
BA,  BC  by  which  it 
is  formed,  pafs  through 
the  extremes  of  the 
chord  AC  bounding 
that  fegment. 

8.  An  angle  ABC  in  the  periphery,  compre- 
hended by  two  right-lines  BA,  BC,  including  an 
arch  of  the  circle,  ADC,  is  faid  to  ftand  upon  that 
arch. 


9.  A right- line  AB  is 
faid  to  touch  a circle,  when, 
patting  through  a point  (C) 
in  the  circumferencethereof, 
it  cutteth  off  no  part  of  the 
circle. 


A c.  B 


xo.  Two 


4* 
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io.  Two  circles  (TCQ,  RCS)  are  laid  to  touch 
each  other,  when  the  circumferences  .of  both  pafs 


through  one  point  (C)  and  yet  do  not  cut  each 
other. 

11.  Two  circles,  in  the  fame  plane,  are  faid  to 
cut  one  another,  when  they  fall  partly  within,  and 
partly  without  each  other ; or,  when  their  circum- 
ferences cut  each  other. 

12.  A right-line  is  faid  to  be  applied,  or  infcrib- 
ed  in  a circle,  when  both  its  extremes  are  in  the 
periphery  thereof. 

13.  A right-lined  figure  is  faid  to  be  infcribed  in 
a circle,  when  all  its  angles  are  in  the  circumference 
of  the  circle. 

14.  A circle  is  faid  to  be  defcribed  about  a 
right-lined  figure,  when  the  periphery  of  the  circle 
pafles  through  aid  the  angles  of  that  figure. 

15.  A right-lined  figure  is  faid  to  be  defcribed 
about  a circle,  when  all  the  fides  thereof  touch 
the  circle. 


16.  A 
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1 6.  A circle  is  laid  to  be  infcribed  in  a right- 
lined  figure,  when  it  is  touched  by  all  the  Tides  of 
the  right-lined  figure. 

17.  A right-lined  figure  is  faid  to  be  infcribed 
in  a right-lined  figure,  when  all  the  angles  of  the 
former  are  fituate  in  the  fides  of  the  latter. 

THEOREM  I. 

If  the  fides  (AB,  BC,  CD,  &c.)  of  a ■polygon  in- 
fcribed in  a circle , be  equal,  the  angles  (AOB,  BOC, 
COD,  &c.)  at  the  center  of  the  circle , fub tended  by 
them , "sill  likewife  be  equal . 


For  AO,  BO, 
CO  &c.  being  e- 
qual  to  .each  o- 
aDef.  33.  thcr  % as  well  as 
of  1.  AB,  BC,  CD  &c. 
the  trianglesAOB, 
BOC,  COD,  are 
mutually  equila- 
teral ; and  there- 
fore have  all  the 
angles  AOB,  BOC 
&c.  equal  to  each 
* 14. 1.  other  b. 


SCHOLIUM. 


On  this  propofition  depends  the  divifion  of  ma- 
thematical inftruments  for  taking  and  meafuringof 
angles.  For,  if,  by  repeated  trials,  or  any  other 
means,  the  circumference  of  a circle  defcribed 
about  a center  O,  be  divided  into  any  number 
of  parts  AB,  EC,  CD  &c.  fo  that  the  chords 
be  equal  ; then  it  is  evident,  from  hence,  that  all 
the  angles  AOB,  BOC,  COD  &c  which  make  up 
the  four  right  angles  AOD,  DOG,  GOK,  KOA 
at  the  center,  will  alfo  be  equal  to  each  other,  let 

the 
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the  radius  OA  of  the  instrument  be  what  it  will. — 
In  the  divifion  of  the  circle  for  practical  ufes,  the 
number  of  parts  into  which  the  circumference  is 
thus  divided,  or  the  number  of  equal  angles  at  the 
center,  is  360  ; which  equal  angles  are  called  de- 
grees \ fo  that  a right  angle,  confiding  of  90  of 
thefe  equal  angles,  is  faid  to  be  an  angle  of  90  de- 
grees •,  every  angle  being  denominated,  from  the 
degrees  and  parts  of  a degree,  contained  therein; 
each  degree  being  conceived  to  be  fubdivided  into 
60  equal  parts,  called  minutes ; each  minute  again 
into  60  equal  parts,  called  feconds ; and  fo  on  to 
thirds,  fourths,  fifths,  &c.  at  pleafure. 

THEOREM  II. 

Any  chord  (ABJ  of  a circle,  falls  wholly  within  the 
fame:  and  a perpendicular  (CD)  let  fall  thereon , 
from  the  center  of  the  circle , will  divide  it  into  two 
equal  parts. 

Let  C,  A,  and  C,  B be  joined  ; 
and  thro’  any  point  E in  the 
chord  AB,  let  the  right-line 
CEF  be  drawn,  meeting  the 
circumference  in  F. 

It  is  evident,  becaule  CA  r 
CBc,  that  thefe  equal  lines  are 
on  different  fidesof  the  perpen- 
dicular CD  d ; and  fo,  CE  being  “□  CA  or  CFd, 
the  point  E (take  it  where  you  will  in  the  line  AB) 
and  confequently  the  line  AB  itfelf,  will  fall  within 
the  circle  c.  Moreover,  becaule  the  triangles  ACD, 
BCD  have  CA  zr  CB  and  CD  common,  thence 
will  AD  be  alfo  zz  BD  f. 

COROLLARY. 

Hence  a line  bifefting  any  chord  at  rght-angles, 
paffes  thro’  the  center  of  the  circle. 


Def.  33. 

1. 

20.  1. 

Ax*  2* 

16.  1. 


T FI  E O- 
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THEOREM  III. 

Any  two  chords  (AB,  DE)  equally  dijlant  from  the 
center  (OJ  of  a circle , are  equal  to  each  other. 

Let  the  perpendiculars  OF, 

OC  be  drawn,  and  let  O,  D B 
® Hyp.  and  O,  A be  joined,  Becaufe 
f Def.  33-  OF  = OC  % OD  iz  OA  f, 

* ContVr  an^  ^ ant^  ^ are  ^Oth  r^ght- 
t 16.  i.  angles  s,  therefore  is  DF  — 

!2  3.  AC  h,  and  confequently  DE 
k Ax.  4.1.  - 2Dp  i — 2 AC  k zz  AB  h 

A B 

THEOREM  IV, 


In  a circle  fAEFB)  the  great  eft  line  (AB)  is  the 
diameter  \ and , of  ail  others  terminating  in  the  cir- 
cumjerence,  that  (CD ) which  is  neared  the  center  (O), 
is  greater  than  any  other  (EF)  further  from  it. 


m 19.  1. 


1.  Draw  OC  and  OD  ; 
then  it  will  appearthat  AB 
(or  OC  + OD)  c-  CD  m. 

2.  Let  OP  be  the  dif- 
tance  of  CD  from  the  cen- 
ter, and  OQ^that  of  EF, 
both  taken  in  the  fame 
radius  OR  3 Draw  OE  and 
OF.  Becaufe  the  triangles 


31  Def.  33.  DOC,  OFE,  have  two  Tides  equal  each  to  each  n, 
i-  and  have  the  contained  angle  DOC  c~  the  contained 
° Ax.  2.  angle  FOE  0 ; therefore,  alfo,  will  the  bafe  DC  be 
Pai.  1.  greater  than  the  bafe  FEP;  and,  confequently, 
greater  than  any  other  chord  at  the  fame  dillancc, 
<3  3.  3.  with  EF  g. 


COROLLARY. 


Hence,  a right-line  greater  than  the  diameter, 
drawn  from  any  point  within  a circle,  will  cut  the 
circumference. 


T H E O- 
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THEOREM  V. 

Jf  to  the  circumference  of  a circle  ( AFFB \ from 
any  point  (D)  which  is  not  the  center , right  lines  DA, 
DF,  DE)  be  drawn , the  greatejl  of  all  (DA)  fhali 
be  that  which  paffes  through  the  center  (C)  ; and,  of 
the  reft , that  (DF)  whofe  other  extreme  (F)  is  placed 
near  eft,  in  the  circumferente , to  the  extreme  (A ) of  the 
great  eft,  will  exceed  any  other  ( DE)  whofe  extreme  (E) 
is  at  a greater  diftance , 


From  the  center  C,  let  CE  and  CF  be  drawn. 

1.  AD  ( zr  DC  + CF  r)  zr  DF  s.  r Ax.  4. 

2.  Since  DC  is  common  CF  — CE,  and  DCF  3 l9 • *• 

zr  DCE  c,  therefore  is  DF  zr  DE  u.  * 2* 

COROLLARY  I. 

Becaufe  no  two  lines,  DE,  DF,  drawn  from  D, 
on  the  lame  fide  of  the  diameter  AB,  can  be  equal 
to  each  other  w,  three  equal  right-lines  cannot  pof-w 
fibly  be  drawn  from  the  periphery  to  any  point, 
befides  the  center  of  the  circle  : and,  therefore,  if 
from  a point  in  any  circle,  three  equal  right-lines 
can  be  diawn  to  the  periphery,  that  point  is  the 
center  of  the  circle. 

COROLLARY  II. 

Hence  it  alfo  follows,  that  no  circle  can  be  de- 
fcribed  to  cut  another  FBG  in  more  points  than 
two:  for,  if  it  were  pofiible  to  cut  it  in  three  points 
G,  E,  F,  then  right-lines  drawn  from  the  center 

Q, 


\ 
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Def.  33.  Q?  to  thofe  points,  would  be  all  equal  *,  which  is 
y Cor  1 ^ewn  to  ^e  impoflible  y,  unlefs  when  the  center 
to  4.  3.  Q coincides  with  C ; and  then  the  circles  themfelves 
will  neither  cut,  nor  touch,  but  coincide,  and  be- 
come one  circle  x. 


THEOREM  VI. 

A right-line  (FD)  drawn  through  any  point  (A) 
in  the  circumference  of  a circle,  at  right-  angles  to  the 
radius  (EA)  terminating  in  that  point,  will  touch  the 
circle . 

From  any  point  in  FD, 
to  the  center  E,  let  the 
right-line  BE  be  drawn  j 
which  being  greater  than 
a 20.  1.  AE  % the  point  B mud, 
neceffarily,  fall  out  of  the 
b Def.  3 3.  circle  b : and  therefore,  as 
and  Ax.  the  fame  argument  holds 
2‘  of  1 'good  with  regard  to  every 

other  point  in  the  line  FD  (except  A),  it  is  manifeft 
that  this  line  cuts  off  no  part  of  the  circle,  but 
touches  it,  in  one  point  only. 

THEO  REM  . VII. 

If  the  dijlance  (AB)  of  the  centers  of  two  circles, 
le  equal  to  the  fum  of  the  two  femi- diameters  (AM, 
BN),  the  circles  will  touch  each  other , outwardly  ; 
and  the  right-line  (AB)  joining  their  centers , will 
pafs  through  the  point  of  contain. 


F A B D 


I11 
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In  AB,  take  AC  = AM, 
and  lee  DCE  be  drawn  per- 
pendicular to  AB  : then,  BC 
being  alfo  rz  BN  c,  the  cir- 
cumferences of  both  circles 
will  pafs  through  the  point 
C J : but  the  right-line  DE 
( b y the  precedent)  falls  wholly 
above  the  one,  and  wholly 
below  the  other ; therefore  the 
circles  themfelves  fall  wholly 
without  each  ocher,  and 
touch  in  one  point  C only. 

COROLLARY. 

Hence,  if  the  centers  of  two  circles  be  placed 
at  a diftance,  from  one  another,  lefs  than  the  fum 
of  the  two  femi-diameters,  a part,  at  leaft,  of  the 
one  will  be  contained  within  the  other  : but,  if  the 
diftance  be  greater  than  that  fum,  the  two  circles 
will  then  neither  touch,  nor  cut  each  other. 


c Conftr. 
and 

E Ax-  S' 

d Def.  33. 

1. 


THEOREM  VIII. 

If  the  diftance  (CD}  of  the  centers  of  two  circles 
fCAF,  DAE)  he  equal  to  the  difference  of  the  two 
femi- diameter s (CA,  DE),  then  will  thofe  circles  touch 
inwardly  ; and  that  radius  (CA)  of  the  greater, 
which  is  drawn  through  the  center  ( D ) of  the  lefj'er s 
will  meet  the  two  peripheries  in  the  point  of  contain . 


From  any  point  E in  the 
circumference  of  the  lefier,  to 
the  two  centers,  let  EC  and 
ED  be  drawn.  Becaufe  CA 
exceeds  DE  by  the  line  DC  c, 
or  becaufe  DE  4 DC  — CA  £ 
— DA  + DC  g,  therefore  is 
DA  — DE  h ; and  fo  the  cir- 
cumference of  the  circle  D 


A 


e Hyp 
f Ax.  4. 

s Ax.  3. 

h Ax.  5. 


likewife 
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likewife  paffes  through  A : but  CA  is  greater  than 
CE 1 : therefore  every  point  in  the  periphery  of  the 
circle  D (except  A only)  falls  within  the  circle  C : 
which  was  to  be  demonflrated. 

COROLLARY  T. 

Hence,  if  the  centers  of  two  circles  be  placed  at 
a diftance  from  each  other,  greater  than  the  differ- 
ence of  the  two  femi-  diameters,  a part,  at  leaft, 
of  the  one  will  fall  without  the  other-,  but,  if  the 
diftance  be  lefs  than  that  difference,  the  leffer  circle 
will  then  be  contained  wholly  in  the  greater,  but 
without  touching  it. 

COROLLARY  II. 

Hence,  and  from  the  'precedent,  it  likewife  ap- 
pears, that  if  two  circles  touch,  either  inwardly  or 
outwardly,  a right-line,  drawn  through  their  two 
centers,  will  alfo  pafs  through  the  point  of  contadt : 
becaule  they  can  only  touch,  when  the  diftance  of 
their  centers  is  equal  to  the  fum,  or  to  the  differ- 

k Cor.  ofence  of  their  femi-diameters k. 
i 7. and 

Cor.  ,.  THEOREM  IX. 

If  the  diftance  of  the  centers  (F,  G)  of  two  circles 
(DL,  MH)  be  lefs  than  the  fum,  and  greater  than 
the  difference  of  the  two  femi  diameters  (FL,  GM), 
thofe  circles  will  cut  each  other. 

For,  fince  the 
diftance  of  the 
two  centers  is 
fuppofed  lefs  D 
than  the  fum  of 
the  femi-diame- 
ters,apart  of  the 
i Cor.  to  one  circle  MH,falls  within  the  othe,r  DL1  •,  and  fince 
7-  3-  that  diftance  is  greater  than  the  difference  of  thofe 
m^or*  t0 femi-diameters,  a part  of  the  fame  circle  MH  alfo 
* Def  u falls  withoucthe  circle  DL  which  was  to  be  proved n. 

of  3.  THE  O- 
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THEOREM  X. 

fj'he  angle  (BDC)  at  the  center  of  a circle , is  double 
to  the  angle  (BAC)  at  the  circumference , when  both 
angles  Jland  upon  the  fame  arch  (BC). 


Let  the  diameter  ADE  be  drawn. 

In  the  firfi  cafe  (where  AB  pafies  through  the 
center)  BDC  rzA  + C°  — 2AP. 

In  the  fecond  cafe , BDE  r:  2BAE,  (by  cafe  1.) ; 
to  which  adding  CDE  — 2CAE,  we  have  BDC 
= 2BAC  q. 

In  the  third  cafe , CDE  n 2CAE  {by  cafe  1.) 
from  whence  fubtra&ing  BDE  = 2BAE,  there 
remains  BDC  — 2BAC r. 

THEOREM  XL 

All  angles  (EAF,  EBF)  in  the  fame  fegment 
('EABF ) of  a circle , are  equal  to  each  other . 

Case  I.  If  the  fegment  be  great-  4 __  -g 
er  than  a Jemi- circle  ; from  the 
center  C draw  CE  and  CF  then  / \\ 

EAF  and  EBF  being  each  of  f / / \ j 
them  — to  half  EC'F  % they  muft 
neceflarily  be  equal  to  each  other,  gfp- — yE1 


E 


Case 


0 9.  r. 

* 12.  t, 

s Ax.  4.' 
r Ax.  5. 


* 10.  3. 
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Case  II.  If  the  fegment  he 
lejs  than  a femi- circle ; let  H 
be  the  interie&ion  of  EB  and 
AF  : then  the  triangles  AEEI  E 
and  BFH,  having  the  angle 
*3.1.  AHfLzzBHF1,  and  AEH 
— BFH  (by  cafe  1.)  they  will 
* Cor>  **  alfo  have  EAH  = FBH  u. 

to  10.  I. 


THEOREM  XII. 

Angles  (D,  G)  in  the  circumferences , /landing 
upon  equal  fubtenfes  (AB,  EF)  of  circles  having  equal 
diameters,  are  equal  to  each  other.  And  the  fubtenfes 
of  equal  angles,  in  the  circumference  of  circles  having 
equal  diameters , are  aljo  equal. 


From  the  centers  P,  and  Q,  let  PA,  PB,  QE„ 
QF  be  drawn. 

w Hyp.  1.  Hyp.  Since  AB  “ EF  w,  and  AP  = BP  x — 
x£>ef.33.  EQ  =1  FQ w ; therefore  is  P = Qr,  and  confe- 
ot  ' • quently  D ( = 4.  P 2 = 4-  Q)  z=G. 
z /£’  * 2.  Hyp.  Becaufe  D 1.G,  therefore  P — Q z ; 

. whence,  PA  being  — QE,  and  PB  n QF  w,  AB 
f will  alfo  be  = EFV‘. 

1 

COROLLARY. 

Hence  angles  in  the  circumference,  {landing 
upon  equal  chords  of  the  fame  circle,  are  equal. 

THEO* 
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5* 

THEOREM  XIII. 

'The  angle  fACB)  in  a femi- circle,  is  a right  angle . 

Let  the  diameter  CDE 
be  draw  n. 

Becaufe  A CD  = half 
ADE,  and  BCD  = half 
BDE  b,  therefore  is  ACD 
-f-BCD  ( — ACB)=  half 
of  ADE  aftd  BDE  c zrhalf 
two  right  angles  d ~ one 
right  angle. 


THEOREM  XIV. 

’The  angle  (CAB)  included  by  a tangent  to  a circle 
and  a chord  (AC)  drawn  from  the  point  of  con- 
tact (A),  is  equal  to  the  angle  (AEC)  in  the  alter- 
nate fegment . 


Let  the  diameter  AOF  be  drawn,  and  E,  F be 
joined. 

The  line  DB  falling  wholly  d 
above  the  circle  % OA  is  the 
lead  line  that  can  be  drawn 
to  it  from  the  center  O f ; and 
OAB  is  therefore  a right- 
angles:  but  FEA  is  alfo  a 
right  angle  h : therefore,  if 
from  thefe  equal  angles,  the 
equal  1 angles  FAC,  FFC 
(Itanding  on  the  lame  arch  FC)  be  taken  away, 
rhere  will  remain  BAC  — AEC  k 


Ax. 


£ 2 


T H E 0» 
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THEOREM  XV. 

fhe  angle  (DEC ) made  by  two  lines  (DEB,  CEA) 
interfering  each  other  within , or  without  a circle , is , 
*»  the  former  cafe,  equal  to  the  fum , latter, 

equal  to  the  difference , of  two  angles  in  the  circum- 
ference, /landing  on  the  two  arcs '{DC,  AB)  inter- 
cepted  by  thofe  lines. 


Let  the  chord  CB  be  drawn. 

9.  t.  Then  DEC  zr  DBC  + ACB  in  the  firfl  cafe, 

9. 1.  and  And  DEC  — DBC  — ACB  h,  in  the  feccnd  cafe. 

Ax#  ^ • 

COROLLARY. 

Hence  an  angle  (E)  formed  below,  or  above 
the  circumference  of  a circle,  is  greater,  or  Ids 
than  an  angle  in  the  circumference,  Handing  on 
the  lame  arch. 

THEOREM  XVI. 

*Tbe  vertical  angle  ( ABC)  of  any  oblique-angled  tri- 
angle (ACB)  infcribedin  a circle  (ABCD)  is  greater , 
or  lefs  than  a right- angle,  by  tfhe  angle  ('CAD)  com - 

p ehended 
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prehended under  the  lafe  (AC)  and  the  diameter  (AD) 
drawn  from  the  extremity  of  the  bafe. 


For,  BD  being  drawn,  ABD  will  be  a right- 
angle  l,  and  CAD  rr  CBD  k •,  therefore,  in  the1  13.  3. 
firft  cafe,  ABC  — rightangle  + CAD  1 ; and  in  the  k 3* 
fecond,  ABC  — right-angle  — CAD  ra. 


THEOREM  XVII. 

If  any  fide  (BC)  of  a quadrilateral  (ABCD)  in- 
ferred in  a circle , be  produced  out  of  the  circle , the 
external  angle  (ECD)  will  be  equal  to  the  oppoftey 
internal  angle  (BAD). 

Let  the  diameter  BF  be  JE 
drawn,  and  let  AF  and  CF 
be  joined  : then  the  angle  q 
BAF  being  a right  angle 
( — BCF)  - ECF  n,  and 
DAF  alfo  = DCF  °,  Hand- 
ing both  on  the  fame  arch  _ 

DF  j thence  will  the  re- 
mainders BAD  and  ECD  be 
alfo  equal q, 

E 3 


9 Ax.  5. 


COROL- 
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E Ax.  4. 
1.  I . 


4 Ax.  2. 

u Cor.  2. 
to  7.  1 

* Def.  j 3 

of  1. 

x Conflr. 

y Ax.  7. 
3 Ax.  10 

* Ax.  1. 


COROLLARY. 

Hence  the  oppofite  angles  BAD,  BCD  of  any 
quadrilateral  infcribed  in  a circle,  are  together, 
equal  to  two  right-angles.  For,  fince  BAD  zz 
ECD,  therefore  is  BAD  + BCD  zz  ECD  + BCD  r 
~ two  right  angles  3. 

THEOREM  XVIII. 

Through  any  three  points  ( A,  B,  C)  not  Jiluate  in 
the  fame  right  line , the  circumference  of  a circle  may 
he  defer  ibed . 

Draw  AB  and  BC,  5 

which  let  be  biledted  T> - — 

by  the  perpendiculars  a \ I C 

DG  and  EH,  infinite- 
ly produced  on  that 
fide  of  AB  or  BC, 
on  which  the  anHe 

D 

ABC  is  formed. 

Thefe  perpendicu- 
lars, I fay,  will  mter- 
fedt  each  other;  and 
the  point  of  interfec- 
tion  O,  will  be  the 
center  of  the  circle. 

For,  if  DE  be  drawn,  it  is  plain,  that  the  angles 
GDE,  HED  are  lefs  than  two  right-angles 1 ; there- 
fore DG,  FH,  not  being  parallels11,  they  will  meet 
each  other  w Hence,  if  from  the  point  of  inter- 
fedtion  O,  the  right  lines  OA,  OB,  OC  be  drawn, 
the  triangles  ADO,  BDO,  having  two  fides  equal, 
each  to  each  *,  and  the  angles  ADO,  BDO,  contain- 
ed by  them,  equal  y,  will  likewife  have  AOzrBO  z. 
After  the  very  fame  manner  is  CO  iz  BO  ; there- 
fore AO  — BO  — CO  a : whence  the  circumfe- 
rence of  a circle  deferibed  from  the  center  O,  at 

the 


55 


Book  the  Third, 


the  diftance  of  AO,  will  alfo  pafs  through  B 
and  Cb. 


b Def.  33, 

1. 


SCHOLIUM. 


Hence  the  method  of  defcribing  the  circum- 
ference of  a circle  through  three  given  points,  is 
manifeft. 


THEOREM  XIX. 

If  the  oppofite  angles  (BAD,  BCD)  of  a quadri- 
lateral (ABCD)  be  equal  to  two  right- angles , a circle 
may  be  defcribed  about  that  quadrilateral. 


For  the  circumference  of  a 
circle  may  be  defcribed  thro’any 
three  points  B,  C,  D,  {by  the  pre- 
cedent.) But,  if  you  deny  that  it 
paffes  thro5  A ; then,  thro5  the 
center  O,  let  OAF  be  drawn, 
and  let  it  (if  poflible)  pafs 
through  fome  other  point  F in 
the  line  OAF,  (for  it  muft:  cut 
this  line  fomevvhere  Q)  ; alfo  let  c C°r*  to 

BF  and  DF  be  drawn.  Becaufe  BFD  + BCD  rz  4-  3' 
two  right-angles  d zz  BAD  + BCD';  therefore d Cor.  to 
muft  BFDrzBADf ; which  is  impojfibles.  There-  *7*  3* 
fore  the  circumference  of  the  circle  defcribed  ] ^p‘ 
through  B,  C and  D,  muft  alfo  pafs  through  A.  g 2^,’  1S„‘ 


E 4 


THEQ- 
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THEOREM  XX. 

If  from  two  points  (B,  C)  in  the  fame  diameter 
(AD),  equally  dijlant  from  the  center  (O)  of  a circle , 
right-lines  ( HE,  CE  ; B F,  CF)  he  drawn  to  meet , two 
by  two , in  the  circumference  \ the  fum  of  the  fquares 
of  any  two  correfponding  ones , will  be  equal  to  the  fum 
of  the  fquares  of  any  other  two , meeting  in  like  manner. 


For,  if  OE  and  OF  be 
drawn  •,  then  will  BE1  + 
CE1  = h 2BO*  + 2OEz 
(2OFi  = h BF1  + CF\ 


THEOREM  XXI. 

If  two  lines  (AB,  CD\  terminated  hy  the  periphery 
on  bothfidesy  cut  each  other  within  a circle , the  rec- 
tangle (AP  xBP)  contained  under  the  parts  of  the 
me,  will  be  equal  to  the  reRangle  (CP  x DP)  contained 
under  the  parts  of  the  other. 


F 

Case  I.  If  one  of  the  two  lines  (AB)  pafies 
through  the  center  O ; then  let  OQ  be  drawn  per- 
pendicular to  the  other  CD,  and  let  OC  be  joined. 

It 


Book  the  Third, 

It  is  plain,  becaufe  QD  zz  QC  % that  DP  is 
equal  to  the  difference  of  the  fegments  CQ  and 
PQ  k:  but  the  redangle  under  the  ium  and  diffe 
rence  of  the  two  fides  OC,  OP,  of  any  triangle  COP, 
is  equal  to  the  redangle  under  the  whole  bate  CP, 
and  the  difference  of  its  two  fegments1-,  therefore,the 
lum  of  the  two  fides  OC,  OP  being  ( — OA4OP) 
zz  AP,  and  their  difference  (z:OB — OP)z=BP, 
thence  is  the  redangle  contained  under  AP  and  BP 
equal  to  the  rectangle  contained  under  CP  and  DP. 

Case  II.  If  neither  of  the  two  lines  pafs  through 
the  center  ; let  the  diameter  EPF  be  drawn  j then, 
by  the  preceding  cafe , APxBP  — h P X EP  zz  CP 
X DP. 

THEOREM  XXII. 

If  from  two  points  (A,  C)  in  the  circumference  of 
a circle , two  lines  (AP,  CP)  be  drawn , to  pajs  through 
and  meet  without  the  circle  the  redlangle  (AP  X BP) 
contained  under  the  whole  and  the  external  part  of  the 
one , will  be  erpual  to  the  redlangle  (CP  X DP)  con- 
tained under  the  whole  and  the  external  part  of  the 
other. 

Through  the  center  O, 
let  PF  be  drawn,  meeting 
the  circumference  in  E 
and  F ; let  OQbe  perpen- 
dicular to  AP,  and  let  A, 

O be  joined. 

Then,  [by  Cor.  i.  to 
9.  2.)  the  redangle  con- 
tained under  PF  ( zz  PO 
4-0 A)  and  PE(zzPO— 

OA)  is  zz  the  redangle 
contained  under  AP  and  PB.  After  the  very  fame 
manner,  PFxPEzzCPx DP  : therefore  APxBP 
= CP  x DP  m. 


P 
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COROLLARY  I. 

Hence,  if  PS  be  a tangent  at  S,  and  the  radiu3 
OS  be  drawn  •,  then,  PF  being  — the  fum  of  PO 
and  OS,  and  PE  =:  their  difference  j it  follows, that 

B Cor-  ^PS1  = PF  x PE  ° = PC  x PD. 

8.  2. 

THEOREM  XXIII. 

If  from  the  center  (C)  of  a circle , to  a point  (A) 
in  any  chord  (BD),  a line  (CA ) he  drawn  \ thefquare 
of  that  liney  together  with  the  rettangle  contained 
under  the  two  parts  of  the  chord , will  be  equal  to  a 
fquare  made  upon  the  radius  of  the  circle. 

Let  EAF  be  another  chord, 
perpendicular  to  CA,  and  let 
C,  E be  joined. 

<i  2.  3.  Since  AF  — AE  q,  thence 
r *•  2*  will  AE  r — AE  x AF  * — 

9 21.  3.  ABxAD';  to  which  equal 
quantities  adding  AC%  we  have 
CE1  -ABxAD  + AC1. 

COROLLARY. 

Hence  the  fquare  of  a line  (AC,)  drawn  from 
any  point  in  the  bafe  of  an  ifofceles  triangle  (BCD) 
to  the  oppofite  angle,  together  with  the  redtangle 
of  the  parts  of  the  bafe,  is  equal  to  a fquare  made 
upon  one  of  the  equal  Tides  of  the  triangle. 

THEOREM  XXIV. 

'The  reft angles  contained  under  the  correfponding /ides 
of  the  equiangular  triangles  (ABC,  DEF)  taken  alter- 
nately t are  equal . 

I fay,  if  A — D,  B — E and  C — F,  then 
will  AB  X DF  - AC  x DE. 

In 
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In  BA  produced,  let 
AG  be  taken  — DF  ; 
let  GCB  be  the  circum- 
ference of  a circle  palling 
through  the  three  points 
B,  C,  G w,  meeting  CA 
produced  in  H •,  and  let 
G,  H be  joined. 

Becaufe  the  angle  H 

r:  B y - E z,  HAG  = . - 

* BAC  — D % and  AG  = DF  % thence  is  AHa  MyP* 

— DE  b ; and  therefore  AC  X DE  — AC  X AH  c b I ?>  lt 

- AB  X AG  d - AB  x DF  c.  c 2. 


d 21.  3. 


THEOREM  XXV. 


The  reflangle  under  the  two  Jldes  (AC,  BC)  of  any 
triangle  (ABC),  is  equal  to  the  rectangle  under  the 
perpendicular  (CD ) to  the  bafe  thereof  and  the  dia- 
meter fCE)  of  the  cir  cumfcribing  circle . 


For,  B,  E being  joined, 
the  angles  A,  E will  be 
equal f,  and  ADC,  EBC 
both  right  angles  s j and, 
confequently  the  triangles 
ACD,EC8  equiangular h : 
therefore  AC,  EC  j CD, 

CB  being  correfponding 
Tides,  oppofed  to  equal 
angles,  the  rectangle  AC 
X CB,  contained  under  the  firft  and  laft  of  them, 
will  be  equal  to  the  redtangle  EC  X CD  contained 
VJnder  the  other  two  \ 


f *1.  3. 

* Hyp. 
and  13, 
3* 

h Cor.  1. 
to  IO.Io 
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THEOREM  XXVI. 

The  fquare  of  a line  (CD)  bifefting  any  angle  (C) 
of  a triangle  (ABCJ  and  terminating  in  the  oppofite 
jfide  (ABJ,  together  with  the  reftangle  (AD  X BD) 
under  the  two  fegments  of  that  fide , is  equal  to  the 
re  ft  angle  of  the  two  fdes  including  the  propojed  angle. 


Let  CD  be  produced 
to  meetthe circumference 
k 18.  3.  of  a circle,  defcribedk 
through  the  points  A,  C, 

B,  in  E ; and  let  AE  be 
drawn. 

The  angles  E and  B, 

{landing  upon  the  fame 
fegment  AC,  are  equal 1 ; 
and  ACE  is  equal  DCB 
(by  hypothefis) ; therefore  the  triangles  AEC, 
m Cor.  1.  DCB  are  equiangular  m ; whereof  AC,  CD;  CE, 
to  10. 1.  CBare  correfpondingfides,oppofed  to  equal  angEs  : 
o therefore  AC  xCBz:  CD  X CE  n — CD1  + CD 

F21.3.  X DE 0 = CD1  +AD  x DBP. 


THEOREM  XXVII. 

5 The  reftangle  of  the  two  diagonals  (AC,  BD)  of 
any  quadrilateral  ( ABCD ) inf  crib  ed  in  a circle , is 
equal  to  the  fum  of  the  two  reft  angles  ( AB  x DC,  AD 
X BC)  contained  under  the  oppofite  fdes. 


Let  BF  be  drawn,  making 
the  angle  CBF  = ABD,  and 
meeting  AC  in  F. 

Becaufe  the  angle  BCF  zr 
111.3.  ADB  q,  and  CBF  = ABD  r, 
* Conftr.  the  triangles  CBF,  DBA  are 
s Cor‘  u equiangular  % and  therefore, 
0l0,I'BC,  BD*,  CF,  AD,  being 
correfponding  fides,  the  rec- 
tangles BC  x AD,  and  BD  X 


A 


CF 
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/ 

CF  will  be  equal Again,  the  angle  ABF  being* 
:rCBDu,  and  BAF  = BDCW;  the  triangles  ABF u 
and  BDC  are,  likewife,  equiangular  *,  and  confe-  * 
quently,  AB,  BD  *,  AF,  DC  being  correfponding 
Tides,  AB  x DC  — BD  x AF1  j to  which  adding 
BC  X AD  — BD  X CF  (fo  proved  above ) we  have 
alfo  AB  x DC  + BC  X AD  - BD  x AF  + BD  X 
CF  = BD  x AC  \ 

THEOREM  XXVIII. 

If  the  radius  of  a circle  fOADF)  be  fo  divided 
into  two  parts , that  the  rectangle  under  the  whole 
and  the  one  part  fhall  be  equal  to  the  fquare  of  the  other 
part  *,  then  will  this  ta[l  prrt  be  equal  to  the  fide  (CD) 
of  a regular  decagon  (ABCDEF,  &c .)  infcribed  in 
the  circle  ; and  that  line  wbofe  fquare  is  equal  to  the 
two  fquares , of  the  whole  and  of  the  fame  part , will 
be  equal  to  the  fide  (AC)  of  a regular  pentagon  in- 
fcribed in  the  fame  circle . 

Draw  the  radii  OA, 

OC,  OD,  OF ; alfo  draw 
AD,  cutting  OC  in  G, 
and  let  AH  be  perpen- 
dicular to  OG. 

The  triangle  CDG, 
having  the  angle  COD 
(z=-LDOFy  — OAD  z) 

— ODA  % is  ifofceles  b: 
moreover  the  triangle 
AOG,  having  AGO  ( rr  GDO  + DOG  ° = c 
2DOC  n)  zz  AOC,  is  likewife  ifofceles d ; as  is  alfod 
the  triangle  CDG,  becaufe,  CGD  being  — AGO  % e 
and  CDG  fCDA^)  ~ FAD  f,  the  triangles  AOG, r 
CDG  are  equiangular.  Therefore,  CD^AO  j CG, 
GO  being  correfponding  lides,  we  have  CGxAO 
(CG  x CO)  — CD  x GQs  zi  GO1,  bccaufe  GO* 

= GD 
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. =:  GD  = DC  h : whence  the  former  part  of  the 
propofition  is  manifeft. 

Again,  becaufe  AGzzAO,  HG  will  be  = HO1; 
and  lo  GC  being  the  difference  of  the  fegments  HO 
and  HC,  we  have  (by  Cor.  i . to  9.  2 ) AC1  — A Os 
— CO  x CG  ~ OGz  (as  above ) ; and  confequently 
AC1  = AO1  + OG\ 


End  of  the  Third  Book., 
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DEFINITIONS. 

T*  Tf  ""5  A T I O is  the  proportion  which  one 
magnitude  bears  to  another  magni- 
,fl_  tude  of  the  fame  kind,  with  refpedt 
to  quantity. 

The  meafure,  or  quantity  of  a ratio  is  conceived  by 
conftdering  what  part , or  parts  the  magnitude  referred , 
called  the  antecedent , is  of  the  other , to  which  it  is 
referred , called  the  confequent . 

2.  Three  quantities,  or  magnitudes  A,  B,  C,  are  A,  B,  C. 
faid  to  be  proportional,  when  the  ratio  of  the  firft2*  4*  8* 

A to  the  fecond  B,  is  the  fame  as  the  ratio  of  the 
fecond  B,  to  the  third  C. 

/ N 

3.  Four  quantities  A,  B,  C,  D,  are  faid  to  be  a,B,C,D. 
proportional,  when  the  ratio  of  the  firft  A to  the  2.4.5.10. 
fecond  B,  is  the  fame  as  the  ratio  of  the  third  C to 

the  fourth  D. 

To 
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I’o  denote  that  four  quantities  A,  B,  C,  D are  pro  - 
portional,they  areujually  wrote  thus , A : B : : C :D  ; 

read  thus , A A /z?  B,/z?  fr  C /z?  D.  Z?#/  when 
three  quantities  A,  B,  C are  proportional,  the  middle 
one  is  repeated,  and  they  are  wrote  thus,  A : B : : B : C. 

4.  Of  three  proportional  quantities,  the  middle 
one  is  faid  to  be  a Mean-proportional  between  the 
other  two  ; and  the  laft,  a Third-proportional  to  the 
firft  and  fecond. 


5.  Of  four  proportional  quantities,  the  laft  is 
faid  to  be  a Fourth-propordonal  to  the  other  three, 
taken  in  order. 


Ay  B,  C,  6,  Quantities  are  faid  to  be  continually  proper- 
ly tional  (or  in  continual  proportion)  when  the  firft 
1.^2.  4.  S.-s  to  t^e  as  the  fecond  to  the  third,  as  the 

third  to  the  fourth,  as  the  fourth  to  the  fifth,  and 
fo  on. 

7.  Inaferies,  or  rank  of  quantities  continually 
proportional,  the  ratio  of  the  firft  and  third,  is  faid 
to  be  duplicate  to  that  of  the  firft  and  fecond  ; and 
the  ratio  of  the  firft  and  fourth,  triplicate  to  that 
of  the  fit  ft  and  fecond. 

3.  Any  number  of  quantities.  A,  B,  C,  D being 
given,  or  propounded,  the  ratio  of  the  firft  (A)  to 
the  laft  (D)  is  faid  to  be  compounded  of  the  ratios 
of  the  firft  to  the  fecond,  of  the  fecond  to  the  third, 
and  fo  on  to  the  laft. 

9.  Ratio  of  equality,  is  that  which  equal  quan- 
tities bear  to  each  other. 

It  may  be  obferved  here , that  ratio  of  equality , and 
equality  of  ratios,  are,  by  no  means,  fynonymous  terms  : 

fnice 
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fince  two  or  more  ratios  may  be  equal , though  the 
quantities  compared  are  all  unequal,  'Thus , the  ratio 
of  2 to  i,  is  equal  to  the  ratio  of  6 to  3,  (2  being 
the  double  of  1,  and  6 the  double  of  3) ; yet  none  of 
the  four  numbers  are  equal. 

io*  Inverfe  ratio  is,  when  the  antecedent  is  made 
the  confequent,  and  the  confequent  the  antecedent. 
Thus,  if  2 : 1 : : 6 : 3 ; then , inverjly , 1 : 2 : : 3 : 6. 

11.  Alternate  proportion  is,  when  antecedent  is 
compared  with  antecedent,  and  confequent  with 
confequent. 

As,  if  2 : 1:16:3;  then , by  alternation  (or 
permutation)  it  will  be  2 : 6 : : 1 : 3. 

12.  Compounded  ratio  is,  when  the  antecedent 
and  confequent,  taken  as  one  quantity,  are  com- 
pared either  with  the  confequent,  or  with  the  an- 
tecedent. 

1 hus , if  2 : 1 : : 6 : 3 ; then , by  compofition, 
2 + i:i::6  + 3:3,  2 + 1 : 2 : : 6 -f  3 : 6. 

13.  Divided  ratio  is,  when  the  difference  of  the 
antecedent  and  confequent  is  compared,  either  with 
the  confequent,  or  with  the  antecedent. 

Thus , if  3 : 1 ::  12:4;  then  by  divifion,  3 — 

1 : 1 : : 12  — 4:4,  and  3 — • 1:3:112  — 4:  12, 

Thefe  four  loft  definitions , which  explain  the  names 
given  by  Geometers  to  the  different  ways  of  ma- 
naging and  diver  ft fying  of  proportions,  are  put  down 
here  for  the  fake  of  order  ; but  are  not  to  be  ujed , or 
referred  to,  in  any  fie  ape,  till  thofe  properties  and  rela- 
tions are  demonfirated  ; which  is  eff elded  in  the  three, 
fird  Theorems  of  this  book. 

14.  Similar  (or  like)  right  lined  figures  are  firch, 
which  have  all  their  angles  equal,  one  to  another 

F refpec- 
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refpedlively,  and  alfo  the  Tides  about  the  equal 
angles  proportional. 

/ 


2" bus , if  the  angle  A — D,  B = E,  C = F ; alfo 
AC  : AB  : : DF  : DE,  BA  : BC  : : ED  : EF, 
then  the  figures  ABC,  DEF  are  faid  to  be  fimilar , 

AXIOMS. 

1.  The  Tame  quantity  being  compared  with  ever 
fo  many  equal  quantities,  fucceflively  will  have 
the  fame  ratio  to  them  all. 

2.  Equal  quantities,  have  to  one  and  the  Tame 
quantity,  the  fame  ratio. 

3.  Quantities  having  the  fame  ratio  to  one  and 
the  fame  quantity,  or  to  equal  quantities,  are  equal 
among  themfelves. 

4.  Quantities,  to  which  one  and  the  fame  quan- 
tity has  the  fame  ratio,  are  equal. 

5.  If  two  quantities  be  referred  to  a third,  that 
which  is  the  greateft  will  have  the  greateft  ratio. 

6.  If  two  quantities  be  referred  to  a third,  that 
is  the  greateft  which  has  the  greateft  ratio. 

7.  Ratios,  equal  to  one  and  the  fame  ratio,  are 
alfo  equal,  one  to  the  other. 

8.  If  two  quantities  be  divided  into,  or  com* 
pofed  of  parts,  that  are  equal  among  themfelves,  or 
all  of  the  fame  magnitude  •,  th^n  will  the  whole  of 
the  one,  have  the  fame  ratio  to  the  whole  of  the 
other,  as  the  number  of  the  parts  in  the  one,  has 
to  the  number  of  equal  parts  in  the  other. 

9.  If  the  double,  treble,  or  quadruple,  &V.  of 
every  part  of  any  quantity  be  taken,  the  aggregate 

■will 

* . 1 
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will  be  the  double,  treble,  or  quadruple,  &V.  of  the 
whole  quantity  propounded. 

THEOREM  T. 

Equimultiples  cf  any  two  quantities  ( AB,  CD) 
are  in  the  fame  ratio  as  the  quantities  themfelves . 

A a 6 B E / ' ^ -p 

P c ch  e D G -p  cl  /?*xr 

k — » — * — i — t i -C..  / ? M 

Let  the  ratio  of  AB  to  CD  be  that  of  any  one 
number  M (3)  to  any  other  number  N '4),  or,1 
which  is  the  fame,  let  AB  contain  M (3)  iuch  equal 
parts  (A  a,  ah,  bB a),  whereof  CD  contains  the  num-  * Ax.  8.4. 
ber  N (4).  Let  there  be  taken  E f,  fg , gF  any  equi- 
. multiples  of  A a,  ab , hB,  reipedtively  ; and  let  Gp, 

Pb  qr , rH  be  the  fame  multiples  of  Cc,  cd,  de,  eD  : 
lo  fhall  the  whole  EF  be  the  fame  afiigned  multiple 
of  the  whole  AB,  and  the  whole  GH  of  the  whole 
CD,  as  each  part  in  the  one,  is  of  its  correspon- 
dent m the  other  h.  And,  fince  the  parts  Aa  ab,bAx.  9.^ 
bB,  CV,  cd,  &c.  are  all  equal  % their  equimultiples  c Hyp. 
ffyfgig?,  Gp,pq,  &c.  willalfo  be  equal  d.  There  d Ax 
fore  EF  is  in  proportion  to  GH,  as  the  number  of  ' ' 
the  parts  in  EF  is  to  the  number  of  equal  parts  in 
GH  % or  (which  is  the  fame)  as  the  number  of  parts 
jn  AB  to  the  number  of  parts  in  CD,  that  is,  as  AB 
is  to  CD  a : which  was  to  be  demonstrated. 

COROLLARY. 

Hence,  like  parts  of  quantities,  have  the  fame 
ratio  as  the  wholes  i becaule  the  wholes  are  equi- 
multiples of  the  like  parts. 


F 2 THE  O- 
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theorem  II. 

tfhe  two  antecedents  (Aft,  DE)  of  four  piopor- 
t tonal  quantities , of  the  fame  kind  (AB,  BC,  DE, 
EF)  are  in  the  fame  ratio  with  the  two  confequcnts 

(BC,  EFj. 


. A ci 

| — > — t- 


B / 


13  cC 
1— t— v 


E e L 
\ * 


Let  the  common  ratio  of  AB  to  BC,  and  of 
DE  to  EF,  be  that  of  any  one  number  M (5)  to 
any  other  number  N{ 3)  •,  then  will  AB  contain  M 
(5)  fuch  equal  parts  (A a)  whereof  BC  contains 
e Ax.  8.  c jV( 3)  i and  DE  will,  in  like  manner,  contain  M 
of  4.  (/g)  jUch  equal  parts  (D d),  whereof  EF  contains 

Af  ( 3).  And  fo,  ABandDE,  as  well  as  BC  andEF, 
being  equimultiples  of  A a and  Dd,  thence  will  AB 
f 1 4-  : DF3 : : Aa  (B£)  : D d (Ee)  : : BC  : EF  f. 


COROLLARY. 

That  the  proportionality  will  fubfift,  when  the 
confequents  are  taken  as  antecedents,  and  the  an- 
tecedents as  confequents,  alfo  appears  from  hence. 
For  BC  : AB  : : number  of  parts  in  BC  (or  EF)  : 
number  of  parts  in  AB  (or  DE)  : : EF  : DE  c. 

THEOREM  III. 

Of  four  proportional  quantities  (AB,  BC,  DE, 
EF.)  the  fum , or  difference  of  the  fr ft  antecedent  and 
confequcnt  (AB  ± BC)  is  to  the  firft  antecedent , or 
confequents  as  the  fum , or  difference  of  the  fecotid  an- 
tecedent  and  confequent  (DE  + Ef)  is  to  the  fecona 
antecedent^  or  confequent . 
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Let  what  was  premifed  in  the  demonftration  of 
the  preceding  theorem,  be  retained  here  : then  will 

A c B C 

i 1 , 1 — i 1 1 1 1 


AC  (AB  -j-  BC)  be  in  proportion  to  AB,  as  the 
number  of  parts  in  AC  is  to  the  number  of  equal 
parts  in  AB  s,  or  as  the  number  of  parts  in  DF  s Ax,8-4- 
(DE  + EF)  to  the  number  of  equal  parts  in  DE, 
that  is,  as  DF  (DE  + EF)  is  to  DE  s.  Again, 
if  from  AB  and  DE,  be  taken  away  B c ~ BC,  and 
E/  = EF,  then  will  the  difference  Ac  be  in  pro- 
portion to  AB,  as  the  number  of  parts  in  Ac  (or 
D/J  is  to  the  number  of  parts  in  AB  (or  DE  g),  that 
is,  as  D f is  to  DE.  In  the  fame  manner  it  will 
appear,  that  AB  + BC  : BC  : : DE  + EF  : EF; 
and  AB  — BC  : BC  : : DE  — EF  : EF. 

COROLLARY. 

It  will  appear  from  hence,  that  the  fum  of  the 
greateft  and  lead  (AB-J-EF)  of  four  proportional 
quantities  (of  the  fame  kind)  will  exceed  the  fum 
(BC  + DE)  of  the  two  means : becaule,  AB 
being  fuppofed  greater  than  DE,  Ac  will  be  greater 
than  D/,  in  the  fame  proportion  h : and,  if  to  thefeh  3-  4- 
there  be  added  BC  + EF  (common  ;)  then  will 
the  fum  Ac  + BC  -f-  EF  (AB  + EF)  be  alfo  great- 
er than  the  fum  Df  + BC  + EF  1 (DE  + BC.)  5 Ax.  6.i. 

SCHOLIUM. 

In  the  demonftration  of  this,  and  the  preceding 
theorems,  the  antecedent  and  confequent  are  fup- 
pofed  to  be  divided  into  parts,  all  mutually  equal 
among  themfelvcs.  But  it  is  known  to  Mathe- 
maticians, that  there  are  certain  quantities,  or  mag- 

F 3 nitudcs 
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nitudes  that  cannot  poflibly  be  divided  in  that 
manner,  by  means  of  a common  meafure.  The 
Theorems  themfelves  are,  neverthelefs,  true,  when 
applied  to  theie  incommenfurables : fince  no  two 
quantities,  of  the  fame  kind, can  poffibly  beafligned, 
whofe  ratio  cannot  be  expreffcd  by  that  of  two  num- 
bers, fo  near,  that  the  difference  fhall  be  lefs  than  the 
lead  thing  that  can  be  named.  But  if  the  matter, 
viewed  in  this  light,  fhould  not  appear  fufhciently 
fcientific , and  you  will  not  (in  the  preceding  theo- 
rem) allow  the  ratio  of  At.'  to  BC,  to  be  exaftly  the 
fame  with  that  of  DF  to  EF,  when  AB,  BC,  and 
DF,  EF,  are  incommcafurables  * then  let  it,  if 
poflible,  be  as  fome  quantity  aC  (lefs  than  AC) 
is  to  BC,  fo  is  DE  to  EF.  Let  B£  be  a part  or 
meafure  of  BC  lefs  than  the  difference  (A a)  be- 
tween AB  and  aVi  ; let  By>  be  that  multiple  of  B £, 
which  lead  exceeds  B a,  and  let  jE  be  to  EF,  as 
pB  to  BC. 

It  is  evident,  that  B/  © 

y>B  is  lefs  than  AB  M~‘  1 1 " 4 

(becaufe  ap  ~~3  ~3  d g E P 

k Hyp.  k A^)  j and  that  jE  is  H 1 1 

alio  lefs  than  DE, 

becaufe  the  ratio  of  yE  to  EF,  being  equal  to  that 
of  y>B  to  BC  k,  it  muff  necedarily  be  lefs  than  thac 
i Ax  c i. of  AB  to  BC  ’,  or  of  DE  to  EF,  and  fo  qHL  leis 
» Axi.f  than  OE  S 

Now,  if  (as  is  fuppofed)  the  ratio  of  aC  to  BC 
can  be  — the  ratio  of  DF  to  EF,  it  mud,  of  con- 
• n Ax.  5.  fequence,  be  greater  than  the  ratio  of  ^F  to  EF  n,  or 
and  7.4  (which  is  the  0 fame)  than  the  ratio  of  pC  to  BC  ’, 
o Proof  of  whicb  is  impojjible.  In  like  manner  it  will  appear, 
3’  4*  that  no  quantity,  that  is  greater  than  AC,  can  pof- 
fibly be  to  BC,  as  DF  is  to  EF.  Therefore  AC:BC 
, : : DF  : EF.  And  by  the  fame  kind  of  argu men- 
tation (authorized  and  adopted  by  Euclid  himfelf, 

in 
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in  his  twelfth  book)  any  difficulties,  or  fcruples, 
that  may  be  elfewhere  brought,  from  the  incom- 
menfurability  of  quantities,  may  be  obviated  and 
removed. 

THEOREM  IV. 

]f  of  four  proportionals  (AB,  BC,  PQ,  QR) 
equimultiples  of  the  antecedents  (AB,  BQ)  be  taken , 
and  compared  with  any  equimultiples  of  their  re - 
fpeftive  confequents  (BC,  QR),  the  ratios  will  be  the 
fame , and  the  four  quantities  proportionals. 


Let  the  common  ratio  of  AB  to  BC,  and  of 
PQ  to  QR,  be  that  of  any  one  number  M to  any 
other  number  N : io  ffiall  AB  contain  M fuch 
equal  parts  whereof  BC  contains  p iV,  and  PQ,  in?  Ax.8,4, 
like  manner,  M fuch  equal  parts  whereof  QR 
contains  N. 

Let  CD,  DE  be  taken  each  rz  BC,  and  RS, 

ST  each  — QU,  fo  that  BE  and  QT  may  be  equi- 
multiples of  BC  and  QR  *,  and  let  CD,  DE  ; RS, 

ST  be  conceived  to  be  divided,  each  into  the  fame 
number  of  parts  with  BCa  or  QR.  In  like  man- 


a . A E CD 

| — ) — i — v — | — 1 — i — 1 — { — * — i — | — » — i — \ — *■ 
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v 

t— ^-4- 
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ner,  let  «B  and  pQ  be  taken  as  equimultiples  of 
AB  and  PQ,  &c.  Then  will  the  number  of 
parts  in  BD  — number  of  parts  in  QS  p,  and  the 
number  of  parts  in  BE  ~ number  of  parts  in  Q1  q : s Ax.4.1. 
and  fo  likewife  with  refpett  to  a B and^Q.  1 here- 
fore  aE  is  to  BE,  as  the  number  of  parts  in  aB  to 
the  number  of  (equal)  parts  in  BE  F,  or,  which 
is  the  fame  thing,  as  the  number  of  parts  in  p Q to 
the  number  of  parts  in  QT,  that  is,  as  p Qis  to 
QT,  which  was  to  be  demonftrated. 

F 4 


theo- 
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THEOREM  V. 

If  of  two  ranks  of  quantities  (AB,  BC,  CD; 
PQ,  QR,  RS),  the  ratio  of  thefirft  and  / 'econd , in 
the  one , he  equal  to  the  ratio  of  thefirft  and  J econd  in 
the  other , and  the  ratio  of  the  fecond  and  third , in 
the  one  equal  likewife  to  the  ratio  of  the  fecond  and 
third  in  the  other ; then , alfo^fhall  the  ratio  of  the  firfi 
to  the  third , be  the  fame  in  the  one  rank>  as  in  the 
other. 


t 


Let  the  common  ratio  of  AB  to  BC,  and  of 
FQ^to  QR,  be  {till  exprefied  as  in  the  preceding 
demonftrations.  Let,  moreover,  CD  and  RS  be 
conceived  to  be  divided,  each  into  the  fame  num- 
ber of  parts  with  BC  and  QJL 
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Becaufe  the  quantities  BC,  CD,  QR,  RS, 

* Hyp.  are  proportional % their  like  parts  B b,  Or,  Qq , Rr 

* Cor.  to  (being  in  the  fame  ratio  with  the  wholes  *)  will  all'o 

!*  4*  be  proportionals ; or,  becaufe  A a — B£  and  P p — 
' Ax.  2. 4.  Qq  r,  it  will  be  1 A a : Cc  : : Pp  : Rr.  But  AB  and 
PQ  are  equimultiples  of  the  antecedents  A a and  P p r; 
and  CD,  RS  are  equimultiples  of  the  confequents 

* 4.  4.  C c and  Rr ; therefore  u AB  ; CD  : : PQ  : RS  * ; 

which  was  to  be  demonjlrated. 


* When  in  tdbo  ranks  of  quantities,  the  proportions  are  in- 
ordinate, as  AB  : BC  : : QR  : RS,  and  BC  : CD  : : PQj  QR  ; 

the  Jame  thing  may  he  demonjirated ; and  that  in  the  very  fame 
manner,  except  only,  that  QR  tnujl  here  be  divided  ir.to  the  fame 
number  of  parts  with  AB,  and  PQ^ 


CORO  L- 
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COROLLARY  1. 

If  other  quantities  DE,  ST  be  taken,  Hill  pro- 
portional to  the  two  next  preceding  them,  fo  that 
CD  : DE  : : RS  : ST  ; then,  by  the  fame  argu- 
ment (regard  being  had  to  AB,  CD,  DE  in 
the  one  rank,  and  PQ,  RS,  ST  in  the  other) 
it  is  evident,  that  AB  : DE  : : PQ  : ST  x.  And*  5*  4* 
thus  we  may  go  on,  Bill  afifuming  other  quantities, 
as  many  as  we  pleafe  ; and  the  ratio  of  the  firft  and 
laft,  will  always  be  the  fame  in  one  rank,  as  in  the 
other.  Therefore  ratios  y compounded  of  the  fame Y 8* 
number  of  like,  or  equal  ratios,  are  equal.  0 4* 

COROLLARY  II. 

It  is  alfo  evident  from  hence,  that  if  any  two 
quantities  be  taken  proportional  to  the  two  confe- 
quents  of  an  afligned  proportion,  they  will  alfo  be 
proportionals  when  compared  with  antecedents  \ 
and  vice  verfd.  For,  the  two  quantities  CD  and 
RS,  when  compared,  fucceffively,  with  the  conle- 
quents,and  antecedents  of  the  given  proportion  AB 
; BC  : : PQj  QR,  appear  to  be  proportional,  in 
the  one  cafe,  as  well  as  in  the  other  s.  * s.  4. 

THEOREM  VI. 

If  to  the  two  confequents  (BC,  KL)  of  four  ■pro- 
portionals (AB,  BC,  IK,  KL),  any  two  quantities 
(CD,  LM ) that  have  the  fame  ratio  to  the  refpedHve 
antecedents  be  added  •,  thefe  funis  and  the  antecedents 
will j till  be  proportionals  (I fay , if  AB  : BC  : : IK  : 

KL,  and  AB  : CD : : IK : LM  j then Jhall  AB  : BD 
a : IK  : KM.) 


For, 
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COROLLARY. 

From  this  Theorem  it  will  appear,  that,  if  the 
ratios  of  the  correfponding  quantities  of  two  ranks 
with  refpedt  to  the  two  firft,  are  the  fame  in  both 
ranks  (AB  : BC  : : IK  : KL,  AB  : CD : : IK  : LM, 
&c.) ; then  the  ratio  of  all  the  quantities  to  the 
firft,  will  alfo  be  the  fame  in  the  one  rank,  as  in  the 
other.  For,  by  adding  DE  and  MN  to  the  laft 
e 6.  4,  confequents  (BD,  KM)  there  will  be  had  c AB  : BE 
: : IK  : KN  (and  fo  on,  to  any  number  of  quanti- 
ties whatever.)  Then  (by  compofition)  AB  : AE 
: : IK  : IN. 

When  the  quantities  in  both  ranks,  are  of  the 
fame  kind,  it  will  appear  (by  alternation)  that  the 
ratio  of  the  two  films,  and  that  of  every  two  cor- 
refponding terms,  will  be  the  fame. 

The  fix  Theorems  here  delivered,  on  propor- 
tions of  magnitudes  in  general,  comprehend  all 
that  is  molt  ufeful  in  that  fubjedt. — What  relates 
to  the  proportions  of  extended  magnitudes,  under 
different  limitations,  and  figures,  as  far  as  regards 
right  lines  and  furfaces,  will  be  the  lubject  of  the 
remaining  part  of  this  book,  f 
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For,  CD  and  LM 

being  proportional  I 

to  the  antecedents  T 
AB  and  lKa,  they  ^ — 

and  the  confequents 

(BC,  KL)  will  alfo  be  proportionals  {by  Carol  2. 
of  the  precedent)  : whence  b (by  compofition)  BC  : 
BD  : : KL  : KM.  And  fo  again,  (by  the  fame 
Carol.)  AB  : BD  : : IK  : KM. 


Note, 
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Note , when- ever , in  any  demonftration , jyfl# 
federal  proportional  quantities,  connected  conti- 
nually by  the  J ign  : : (//£<?  thefey  A : B : : C : D : : E 
: F : : G : H)  the  conclufion  to  be  drawn,  is  always 
from  the  firjt  and  laft  of  the  two  equal  ratios. 

THEOREM  VII. 

triangles  (ACD,  BCD),  and  alfo  parallelograms 
(ADCQ^  BDCPJ,  having  the  fame  altitude,  are  to 
one  another  in  the  fame  ratio  as  their  bafes  (AD,  BD). 

Let  the  bafe  AD  be  to  the 
bafe  BD  in  the  ratio  of  any 
one  number  m (3)  to  any  other 
number  n (2),  or  which  is  the 
fame  % let  AD  contain  m ($) 
fuch  equal  parts  whereof  BD 
contains  the  number  n (2).  B 
Thenvthe  triangles  AC p,  t)C q,  L D p j\ 

BCr,  &c.  made  by  drawing 
lines  from  the  points  of  divifion  to  the  vertex  C, 
being  all  equal  among  themlelves  d ; the  triangle d Cor.  2. 
ACD  will  therefore  be  in  proportion  to  the  triangle  to  2. 2. 
• BCD,  as  the  number  of  equal  parts  in  the  former 
to  the  numoer  of  equal  parts  in  the  latter,  or  as 
the  number  of  parts  in  AD  to  the  number  of  parts 
in  BD,  that  is,  as  AD  to  BD  c,  whence,  alfo,  the 
parallelograms  ADCQ,  BDCP,  being  the  doubles 
of  their  refpedtive  triangles d,  are  likewife  in  the 
fame  ratio  as  their  bafes  AD  and  BD  e.  * 4.  4. 

/• 

SCHOLIUM. 

If  the  bafes ■ AD  and  BD  are  incommcnfurable  to 
each  other,  the  ratio  of  the  triangles  cannot  be  other 
than  that  of  their  bajes. 


For, 
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For,  if  poffible,  let  the  tri- 
angle BCD  be  to  the  triangle 
ACD,  not  as  BD  to  AD,  but 
as  fome  other  line  ED,  greater 
than  BD,  is  to  AD. 

Let  AN  be  a part,  or  mea- 
« Lem.  1.  fure  of  AD,  lefs  than  BE  % and 
let  DF  be  that  multiple  of  AN 
which  lead  exceeds  DB ; alio  let  CE  and  CF  be 
drawn.  It  is  manifeft  that  the  point  F falls  between 
B and  E,  becaufe  (by  Hyp.)  BF  is  lefs  than  AN, 
and  AN  lefs  than  BE.  Moreover,  the  ratio  of 
FCD  to  ACD  is  the  fame  as  that  of  FD  to  AD 
(by  the  precedent.)  But  the  ratio  of  BCD  to  ACD 
(or  of  ED  to  AD f)  is  c r the  ratio  of  FD  to  AD  s, 
of  4.  or  of  FCD  to  ACD  •,  and  confequently  BCD  nr 
h Ax.  6.  FCD  h ; which  is  impofiible'1  by  the  fame  argu- 
1 of  4*  ment  it  will  appear,  that  the  triangle  BCD  cannot 
x.  2.0 f^e  tQ  tjie  triangie  ACD,  as  a line,  lefs  than  BD  is 
to  AD.  Therefore  BCD  : ACD  : : BD  : AD. 


f Hyp. 
s Ax.  5. 


If  this  Scholium  Jhould  appear  difficult  to  the 
Learner , it  may  not  be  amifs  to  omit  it  intirely  •,  fince 
it  is  only  put  down  for  the  fake  of  thofe  who  may  be 
fcrupulous  about  the  bufinefs  of  incommenfurables ; to 
whom  it  may  not  be  improper  to  obferve , that  nothing 
more  is  taken  for  granted  herein , than  what  is  ef- 
fected by  means  of  the  firfi  Lemma  in  the  Sth  book  ; 
which  being  demonftrated  from  axioms , and  one  fingle 
theorem  in  the  firfi  booky  is  referred  to  here , though 
not  given  till  hereafter , for  reafons  already  hinted  at , 
in  this  note , 


THEO. 


Book  the  Fourth. 


77 


THEOREM  VIII. 

Triangles  (ABC,  DEF)  J landing  upon  equal  bafes 
(AB,  DE)  are  to  one  another , in  the  fame  ratio  as 
their  altitudes  (CH,  FI.) 


C P 


Let  BP  be  perpendicular  to  AB,  and  equal  to 
CH  *,  in  which  let  there  be  taken  BQjn  FI,  and 
let  AP  and  AQ  be  drawn. 

The  triangle  ABP  is  =:  ABC  \ and  ABQ  CoT-  2 
DEF k •,  but  ABP  (ABC)  : ABQ  (DEF)  : : 1 BPj  0 2,2 
(HC)  : BQ  (FI). 


THEOREM  IX. 

Jf,  parallel  to  the  bafes  of  any  two  parallelograms 
(AC,  EG),  two  lines  (PQ,  MN)  be  drawn , fo  as  to 
cut  the  fides  proportionally  (AP  : AD  : : EM  : EHJ, 
then  will  thofe  parallelograms  and  their  correfpond - 
ing  parts  (AQ,  EN)  be  alfo  proportionals. 


For,  AQ:  AC 
: : AP  : AD  m : : 
EM  : EH  " : : EN 
:EG:m;  and  there- 
fore,^ alternation, 
AQ  : EN  : : AC 
: EG°. 


m 1 A 

/•  4* 
n Hyp. 


2. 
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THEOREM  X. 

If  four  lines  are  proportional  (AB  : CD  : : DE  ; 
BF),  the  reft  angle  (AF)  under  the  two  extremes  will 
he  equal  to  the  re  ft  angle  (CE)  under  the  two  means. 
And , if  the  reft  angles  under  the  extremes  and  means  of 
four  given  lines  (AB,  CD,  DE,  BF)  be  equals  then 
are  thoje  four  lines  proportional. 


In  DE  let  DG  be  taken  — BF,  and  let  GH, 
parallel  to  DC,  be  drawn. 


f 7.4. 

>i  Hyp* 
r Ax.  1. 4- 


s Ax.  3. 

1 Ax.  2.4* 


of  the  firft  and  lalt 

of  thefe  equal  ratios  being  the  fame  quantity  CG, 
the  two  antecedents  AF  and  CE  muft  be  equal  \ 
2.  Hyp,  AB  : CD  : : AF : CG  p : : CE  : CG  1 : : 
DE  : DG p (BF.) 


S C FI  O L I U M. 

* 

From  the  fame  demonftration,  and  fcheme,  it 
will  appear,  that  the  two  antecedents  of  four  pro- 
portional lines  ( AB,  CD,  DE,  BF)  are  in  the  fame 
ratio  to  each  other,  as  the  two  confequents : for, 
if  in  DC  there  be  taken  DP  “BF,  and  PQ  be 
t 7 . drawn  parallel  to  DE  ; then  A13 : DE  : : AF  : PE  c 
: : CE  : PE  : : CD  : PD  (PF). 
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THEOREM  XI. 

The  rectangles  under  the  correfponding  lines , of  two 
ranks  of  proportionals , are  themfelves  proportionals. 
{I fay,  if  AB  : BC : : CD  : DE,  and  BE  : BG  : : 
PH  : DI,  then  will  the  reClang.  AF  : reClang , BM  : : 
CH  : red.  DQ). 

For,  in  BG  and  DI  ( produced  if  neceflary)  let 
there  be  taken  BF  zz  BF,  DH  zr  DH,  and  let 


FP  be  parallel  to  BC,  and  HN  to  DE  : then  AF 
: BP  : : AB  : BC  / : : CD  : DE  " : : CH  : DN  y ; 
whence  ( alternately ) AF  : CH  : : PB  : DN,  and 
fo  likewiie  is  BlVI  to  DQ  a : whence  ( again  by  alter- 
nation) AF  : BM  : : CH  : DQ. 

COROLLARY  I. 

Hence,  the  fquares  of  four  proportional  lines, 
are  themfelves  proportional. 

COROLLARY  II. 

Hence  alfo,  the  Tides  of  four  proportional  fquares 
(AB%  BC2,  CD1,  DE1)  will  be  proportional.  For, 
let  the  line  RS  be  taken  fu,ch,  that,  AB  : BC  : : 
CD  : RS^  then,  fmce  AB1  : BC1 : : CD1  : RS1  (by 
Corol.  i.)  and  AB1  : BC2  : : CD1  : DE1  by  fup- 
pofition ) : thence  will b RS2  — DE1  •,  therefore  c RS 
zz;  DE,  and  confequently'AB  : BC  : : CD  : DE  d. 

THEO- 
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r 7-  4- 

s Hyp. 

1 9-  4* 


Ax.  4.4. 
Cor.  2. 
of  6.  2. 
Ax.  1.4. 
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theorem  XII. 

A line  (BE)  drawn  parallel  to  one  fide  (CD)  c/  a 
triangle  (ACD)  divides  the  other  two  fides  propor- 
tionally. (I  Cay,  AB  : AC  : : AE : AD,  AB  : BC 
. ; AE  : ED,  and  AC  : ?n  • • 

Let  AB  be  to  AC,  as 
any  one  number  m[ 3)  is 
to  anv  other  number  n 
(5),  or,  which  is  the 
fame,  let  AB  contain  m 
(3)fuch  equalpartswhere- 
of  AC  contains  n (5). 

Then,  if  from  the  points 
ofdivifion,  lines  be  drawn 
parallel  to  the  fide  CD,  they  will  alfo  divide  AE 
e Cor.  1 and  AD  into  the  like  numbers  of  equal  parts', 
L to  27. 1 1 therefore  AE  is  to  AD,  as  the  number  of  equal 
parts  in  AE  to  the  number  of  equal  parts  in  AD, 
or  as  the  number  of  equal  parts  in  AB  to  the 
number  of  equal  parts  of  AC,  that  is,  as  AB 
f Ax.  8.  to  AC  f.  In  the  fame  manner,  AE  is  to  ED,  as 
the  number  of  parts  in  AE  to  the  number  of  parts 
in  ED,  or  as  the  number  of  parts  in  AB  to  the 
number  of  parts  in  BC,  that  is,  as  AB  to  BC.  Alio, 
in  the  fame  manner,  AC  : BC  : : AD  : ED. 


/ Ks  • • X J.  IS  • i-  LS  J 8 


A 


fhe  fame  otherwife. 

Draw  CE  and  DB.  Then  will  the  triangles  BEC 
f Cor.  i.  and  EBD  be  equal  to  each  other f;  whence,  by 

to  2. 2.  adding  BEA  to  both,  AEC  will  be  alfomABD  e. 
8 Ax.  4 1. 


But, 


Book  the  Ft 

Bur,  AB  : AC  l : triang. 

AEB  : triangle  AEC  h 
(ABD)  : : AE  : AD  h ; and 
AB  : BC  : : triang.  AEB  : 
triangle  CEB  h (DEB)  : : 

AE  : ED. 

C 

COROLLARY. 

Hence  a right-line,  which  divides  two  Tides  of 
a triangle  proportionally,  is  parallel  to  the  remain- 
ing fide:  becaufe  AD  is  divided  in  the  fame  ratio 
with  AC,  when  BE  is  parallel  to  CD;  but  not*  Ax.  2.1, 
€lfe\  and  5.  4, 

SCHOLIUM. 

From  this  laft  Theorem,  whatever  relates  to  the 
compofition  and  divifion  of  ratios,  when  thefe  re- 
fpedt  the  comparifon  of  right-lines  will  appear 
exceedingly  obvious. 

For,  let  AB,  a 
BC,  AD,  and  B 
DE,  be  pro-  A 
portionals:and  D 
from  any  point 
A,  let  two  in- 
definite right- 
lines AP,  AQ 
be  drawn  ; in  which  take  AB  rr  AB,  BC  =:  BC* 

AD  - AD,  and  DE  — DE  ; alfo  take  Be  = BC, 

D<?  — DE,  and  let  BD,  CE,  and  ce  be  drawn. 

Since  AB  : BC  : : AD  : DE  k,  thence  is  EC  pa-  * Hyp. 
rallel  to  DB  1 ; alnd  fo.  Be  being  z=  BC,  and  D^'Cor.  of 
zrDE,  ec  will  alfo  be  parallel  to  DB  m.  Therefore)  '2‘  4* 

AC  (AB+BC)  : AB  : : AE  (AD+DE)  : AD  •,  )' 

AC  (AB+BC) : BC : : AE  (AD+DE)  : DE  ; 7' 

G Ac 
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Ac  (AB  — BC) : A.B  : : Ae  (AD  — DE)  : AD 

Ac  (AB  — BC) : BC  : : Ae  (AD  — DE)  : DE  ; 

And,  AC  (AB  + BC)  : Ac  (AB  — BC)  : : AE 
(AD  + DE)  : Ae  (AD  — DE)* 

THEOREM  XIII. 

fhe  parts  (DE,  FG)  of  the  two  Jides  of  a triangle , 
intercepted  by  right-lines  (DF,  EG;  drawn  parallel 
to  the  bafe  (BC),  are  in  the  fame  ratio  with  the 
wholes.  (DE  : FG  : : AB  : AC). 


I 


° 12.  4. 


For,  DF  and  EG 
being  parallel  to  each 
other,  thence  will  DE 
: AE  : : FG  : AG- 
therefore,  by  ('alterna- 
tion) DE  *.  FG  : : AE  : 


p 2.  4.  AG  p.  In  the  fame  man* 
ner,  AE  : AG  : : AB  : 
AC  °.  Confequently  DE 
<i  Ax.  7.4.;  FG  : : AB  : AC  q. 


COROLLARY. 

Hence,  if  ever  fo  many  lines  be  drawn  parallel 
to  the  bafe,  cutting  the  fides  of  a triangle,  every 
two  correfponding  fegments  will  have  the  fame 
ratio  9. 

THEOREM  XIV. 

In  triangles  (ABC,  abc)  mutually  equiangular  the 
correfponding  fides  (AB*  ab,  AC,  ac)  containing  the 
equal  angles  {A,  a)  are  proportional. 


In 
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In  AB  and  AC  (produced  if  neceffary)  talc 
AD  ~ ab,  and  AE  — ac , and  join  D,  E. 

The  tri- 
angles abc 
and  ADE, 
having  ab 

— AD,  ac 

— AE,  and  the  angle  a — A,  have  alfo  the  angle 
ADE r = abc  — ABC  5 \ whence  DE  will  be  pa-r  Ax'  10° 
rallel  to  BC  1 ; and  therefore  AB  : AD  tab)  : :s  J' 

AC  : AE  u {ac).  . Co?.* to 

8.  i. 

The  fame  otherwife.  “12.4.  , 

Becaufe  AB  x AC  ~aby.  AC  w,  therefore  is  ABW  24. 
i ab  : : AC  : ac  x.  x 10.  4. 

COROLLARY. 

Hence  equiangular  triangles  are  fimilar  to  each 
other  y.  y Def.  14, 

T H E O R E M XV.  4' 

If  two  triangles  (ABC,  abc)  have  one  angle  (B  AC ) 
in  the  one , equal  to  one  angle  fbac)  in  the  other , and 
the  fides  (AB,  ab,  AC,  ac)  about  tbofe  angles  pro- 
portional ; then  arc  the  triangles  equiangular. 

In  AB  and  AC,  take  AD  — ab , and  AE  n ac9 
and  let  DE  be  drawn. 


c 


^ i-Hyp. 

^ ^ k c Cor.  to 

Since  AB  : ab  (ADJ  : : AC  : ac  (AE  b),  there-d  I2*  4' 
fore  is  DE  parallel  to  BC  c ; whence  the  angle  B=  (“or’  ** 
ADE  d — b % and  the  angle  C — AED  cr  c.  c 

G 2 T H E O-  1. 


H 


Elements  of  Geometry . 


f Cor.  ] 
to  7. 
s 14.  4. 
h Ax.  1 
1 Hyp. 
k Ax.  4. 
1 17.  x. 


THEOREM  XVI. 

If  two  triangles  (ABC,  abc)  have  one  angle  ( A) 
in  the  one , equal  to  one  angle  (a)  in  the  other , /A? 

(AB,  ab,  CB,  cb)  about  either  of  the  other 
angles  proportional  \ then  will  the  triangles  be  equi- 
angular, provided  thefe  laft  angles  (B,  b ) be,  either , 
both  left,  or  both  greater,  than  right- angles. 


In  AB,  let  AD  be  taken  — ab,  and  let  DE  be 
drawn  parallel  to  BC,  meeting  AC  in  E. 

Then  will 
the  triangles 
ABC,  and 
ADE,  be 
equiangu- 

. lar  f ; therefore,  CB  : ED  : : AB  : AD  s : : AB : 
l-ab*  : : CB  : cb'1  ; and  confequently  ED  — cbk  : 

whence  the  triangles  abc  and  ADE  (having  ab  ~ 
4’  AD,  cb  — ED,  and  a — A)  will  be  equal  in  all 
4-  refpedts  *,  provided  the  angles  abc  and  ABC  ( ~ 
ADE)  are  either  both  lefs,  or  both  greater  than 
right  angles.  Therefore,  fince  the  latter  of  thefe 
equal  triangles  {abc,  ADE)  is  equiangular  to  ABC, 
the  proportion  is  manifeii.  * 


THEOREM  XVII. 


If  two  triangles  (ABC,  abc)  have  all  their  fides, 
rcfpeblively  proportional  (AC  : ac  : : AB  : ab  : : CB 
: cb)  then  are  thofe  triangles  equiangular , 

In  AC  and  AB,  take  AE  = ac,  and  AD  = 
ab,  and  join  E,  D. 


Since 
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Since  AC 
: AE  ( ac ) : : 


A B : AD  / \ \ / \ 

{ab)  n,  the  ^ b Hyp‘ 

triangles 

ABC,  ADE  are  equiangular n ; hence  CB  : ED  : : n *5-  4* 
AB  : AD  ° (ab)  : : CB  : cbm ; and  confequently  0 H*  4- 
ED  — cb? : therefore  the  triangles  abc,  ADE, p Ax*4*+« 
being  mutually  equilateral,  they  muft  alfo  be  mu- 
tually equiangular  q ; and  confequently  abc,  as  well  514.  1. 
as  ADE,  equiangular  to  ABC. 


THEOREM  XVIII. 


A right-line  (CD)  bifehling  any  angle  ('ACB)o/ 
a triangle  (ABC)  divides  the  oppofite  fide  (AB)  into 
iwofegments  (AD,  BD)  having  the  fame  ratio  with 
the fides  (AC,  CB)  containing  that  angle. 


Let  AE  and  BF  be 
perpendicular  to  CDE. 
Then  the  triangles  ACE, 
CBF,  and  ADE,  BDF 


angular  r,  it  will  be  AD  : 


, 1L  Will  uc  rs.LJ  : 

BD  ; : AE  : BF  5 : : AC 
: BC. 


and  3.  1. 
s 14.  4. 
and  2.  4* 


THEOREM  XIX. 

IK  perpendicular  (CD)  let  fall  from  the  right- angle 
(C)  upon  the  hypQthenufe  (AB)  of  a right-angled 
triangle  ( A BC)  will  be  a mean  proportional  between 
the  two  fegments  (AD,  BD)  of  the  hypothenufe : and 
each  of  the  fides  containing  the  right  angle , will  be  a 
mean  proportional  between  its  adjacent  fegment , and 
l he  whole  hypothenufe. 


For 
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1 Ax.  7. 


u Cor.  1. 
to  10.  1 


For  fince  the  angle  BDC 
is  ~ BCA  l,  and  B common, 
the  triangles  BDC,  BCA  are 
equiangular u : after  the  fame 
•manner  ADC  and  ABC  ap- 
pear to  be  equiangular. 


Therefore,  by  Theor.  XIV. 
BD  : CD  : : CD  : AD 
AB  : BC  : : BC  : BD 
AB  : AC  : : AC  : AD. 


COROLLARY. 

Becaufe  the  angle  in  a femi- circle  is  a right- 
w 13.  3*  angle  w,  it  follows,  that,  if  from  any  point  C,  in 
the  periphery  of  a femi- circle  ACB,  a perpendi- 
cular CD  be  let  fall  upon  the  diameter  AB,  and 
from  the  fame  point  C,  to  the  extremities  of  that 
diameter,  two  chords  CA,  CB  be  drawn  j the  fquare 
of  that  perpendicular  will  be  equal  to  a redtangle 
under  the  two  fegments  of  the  diameter ; and 
the  fquare  of  each  chord,  equal  to  a redtangle 
under  the  whole  diameter  and  its  adjacent  fegment : 
for,  becaufe  of  the  above  proportions,  we  have 

CD"  = BD x AD,  BC"  — ABx BD,  and  AC1  = 
*10.4.  * ABx  AD. 


THEOREM  XX. 

If > in  Jimilar  triangles  (ABC,  EFG ) from  any 
two  equal  angles  (ACB,  EGF,  to  the  oppofite fides , 
two  right  lines  (CD,  GH)  he  drawn , making  equal 
angles  with  the  homologous  fides  (CB,  GF) ; thofe 
right -lines  will  have  the  fame  ratio  as  the  fides  (AB, 

EF)  on  which  they  fall , and  will  alfo  divide  thofe 
fides  proportionally. 


For, 
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For,  the  triangles  ADC,  EHG,  and  BDC,  FHG 
(as  well  as  the  wholes  ABC,  EFG)  being  equi- 
angular y.  r Hyp* 

thence  is  z AB  : EF  (:  : AC  : EG)  : : CD  : GH ; z *4!  4* 
and  AD  : EH  (: : DC  : HG)  : : BD  : FH.  a“ 


THEOREM  XXI. 

If  in  two  triangles  (ABC,  ABD)  having  one  fide 
(AB)  common  to  both , from  any  'point  H in  that  fide, 
two  lines  (HF,  HG)  rejpetlively  parallel  to  two 
contiguous  fides  (BC,  BD)  be  drawn , to  terminate 
in  the  two  remaining  fides  (AC,  AD) ; thofe  lines 
(HF,  HG)  will  have  the  fame  ratio  as  the  fides 
(BC,  BD)  to  which  they  are  parallel. 

For,  AB  : AH  : : BC 
: HF%  and  AB:  AH:: 

BD  : HG  a ; therefore, 
by  equality,  BC  : HF 
: : BD  : HG  ; whence, 
alternately,  BC  : BD  : : 

HF,  HG  b. 


14. 4. 


2 • 


COROLLARY. 

Hence,  if  BC  — BD,  then  alio  will  HF  zz  HG. 


G 4 


T HE  O- 
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THEOREM  XXII. 

If*  at  any  two  points  (F,  G)  in  two  lines  (AB, 
AC;  meeting  each  other , two  perpendiculars  (FD, 
GD)  he  eredled.fo  as  to  meet  each  other  ; the  di fiance 
(AD  ) of  their  concourfe  from  that  of  the  propofed  lines , 
will  he  to  the  difiance  (FG)  of  the  two  points  them - 
Selves > in  the  ratio  of  one  of  the  faid  lines  (AC) 
to  a perpendicular  (CH)  falling  from  the  extreme 
thereof  upon  the  other  (AB). 


Let  FT)  be  produced  to  meet  AC  in  H. 


Since  the  angles  AFD 
and  AGD  are  right- 
c Hyp.  ones  c>  the  circumfe- 
rence of  a circle  will 
pafs  thro*  all  the  four 
*>19.3.  Points  A,  F,  D,  G d ; 
and  fo  the  angles  GFD, 

GAD,  (landing  on  the 
fame  fubtenfe  GD,  will 
e 11.  3.  equal0  ; and  confequently  the  triangles  AHD, 
f Cor.  1.  FFIG  equiangular  f : therefore  AD  : FG  : : AH  : 
to  10.  i.HFs:  : AC  : CE. 

8 14.  4. 


THEOREM  XXIII. 

If  thro * any  point  (P)  in  a triangle  (ABC)  three 
right-lines  (AE,  BF,  CD)  he  drawn , from  the  an- 
gular points  to  cut  the  oppofite  fides,  the  fegments 
(AD,  BD)  of  any  one  fide  (AB)  will  he  to  each 
other , as  the  re  51 angles  (AF  x CE,BExCFJ  under 
the  fegments  of  the  other  fides  taken  alternately. 


Let 
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Let  GCH  be  parallel 
to  AB,  and  let  AE  and 
BF  be  produced  to  meec 
it  in  H and  G. 

It  is  manifeft,  that  the 
triangles  FBA,  FCG-, 
EAB,  EHC ; APB, 
GPH,  are  equiangular11: 


Therefore  AF  : CF  : : AB:  CG1, 

CE  : BE  : : CH  : AB  l. 

Whence  AF  X CE : CF  X BE  : : CH  X AB : CG  k 
X AB  k : : CH  : CG  1 •,  but  CH  : CG  : : AD  : BD  m , 
therefore,  by  equality,  AF  X CE  : CF  X BE  : 


AD  : BD. 


COROLLARY. 

Hence,  if  AD  rz  BD,  then  alfo  will  AF  xCE 
— CF  x BE,  and  therefore  AF  : CF  : : BE  : CE  n. 


THEOREM  XXIV. 

Equiangular  triangles  (ABC,  EFG)  are  in  pr O' 
portion  to  one  another , as  the  fquares  (AK,  EM)  of 
their  homologous  Jides. 


Upon  AB  and 
EF  let  fall  the 
perpendiculars 
CD  and  GH, 
and  let  the  dia- 
gonals BI,  FL 
be  drawn. 


F 


ML 


Becaufe  ABC  : ABI : : CD  : AI  (AB)  : GPI p: 
EF  (EL) : : EFG  : EFL  ° ; therefore,  alternately, 
ABC  : EFG  : : ABI  : EFL  q. : : AK  : EM r. 

T H E O- 


7.  and  3. 
of  1. 
*4-  4- 


11.  4. 
7.  4. 
20.  4. 


10.  4. 


0 8.  4. 
p 20.  4. 

**  2.  4.. 
r Cor.  2. 
to  z.  2. 


9Q 

1 9 


* 7-  4- 

* *4-  4* 

* Cor.  i 

4* 


v io.  4. 
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THEOREM  XX  7. 

triangles  ( ABC , DEF)  having  one  angle  (A)  in 
the  one,  equal  to  one  angle  (D)  in  the  other , are  in 
the  ratio  of  the  rettangles  (ACx  AB,  DFxDEJ  con^ 
tamed  under  the  fides  including  the  equal  angles . 


rpUP°AnB  aiduDE’  let  fall  the  perpendiculars 

CP  nd  AC  X AB : CP  x AB  ::AC: 

CP  : : DF  : FQ  « : ; DFxDE:  FQ  x DE  s • 

. v^ence,  alternately,  AC  X AB  : DF  x DE  • ■ CP 

X AB  : FQxDE  : triangle  ABC  ; : triangle  DEF\ 


COROLLARY. 

Hence,  if  the  redangles  of  the  fides  contain inc 
the  equal  angles,  be  equal,  or  the  fides  them felve< 
reciprocally  proportional  w,  the  triangles  will  be 
equal.  The  fame  alfo  holds  in  parallelograms, 
being  the  doubles  of  fuch  triangles. 


THEO. 


Bool  the  Fourth . 


9* 


theorem  XXVI. 

Allfimilar  right-lined  figures  (ABCDE,  FGHIK) 
are  in  proportion  to  one  another  as  thef^uares  of  their 
homologous  fides  (AB,  FG). 


D 


Draw  the  right-lines  BE,  BD,  GK,  GI. 

Becaufe  A=F,  and  AB  : AE  : : FG  : FK  \ the*  Def.  14. 
triangles  BAE,  GFK  are  equiangular  >' ; therefore,  of  4* 
if  from  AED  = FK1 x,  there  be  taken  AEB  = 5*  4* 

FKG,  the  remainders  BED,  GKI  will  alfo  be  equal*. z Ax.  5. 
Wherefore,  fince  ED  : KI  (:  : EA  : KFX) : : EB  0 u 
: KG  w,  the  triangles  EBD,  KG1  are  likewife  equi-w  14.  4. 
angular  y.  In  the  fame  manner  it  will  appear,  that 
DBC,  IGH  are  alfo  equiangular. 

Therefore,  becaufe  ABE  : GFK  (: : a BE1 : GK2)1  24-  4* 

: : BED  : GKL  (:  : a BDS : GI1)  : : a BDC  : GIH, 
it  is  evident,  that  the  fum  of  all  the  antecedents 
(ABCDE)  is  to  the  fum  of  all  the  conlequents 
(FGHIK)  as  the  firft  antecedent  ABE  is  to  the 
firft  confequent. GFK  b,  or  as  AB1  to  a FG1 ; which*  Cor.  to 
was  to  he  demonjlrated.  ' 4' 


THEO* 


•"T  I P • . A 
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THEOREM  XXVIL 

If  three  right -lines  (AB,  DE,  PQ)  arc  propor- 
tional, the  right-lined  figure  (ABC)  upon  the  fir  ft, 
will  be  in  proportion  to  thefimilar , and  fmilarly  de- 
ferred, figure  (DEF)  on  the  fecond , as  the  fir [l  line 
(AB)  to  the  third  (PQ,). 


*7-  4- 
-Hyp. 


and  io. 
of  4. 

261  4* 


For,  AB  : PQ 

: : AB*  ; AB  x y\C  F 

PQ  15  (d  DE*)  : : / \ /\ 

ABC:  DEF e.  / \ / \ 

A B D E P q 

COROLLARY. 


Hence,  fimiJar  right-lined  figures,  are  in  the 
Djf.  7*  duplicate  ratio  of  their  homologous  Tides  f. 

01 4,  0 

THEOREM  XXVIII. 

If  four  right  lines  (AB,  CD,  EF,  GH)  be  pro- 
portional, the  right-lined  figures  defer  ibed  upon  them, 
being  like , and  in  like  fort  fituate,  {hall  alfo  be  pro- 
portional (ABI  : CDK  : : EM  : GO). 


M 


* 4*  For>  AB? : CDK  (: : s AB* : CD* : : EF* : GH* h) 

Cor.  1 . . : EM  : GO  s,  J 

to  m . 4 


T I I E O- 
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THEOREM  XXIX. 

If  upon  the  three  fides  of  a right-angled  triangle 
(ABC)  as  many  right-lined  figures  (CD,  BE,  BF) 
like,  and  alike  fituate , he  defer ibed,  that  (CD)  upon 
the  hypothenufe  (AC)  will  be  equal  to  both  the  other 
two  (BE,  BF)  taken  together. 

For,  BE  : BF  : : AB1 
: 'BC1;  therefore  (by  com- 
pofition)  BE  4-  BF  : BE 
* : AB*  + BCZ  ( — mACz) 

: AB4:  : CD  : BE1-,  and 
confequentlv  BE  + BF 
CD  n. 


<fhe  End  of  the  Fourth  Book. 
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PROBLEM  I. 


FROM  the  greater 
( A B)  of  two  unequal 
lines  (AB,  CD)  to 
•cut  off, \ or  take  away  a 
Qart  (AE)  equal  to  the 
teffer  (CDJ. 

From  A as  a center, 
with  a radius  equal  to 
CD,  let  the  circumference 
“Poll.  3.  of  a circle  be  defcribed  % 

^ Ax.  2.  cutting  b AB  in  E ; and  the  thing  is  done « 


B 


PROBLEM  II. 

At  a given  point  (A)  to  make  a line  (AB)  equal 
(0  a given  line  (CD), 


Draw 
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C D 

A F 

B 

and  the  thing  is  done. 


Draw  the  indefinite 
line  AF  c ; from  which c Poft-  *• 
take  away  A Biz  CD  d;d  and  z- 

i.  5. 


PR 

crj 

J 

ip  j 

PROBLEM  III. 

At  a given  point  (A)  in  an  infinite  right-line  (TQ) 
to  erect  a perpendicular. 

In  the  line  pro-  NT  _ IT 

pounded,  take 
two  equal  dis- 
tances AC,  and 
AD  e ; and  from 
the  centers  C f 
and  Ds,  with  any 
equal  radii  great- 
er than  AC  (or  AD  j,  let  two  circles  EMR  and  FNS 
be  defcribed ; which  will  cut  each  other : and,  if  from 
the  point  B of  their  interfedion,  you  draw  BA, 
the  thing  is  done . 

For  let  the  points  R,  E,  and  F,  S,  be  thofe 
wherein  the  infinite  line  PQ  interfeds  the  circum- 
ferences of  the  two  circles  EMR  and  FNS  h : then 
AF  being  “□  FD  h (or  CR  ‘)  AR  h ; and  AS  c- 
DS  h (or  CE l)  tr  AE  h,  the  point  F falls  within, 
and  the  point  S without  the  circle  EMR ; and  fo 
the  two  circles  cut  each  other If  therefore,  from 
the  point  of  interfedion,  BC  and  BD  be  drawn; 
then  the  triangle  CBD  being  ifofcelesm,  the  angles 
BCD,  BDC  at  the  bale  thereof,  will  be  equal11 ; 
and  fo,  C A being  zi  AD  k,  and  CB  zi  BD  the 
angle  CAB  is  alio  — DABP. 


e *•  5* 
f Poll.  3. 
s Poft.  I . 


h Ax.  2. 
‘Hyp. 


1 Def.  11. 

3-  „ 
m Conftr. 

and  Def. 
33.  °f *• 
n Ob/.  on 
Ax.  10, 
k Conftr. 
p Ax.  10. 


Otherwife. 


Elements  of  Geometry , 


Olherwife, 

From  any  point 
D above  the  line 
PQ,  as  a center, 
thro*  the  given 
point  A,  let  the  p 
circumference  of 
a circle  be  de- 
i Poft.  v fcribed q,  interfedt- 
r Cor.  to  ing  pQ  in  E r;  draw  the  diameter  EDB,  and  alfo 
s pJ^'j  BA  s ; then  the  angle  EAB,  being  in  the  femi- 
1 , 3*  3*'  circle  EAB1,  is  a right-angle;  which  was  to  be 
done . 

COROLLARY. 

From  the  former  of  thefe  conftru&ions  it  ap- 
pears, that,  if  from  any  two  points,  with  two 
equal  radii,  greater,  each,  than  half  the  diftance  of 
thofe  points,  two  circles  be  defcribed;  thofe  circles 
will  cut  each  other. 

PROBLEM  IV. 

From  a given  point  (A)  upon  an  infinite  right- line 
(PQ)  to  let  fall  a perpendicular  ( AB); 

From  the  given  point 
A,  as  a center,  let  an 
arch  of  a circle  be  de- 
fcribed, fo  as  to  pafs  be- 
low PQ  and  interfeft  it  — 
in  M andNjfrom  which  i 
points,  with  any  equal 
radii,  greater  than  half 
MN,  let  two  other 
arches  be  alio  defcribed, 
and  from  the  point  of 


their 
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their  interfeftion  C,  let  the  right-line  CBA  be 
drawn  ; which  will  be  perpendicular  to  PQ. 

For,  let  AM,  AN,  CM,  and  CN  be  drawn  ; 
then  AM  being  zz  AN  u,  and  MC  zz  NC  w,  the  u Def.  33. 
angle  AMB  is  zz  ANB  x,  and  CMB  zz  CNB  x ; w f K 
and  confequently  AMC  — ANC  y : whence,  (as  an/nef 
AM  zz  AN,  and  MC  zz  NC)  the  triangles  AMC,  33.  1. 
ANC  are  equal  in  all  refpedts  z ; and  fo,  the  angle  x Ob/.  on 
MAB  being  zz  NAB,  the  angle  MBA  is  likewife  10* 
zz  NBA2. 

The  fame 

From  any  point  C 
in  the  line  PQ,  as  a 
center,  let  the  circum- 
ference of  a circle  p 
be  deferibed  thro’  the 
given  point  A % in- 
terfering PQ  in  D b ; 
and  from  the  center 
D,  with  a radius  equal 

to  the  difcance  of  the  points  A and  D,  let  another 
circle  mEn  be  alio  deferibed,  cutting  the  former 
ADE  in  E;  then  draw  ABE  for  the  perpendicular 
required. 

For,  conceiving  right-lines  'to  be  drawn  from 
C and  D,  to  A and  E,  the  triangles  ACE,  ADE 
will  be  both  of  them  ifofceles  b;  and  fo  the  demon- 
ftration  is  the  fame  with  that  of  the  preceding 
method. 

PROBLEM  V. 

To  bifefl)  or  divide  into  two  equal  parts,  any  given 
right  lined  angle  (PAQ;. 


3 Ax.  10, 


otherwife. 


8 Port.  3. 
b Conftr, 


II 


In 


Elements  of  Geometry. 


In  the  lines  contain- 
ing the  given  angle, 
ti.j.  take  AC  rz  AD  c •,  and 
upon  the  centers  C and 
D,  with  any  equal  ra- 
dii, let  two  circles  be 
d Poft.  3.  described d,  fo  as  to 
interfed;  each  other ; 
and  from  the  point  of 
interfe&ion  E draw  EA,  and  the  thing  is  done. 
ePoft.  1.  For,  let  CD,  CE,  and  DE  be  drawn e;  then, 
f C°JnrY  triangles  ACD  and  ECD  being  both  ifofceles  f, 
3^ . Of  I ; the  angle  ACD  will  be  zz  ADC,  and  ECD  =: 
s Ax.  10.  EDC  6 *,  and  confequently  the  whole  angle  ACE 
h Ax.  4.  — the  whole  angle  ADE  h : whence  ("AC  being 
— AD,  and  EC  — EDj,  the  angle  CAE  is  alio 
— the  angle  DAE  e. 


P 


PROBLEM  VI. 

5 Vo  bifeft  a given  right-line  (AB). 

\ r 

From  the  extremes 
A,  B,  of  the  given  line, 
with  equal  radii,  de- 
lcribe  two  circles,  fo  as 

i Poft.  3.  to  cut  each  other  1 ; and 
and  Cor.  between  the  two  points 
to  3.  of  0f  interfe&ion  draw  CD, 

5*  cutting  AB  in  Ej  and 
the  thing  is  done. 

* Conftr.  For,  if  AC,  AD,  BC  and  BD  be  drawn,  the 
andDef.  triangles  ACB,  ADB  being  ifofceles  k,  thence  is 

1 loifcn  the  angle  CAB  = CB A x>  and  DAB  = DBA  1 i 
Ax.  i°o.  and  confequently  CAD  — CBD  m : whence  the 

m Ax.  4.  triangles  ACD  and  BCD  are  equal  in  all  refpeds  n ; 

0 Ax.  10.  and  io  the  angle  ACE  being  =:  BCE,  AC  zz  BC, 
and  CE  common,  thence  is  AE  alfo  =:  BE  \ 

C O R O L- 
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COROLLARY. 


Hence,  it  is  manifeft,  that  CD  not  only  bifedts 
AB,  but  is  alfo  perpendicular  to  it n. 

PROBLEM  VII. 


# Ax.  io. 
and  Def. 
8.  of  i. 


From  a given  point  (A)  in  a given  right-line  (AQJ 
to  draw  a line  ( AK)  which  Jhall  make  with  the  former 
an  angle,  equal  to  an  angle  given  (HBG). 


In  BG  and  AQ  take  two 
equal  diftances  BC,  AD  0 ; and 
at  C and  D eredt  the  two 
perpendiculars  Cl  and  DF  to 
BG  and  AQ  ?;  and  in  DF 
take  DE  equal  to  the  part  CD 
of  the  former,  intercepted  by 
the  lmes  containing  the  given 
angle  HBG  q * then  thro5  E 
draw  AEK  r,  and  the  thing  is 
done  \ 


SCHOLIUM. 


Havmg,  in  the  feven  preceding  problems, effected 
and  demonftrated,  by  means  of  the  axioms  only , what- 
ever was  affumed  in  the  fourth  poftulate,  „ barely 
pojfwle  \ we  are  now  authorized,  by  the  moft  rio-id 
laws  of  geometrical  reafoning,  to  make  ufe  of  a&nv 
theorem  or  conclufion,  whatfoever,  derived  in  the 
preceding  books,  in  virtue  of  thofe  affumptions, 
by  which  the  procefs  and  refult  can  be  rendered  the 
moir  obviousandeligible. — Accordingly, by  havino- 

reC°^rn  The°rem  X1V-  of  the  firft  book" 

we  mail  be  able  to  arrive  at  a conftrudion  of  the 

laft  problem,  better  adapted  to  practice  than  that 
above  laid  down. 


H 2 


From 


IOO 


f Poll.  3. 


* 14.  u 


" 2.  5* 


Elements  of  Geometry . 

From  the  centers  A and 
B,  at  any  equal  diftances 
AD,  BF,  let  two  arcs  of 
circles,  FC,  DR,  be  de- 
fcribed interfering  the 
given  lines  in  D,  F,  and 
C ; alfo  from  D,  with  a 
radius  equal  to  the  diftance 
of  the  points  F,  C,  let 
another  circular  archpEr  be 
defcribed,  cutting  the  for 
mer  DR,  in  E •,  then  draw  ^ 

AEK,  and  the  thing  is  aone. 

For,  conceiving  right-lines  to  be  drawn  from 
F to  C,  and  from  D to  E,  the  triangles  BFC  and 
ADE  will  be  equilateral  to  each  other,  by  conjlruc- 
tion , and  therefore  equiangular  alio, u. 

PROBLEM  VIII. 

T 0 defcribe  a triangle , whofe  three  fides  Jhall  be 
equal  to  three  given  lines  ( A,  B,  C)  *,  provided  any  two 
of  them , taken  together , be  greater  than  the  third . 

- 1 \ *“  % 

A B c 


H 


Make  FG  = B ",  and  from  the  centers  F and 
G,  with  the  intervals,  or  diftances  A and  C,  let 

two 
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two  circles  DKL,  PIKL  be  defcribed  * ; which*  Port.  3* 
will  cut  each  other  ; and,  if  from  the  point  of 
interfe&ion  K,  the  lines  KF  and  KG  be  drawn, 
then  vvill  FKG  be  the  triangle  required. 

For,  the  diftance  FG  of  the  two  centers,  is  lefs 
than  the  fum  of  the  radii  A and  C y •,  and  greater 
than  their  difference  (becaufe  B-+-  A being  cr  C 2 : y Ax.  6.1, 
thence  is  Br  C — A y)  ; therefore  the  two  circles  \ 
cut  each  other  a : confequently  FK  — A,  FG  n B,  bDef, , 
and  GK  zz  C b.  0fi,  * 

PROBLEM  IX. 

Through  a given  point  ( A),  to  draw  a right-line 
(RSJ  parallel  to  a given  right -line  fPQ^), 

At  any  point  B in 
the  given  line,  make 
BCequal  to  the  diftance 
of  the  points  A and 
B ■ : and  from  the  cen- 
ters A and  C,  with  an 
interval  equal  to  CB,  let 
2 circles  be  defcribed  d, 

then  thro*  their  interfe&ion  D,  let  the  line  RS  be 
drawn,  and  the  thing  is  done. 

Let  AB,  and  AC  be  drawn  c.  It  is  plain  that  e p0^  j 
the  two  circles  will  cut  each  other  f,  becaufe  the  r ‘ 
lum  of  their  femi-diameters  ( — AB  + BC  s)  is  s Conftr. 
greater  than  AC  h : therefore,  if  ADS  and  CD  be  * ,9. ..  ’ 
alio  drawn,  then  will  AB  — BC  — CD  — DA  *,  ^ Ax.  i. 
and  therefore  RS  will  be  parallel  to  PQ  “ 2S. 

The  fame  other  wife. 

From  A,  to  any  point  in  PQ,  draw  AR  maker  Poft  , 
the  angle  SAB  — PBA"'  j and  then  AS  will  be  m y.  5. 
parallel  to  PQ  n.  n S.  u 

H 3 


in 


P R O- 
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0 3.5.  and 
I.  5. 


P Poft.  3. 
9 9-  3- 


? 25.  1. 

■ Conftr. 

1 Cor.  to 
24..  I. 
u Def.  26. 


vp.  5. 


PROBLEM  X. 

Upon  a given  line  ( AB)  to  defcribe  a fquare  ( ABCD). 

Make  AC  perpendicular, 
and  equal  to  AB  0 ; and  from 
the  centers  B and  C,  let  two 
circles,  with  the  radius  AB 
or  AC,  be  delcribed  p,  inter- 
fering each  other  q in  D ; 
from  which  point  draw  DB 
and  DC,  and  tie  thing  is 
done. 

For,  all  the  four  fides  being  equal,  by  conftruc- 
tion,  the  figure  is  a parallelogram  r •,  and  therefore 
the  angle  A being  a right- angle*,  the  other  three 
will  be  all  right-angles  l,  and  ACDB  a lquareu. 

SCHOLIUM. 

/ 

By  the  fame  method  a rectangle  may  be  de- 
fcribed, the  Tides  thereof  being  given. 

PROBLEM  XI. 

'To  divide  a given  line  (AB)  into  any  prop  of ed  num- 
ber of  equal  parts. 


From  the  extremes 
of  the  given  line 
AB,  draw  two  inde- 
finite lines  AP,  BQ 
parallel  to  each  o- 
ther  v ; in  each  of  A 
which  lines  let  there 
be  taken  as  many 
equal  diftances  AM, 
MN,  NO,  OC;  Bo,  Q 
on , nm , ma , (of  any 


length 


Book  the  Fifth . 1 03 

length  at  pleafure)  as  you  would  have  AB  divided 
into  w;  then  draw  Mm,  N»,  Oo , interfering  ABW  *•  5- 
in  E,  F,  G,  and  the  thing  is  done . 

For,  MN  and  mn  being  equal  and  parallel  *,  * 2C6on“r- 
FN  will  be  parallel  to  EM  y ; and  in  the  lame 
manner  will  GO  be  parallel  to  FN  : therefore, 

AM,  MN,  NO,  fc?r.  being  all  equal  % AE,  EE,z£or.  u 
FG,  will  likewife  be  equal*. 


‘The  fame  otherwife . 


In  any  right  line 
AP,  drawn  from  A, 
take  as  many  equal 
dillances  (AM,MN, 

NO)  wanting  one, 
as  you  would  have 
AB  divided  into  •, 
then,  having  drawn 
the  indefinite  line 
OBQ,  in  it  take  an 
equal  number  of  part?  or  diftances  OB,  BC,  CD, 
each  of  the  length  of  OB,  and  let  DN  be  drawn, 
cutting  AB  in  G ; make  GF,  FE,  each  equal  to 


BG,  and  the  thing  is  done . » 

For,  if  AD  and  BN  be  drawn,  they  will  be 
parallel a,  becaufe  OA  : ON  : : OD  : QB  b)  j and  J 
lo,  the  triangles  BNG,  ADG,  being  equiangular  c,b  Conftr. 
it  will  be  BG  : AG  : : BN  : AD  d : : ON  : OA  and 
Therefore  BG  is  the  fame  part  of  AG,  as  ON  is  7-  *• 
of  OA.  14’*‘ 


PROBLEM  XII. 

To  two  given  lines  ( AB,  BC)  to  find  a third  pro- 
portional. 


H 4 


From 
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k 12.  4. 
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From  any  point 
A,  draw  two  in- 
definite lines  AP, 

AQ,  in  which 
take  A b — AB, 

Ac  — BC,  and 
£D  ~ BC  e;  draw 
be , and  parallel  AT 
to  bcy  draw  DE  s, 
cutting  AQ  in  E ; then  cE  will  be  the  third 
proportional  required : for,  A b (AB)  : Ac  (BC) 
::bD(BC):cE\ 


PROBLEM  XIII. 

’To  three  given  lines  (AB,  AC,  BD)  to  find  a 
fourth  proportional. 


1 5* 
*9-  5 • 


m 


1 


Having  drawn  AP 
and  AQ,  as  in  the 
preceding  problem, 
take  therein  A b rr 
AB,  Ac  — AC,  and 
bD  ~ BD  1 ; draw 
be , and  parallel  to 
it,  draw  DE  \ inter- 
fering AQ^  in  E ; 
then  is  rE  the  fourth  proportional  required. 

For,  Ab  ( AB) : Ac  (AC) : : bD  (BD)  : cE  m. 


Q 


P 


PROBLEM  XIV. 

Between  two  given  lines  (AB,  BC)  to  find  a mean 
proportional. 


In 


A 


B 
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In  the  indefiniteline 
AP,  take  A b — AB, 
and  bC  — BC  " ; bi- 
fe&  AC  in  E °,  and 
from  the  center  E,  at 
the  diftance  of  EA, 
or  EC,  let  a femi- 
circle  ADC  be  de- 
fcribed  p ; eredl 
perpendicular  to  AC  9,  cutting  the  circumference 
in  D *,  then  will  bD  be  the  mean-proportional  re- 
quired. 

For,  A b (AB)  : : : bD  : bC  (BC)  \ 

/ 

PROBLEM  XV; 


io5 


19.  4. 
and  it’s 
Corol. 


To  divide  a given  line  (AC)  into  two  parts  (AB, 
BC)  having  the  fame  proportion  as  two  given  lines 

(AM,  AN). 


From  A drawAD, making 
any  angle  with  AB;  in  which 
take  A®zAM,  and  mn  ~ 
MN  5 ; draw  nC,  and  mB 
parallel  thereto  % meeting 
AC  in  B.  Then  will  AB  : 
BC  ::  Am  (AM):  mnu(  MN). 
Which  was  to  be  done. 


PROBLEM  XVI. 

To  add  a line  (BC)  to  a line  given  (AB),  fo  that 
the  whole  compounded  line  (AC)  /hall  be  in  proportion 
to  the  part  added , as  one  given  line  ( AN)  is  to  ano- 
ther (MN). 


From 


io6 


2* 


9. 5. 


y 12. 4. 
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From  A draw  AD,  making  A 
any  angle  with  BA  in  which 
take  An~ AN  w,  and  — 
NIVT  ; draw  772B,  and  nC  pa- 
rallel thereto  x,  meeting  AB 
produced,  in  C ; then  will 
AC  : BC  : : An  (AN)  : mn  y 
(MN).  Which  was  to  he 
done . 


N 


PROBLEM  XVII. 

To  divide  a given  line  ( AB)  into  two  fuch  parts 
(AC,  BC)  that  the  re5langle  contained  under  them, 
fhall  he  equal  to  the  re  At  angle  under  two  given  lines 
(PM,  MN)  \ provided  that  the  given  re  51  angle  is  not 
greater  than  the  fquare  of  half  the  line  (AB)  to  be 
divided • 


r4.  5. 


6.  5. 

9- ,5- 
Hyp. 


Cor.  to 
j9.  4. 
Hyp. 
and  io, 


Between  PM 
and  MN  take 
a mean-propor- 
tional MQ  z ; 
make  BD  per- 
pendicular to  AB,  and  equal  to  MQ  ; bifedt  AB 
in  O a,  from  which,  as  a center,  let  a femi-circle 
be  defcribed ; and  draw  DE  parallel  to  BA  b, 
which  (becaufe  BD  is  lefs  than  the  radius')  will 
meet  the  circle  in  fome  point'  E j from  which, 
upon  AB  let  fall  the  perpendicular  EC  : fo  fhail 
AC  x BC  — d EC1  r=  DB4  ( = QM4)  =FMx 
MN  e.  Which  was  to  be  done. 

PROBLEM  XVIII. 


To  a given  line  (AB)  to  add  another  line  (BC), 
fuch , that  the  re 51  angle  under  the  whole  compounded 
line  (AC)  and  the  part  added,  ft) all  be  equal  to  a 
re5l angle  under  two  given  lines  (PM,  MN). 

Between 
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Between  PM  and  MN 
take  a mean  proportio- 
nal RS  f ; make  BD 
perpendicular  to  AB  s, 
and  equal  to  RS  h -,  bifedt 
AB  in  O 1 , draw  OD,  A 
and  take  OC  z_  OD  h : jT“ 
lo  (hall  ACxBCrrPM  1U 
X MN,  as  was  to  be  done. 

For,  if  thro1  A and  B,  from  the  center  O,  the 
circumference  of  a circle  be  deferibed,  cutting 
DO  in  E,  and  E,  C be  joined-,  then,  the  triangles 
OCE,  ODB  ('having  OE=OB,  OC  - OD  k,  k Conftr- 
and  the  angle  EOB  common)  will  be  equal  in  all 
refpects  1 ; and  fo,  EC  being  a m tangent  to  the  1 Ax.  io. 
circle  in  E,  we  have  n AC  X BC  = CE1  — ° BD1  “ ^ 3- 
= RS1  = PM  x MN  A 2°2"‘3 


M 

AS 


PROBLEM  XIX. 


° I.  2. 
r io.  4* 


i To  divide  a given  line  (BH)  into  two  fuch  parts , 
that  the  fquare  of  the  one  ('BC)  Jhall  be  equal  to  the 
retlangle  under  the  other  (CH)  and  a fecond  given 
line  (AB). 


Taking  BA  in  the  fame 
ftraitline  withBH,  between 
them  let  a mean  propor- 
tional BD  be  found  4 ; bi- 
fedt  AB  in  O r;  Draw  OD, 
and  make  OC  — OD  ; fo 
(hall  BC1  zCHx  AB, 
as  was  to  be  done. 

For,  by  the  demonftration  of  the  precedent, 

AC  x BC  ( — CE1  — BD1)  ABxBH;  from  each 
of  which  taking  away  AB  X BC,  there  remains 
BC1  ~ AB  X CH  g 5. 2.  and 

COROL-  Ax’ >• u 


D 


«i  14.  5, 
r 6.  5. 
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COROLLARY. 

If  AB  — BH,  then  will  BC4  = BH  X CH ; in 
which  cafe  the  line  BH  is  faid  to  be  divided  ac- 
cording to  extreme  and  mean-proportion. 

PROBLEM  XX. 

In  a given  circle , to  apply , or  infcribe  a line  (AB) 
equal  to  a given  line  (CE),  lefs  than  the  diameter  of 
the  circle . 


From  any  point  A in 
the  circumference,  with 
the  radius  CE,  let  a circu- 
t poft.  3.  lar  arch  mn  be  defcribed  *,  ^ 
cutting  the  given  circle  in 
° 9. 3.  B u ; then  draw  AB,  and 

wDef.  33.  the  thing  is  done  w. 

of  1.  6 

PROBLEM  XXI. 

To  draw  a tangent  to  a given  circle  (C ) thro ’ a 
given  point  (A). 


Case  I.  If  the  given  point  be  in  the  circum- 
ference ; then,  to  the  center  C,  draw  AC,  and 
y perpendicular  to  AC  y draw  BAD  i which  will 

t c * touch  the  circle  at  A 2. 


Case  II. 


0 
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Case  IT.  If  the  point  A be  without  the  circum- 
ference ; then  draw  AC,  which  bifedt  in  P b ; and  b 6.  5. 
from  the  center  P,  at  the  diftance  of  AP,  or  CP, 
let  a femi- circle  AEC  be  defer ibed  c,  cutting  thec  3. 
given  circle  in  Ed  *,  then  draw  AED,  which  wiild  9-  3- 
be  the  tangent  required  e;  becaufe  (CE  being  e 6.3. 
drawn)  AEC  is  a right-angle  f.  s 13-  3. 


PROBLEM  XXII. 

, 1 

Upon  a given  line  (PQ)  to  defer ibe  a fegment  of  a 
circle  (PEQ)  to  contain  an  angle  (E)  equal  to  a given 
angle  (BAC ). 

Make  AD  perpen- 
dicular to  AB s *,  alfo 
make  PQO,andQPO, 
each,  equal  to  DAC  h p 
( the  difference  be- 
tween the  given  angle 
and  a right  one)  •, 
then  upon  the  point 
of  interfedtion  O,  as 
a center,  at  the  dif- 
tance of  OP  (or  OQ),  let  a circle  be  deferibed ; 
and  the  thing  is  done . 

For  the  angle  E zz  right-angle  + QPO  1 x6. 3. 

DAB  + DAC  k zz  BAC,  k Conflr. 


SCHOLIUM. 

In  the  fame  manner  the  problem  may  be  con- 
flrudted,  when  the  given  angle  is  acute ; only  the 
lines  PO,  QO  muft  then  be  drawn  on  the  other 
fide  of  (PQ)  as  is  manifeftfrom  the  1 6th  theorem 
of  the  3d  book. 


PRO- 
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PROBLEM  XXIII. 

About  a given  triangle  (ABC)  to  defcribe  a circle. 

Let  any  two  Tides, 

AB  and  AC,  be  bifec- 
ted  by  two  perpendi- 
*6.5.  culars  DF  and  EF  k ; 
which  will  interfedt 
each  other  in  the  center 

JProofof(F)  the  required 
19. 3.  circle  1 ; from  whence 
the  circle  may  be  de- 
fcribed. 

SCHOLIUM. 

By  the  fame  method,  the  circumference  of  a 
circle  may  be  defcribed  thro*  any  three  given 
points,  not  fituate  in  the  fame  right-line:  alfo 
from  hence,  the  center  of  a circle  may  be  found., 
by  having  a fegment  of  the  circle  given. 


PROBLEM  XXIV. 

To  infcribe  a circle  in  a given  triangle  (ABC). 


S-  5- 


O 


4.5. 


Bifedt  any  two 
of  the  angles,  A 
and  B,  by  the 
lines  AD  and 
BD  m,  meeting 
each  other  in  D ; 
make  DE  per- 
pendicular to 
AB°;  then,  if 
from  the  center 


D,  at  the  aiftance  of  DE,  a circle  be  defcribed, 
it  will  touch  all  the  Tides  of  the  triangle. 


For, 


in 
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For,  let  DG  and  DF  be  perpendicular  to  AC 
and  BCP-,  then  the  triangles  ADE,  ADG,  having p 4. 
two  angles  equal,  each  to  each  (by  conftru&ion) 
and  AD  common,  will  not  only  be  equiangular  % q Cor.  1. 
but  alfo  have  DE~ DG  r.  By  the  fame  argument  to  10.  1, 
DE  ~ DF  ; therefore  the  circumference  of  the*1**1, 
circle  alfo  pafles  through  G and  F * ; but  it  touches8  Def. 
the  Tides  of  the  triangle  in  thofe  points  becaufe  of  *• 
G and  F are  right-angles  u.  ■ Coaftr 

PROBLEM  XXV. 

In  a given  circle  ( AFB)  to  defer ibe  a triangle , equi- 
angular to  a given  triangle  (PQR). 


From  the  center  C, 
draw  the  radii  CA, 

CE,  CB,  making  the 
angles  ACE  and  BCE 
equal,  each  to  the 
angle  Rw*,  join  A,  B, 
and  make  the  angle 
ABF  = Q w,  and  from 
the  point  F,  where  BF  cuts  the  circle,  draw  FA  ; 
fo  fhall  AFB  be  the  triangle  required. 

For,  ABF  rz  Q x,  F (—  ACE  y)  - Rx}  andx 
confequently  BAF  ~ P z.  y 


7-  5« 


Conftr. 
10.  3. 
and 
Conflr. 
Cor.  1. 
to  10.  1. 


PRO- 
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PROBLEM  XXVI. 

About  a given  circle  (O),  to  defcribe  a triangle t 
equiangular  to  a given  triangle  (ABC). 


Produce  out  the  fide  AB  both  ways  ; and  draw 
the  radii  OP,  OR,  OQ,  fo  as  to  make  the  angle 
*7.5.  POR  =:  EBC,  and  POQ  — DAC  1 ; then  draw 
three  right-lines  to  touch  the  circle  in  the  points 

* 21.  5.  P,  and  Rb  , and  the  thing  is  done. 

For,  if  PQ  be  drawn,  the  angles  SQP  and  SPQ, 
will  be  lefs  than  the  two  right-angles  SQO  and 
Cand 6 3 ‘SPO  c ; and  lb  PS  and  QS,  not  being  parallels'1, 
■i  Cor.  2.  they  will  meet  each  other  d ; therefore,  as  the  like 
to  7.  1.  may  be  inferred  with  regard  to  PT  and  RT,  &c. 
and  it  is  manifelt  that  the  three  tangents  form  a triangle 
Cor.  to  stH.  Now,  POR  + T being  — two  right- 

* Cor! *2 . angles  e = ABC  + EBC  f,  and  POR  = EBC  s - 

to  1 1. 1.  thence  will  T “ABC:  and,  by  the  lame  argu- 

f T*  *•  ment,  S — BAC ; whence  alfo  H — C. 
g Conftr. 

PROBLEM  XXVII. 

In  a circle  given  ( ABCD)  to  infer ibe  a Jquare. 

Draw  two  diameters  AC  and  BD  perpendicular 

* 3.  5.  to  each  other  h •,  then  draw  AB,  BC,  CD  and  DA  ; 

fo  Ihall  ABCD  be  a lquare  inferibed  in  the  circle. 

For, 

/ 
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For,  the  angles  AOB, 
BOC,  DOC  and  DOA 
(as  well  as  the  Tides  OA, 
OB,  CC,  OD,  contain- 
ing them)  being  equal 
the  oppofite  Tides  AB, 
BC,  CD,  DA  will  like- 
wire  be  equal  k : and  the 
angles  ABC,  BCD,CD  A, 
DAB,  are  all  of  them 
right-angles l,  and  there- 
fore are  equal. 


:b 


C*  7-l- 
and Def. 

33-  1. 
k Ax.  10. 
of  1. 


13-  3* 


SCHOLIUM. 

If  two  other  diameters  ac , Id  be  drawn  (by 
prob.  5.J  to  bifedt  the  angles  AOB,  BOC,  a regular 
odtagon  AaBbCcDd  may  be  infcribed  in  the  circle. 
And  if  all  the  angles  at  the  center  O,  be  again  bi- 
fedled,  a regular  polygon  of  Tixteen  fides,  may  in  like 
manner  be  determined ; and  To  on,  at  pleafure. 

PROBLEM  XXVIII. 

In  a circle  given  (ABGE)  to  infcribe  a regular 
pentagon. 


At  the  center  O,  upon 
the  diameter  FG,  eredt 
the  perpendicular  OB  m, 
meeting  the  circumfe- 
rence in  B divide  OG 
in  H {by  prob.  19.)  To 
that  OH'-GHxOG  ; 


that  is,  take  OR  =±OF, 
and  RH  — dift.  RB  : 

Then  draw  BH ; which 

will  be  equal  to  the  Tide  of  the  pentagon  n j from  n 28.  3. 
whence  the  figure  itfelf  may  be  defcribed.  and  s. 

I SCH  O- 


2. 
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SCHOLIUM. 

0 z8.  3.  Hence  a regular  decagon  may  be  infcribed  in 
the  circle  j the  fide  thereof  being  — OH°. 

PROBLEM  XXIX. 

In  a circle  given , to  infcribe  a regular  hexagon 
(ABCDEF.) 

From  the  extremes 
of  any  diameter  AD, 
apply  AB,  AF,  DC, 
and  DE  equal,  each,  to 
P20.  5.  the  radius  AOp*,  then 
join  B,  C,  and  E,  F ; 
and  the  thing  is  done. 

For,  if  the  radii  OB, 

OC,  OE,  OF  be  drawn  ; 
the  triangles  AOB  and 
•j  Conftr.  DOC,  being  equilateral  % will  alfo  have  the  an- 
r 14.  1.  gle  OAB  = DOC  r ; whence  AB  is  parallel  (as 
3 Cor  to  we^  as  ecIual)  to  OC  3 ; and  confequently  BC  and 
8.  1.  AO  are  likewife  equal,  and  parallel c : There- 
*26.  1.  fore,  feeing  the  triangles  AOB,  BOC,  COD,  &V. 
are  equilateral,  and  alike  in  all  refpefts ; not  only 
the  fides,  but  alfo  the  angles  ABC,  BCD,  of 
n Ax.  4. i. the  hexagon,  will  be  equal  among  themfelves  u. 

COROLLARY. 

Hence  it  appears,  that  the  fide  of  a regular 
hexagon,  infcribed  in  a circle,  is  equal  to  the 
fcmi-diameter,  or  radius. 

SCHOLIUM. 

Befides  the  figures  conftrudted  in  the  preceding 
problems,  and  thofe  arifing  from  thence  by  con- 
tinual bifeftions,  or  taking  the  differences,  no  other 
regular  polygon  can  bedefcribed,  from  any  known 
method,  purely  geometrical , by  means  of  right-lines 
and  circles  only. 


PRO- 
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PROBLEM  XXX. 

* 

About  a given  circle  to  dejcribe  a regular  polygon , 
of  the  fame  number  of  fides  with  a regular  polygon 
( ABCDEFJ  infcribed  in  the  circle. 

From  the  center  O,  P A 
to  the  angles  of  the  in- 
fcribed polygon,  draw 
O A,  OB,  OC,  (Ac.  and 
perpendicular  thereto  V/ 
draw  P AQ,  QBR, 

RCS (Ac.  interiedt- 
ingu  in  P,  Q,  R,  S,  T, 

V •,  fo  fhall  PQRSTV 
be  the  polygon  that 
was  to  be  defcribed. 

For,  by  taking  away  the  equal  w angles  OAF, w Hyp. 
OAB,  OBA,  OBC,  (Ac.  from  the  equal  (rioht) 
angles  OAP,  OAQ,  OB0,  OBR,  (Ac.  the°re- 
mainders  FAP,  BAQ,  ABQ,  CBR,  (Ac  will  alfo 
appear  to  be  equal":  therefore  the  triangles  FAP,X  Ax.  c.i. 
ABQ,  BRC,  (Ac  (having  alfo  FA  — * AB  — BC, 

(dc.)  are  equal  in  all  reipedts7;  and  fo  the  angles y IP 
P,  Q,  R,  (Ac.  as  well  as  the  fides  PQ,  QR,  RS,  5* 

(Ac.  are  equal  among  themfelves  z.  *, 

PROBLEM  XXXL 

Any  two  circles  (ACE,  ace  being  given,  to  defcribe 
ci polygon  in,  or  about  the  one  (ace ) that fhall  be  fimilar 
to  any  polygon  defcribed  in,  or  about  the  other  ( ACE.} 

Firft,  having  drawn  T,t^,  ^ r,  * ' 

the  radii  OA,  OB,  (Ac.  /}\/\ 
totheanglesof  the  given  y <$/  \ 

infc.  polyg.  ABCDEF*,  ^ 7\ — ^ 
make,  at  the  center  <7,  \ //  R 

the  angle  aob  — AOB  ±1  / 


1 Ax.  4. 1 


hoc- BOC  % (Ac.  Then,  the  chords  ab,  be,  cd,  (Ac. 
being  drawn,  1 fay,  the  polygon  abedef  will  be  fimi- 

J 2 Jar 
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lar  to  the  given  one  ABCDEF.  For,  the  triangles 
b Cor.  i.  AOB,  aob\  BOC,  boc  •,  &c.  being  equiangular b,  the 
t0  IO-  *•  angles  ABC,  abc  muft  alfo  be  equal c •,  and  d AB  : ab 
c Ax'2  I;  (:  :"OB  : ob) : i BC:  be.  In  the  fame  manner, the  other 
d 1 4T correfponding  angles  are  equal,  and  the  tides  con- 
taining  them  proportional : Therefore  the  two  po- 
e Bef.  14.  ]ygons  are  fimilar6. 

4*  Again,  having 

drawn  the  radii 
OA,  OB,  OC,  &c. 
to  the  points  of 
contaflof  the  given 
circumfcribing  po- 
lygon PQRSTU  *, 
f 7-  5-  draw  likewife  the  radii  oa,  ob,  oc , &c.  making 
g 1-  the  angle  aob=z  AOB,  boc  — BOC f,  &c.  perpendi- 
cular to  which  s draw pq.  qr,  rs,  &c.  fo  fhall  the  po - 
lygon pqrstv  be  fimilar  to  the  given  one  PQRS  I U. 
h Ax.  7.1.  For,  the  angles  OAQ,  OBQ,  oaq,  obq,  being  all 
1 Conttr.  CqUal  \ and  AOB  alfo  zzaob1 ; the  remaining  angles 
k 11 V '•  AQB,  aqb  of  the  two  quadrilaterals  AOBQ,  aobq 
an  A*'  muft  be  equal  k;  as  muft  likewife  their  halves  OQB, 
oqb  (for  the  right-angled  triangles  OAQ,  OBQ, 
1 16.  1.  having  OA  = OB,  and  OQ  common,  have  alio 
OQA  zr  OQB  >).  In  the  fame  manner  is  ORB 
m j,  4 orb , &c.  whence,  the  triangles  FOQ,  poq  ; QOR, 
qor,  &c.  being  equiangular,  it  followsmthat  PQ  : pq 
» Def.  14.  (: : OQj  oq) : : QR  : qr : And  fo  of  the  reft.  There- 
fore PQRSTU  and  pqrstv  are  fimilar  n. 

COROLLARY. 


It  appears  from  hence,  that  the  fimilar  inferibed 
polygons,  as  well  as  the  circumfcribing  ones,  are  in  . 
proportion,  as  the  fquares  ot  the  radii  of  their^re- 
fpedtive  circles  For,  in  the  former  cale,  AO  : ao  : . 

° A Bs  : ab1  : : p ABCDEF  : abedef  and,  in  the 
and  Cor.  latter,  0 AO"  : aoz  : : PO1  : po1 : : PQ^  : pq1  : • p. 

to  11.  4.  PQRSTU  : pqrstv. 

v 26.  4.  _ 

The  End  of  the  Fifth  Book, 
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PROBLEM  I. 

T o make  a fqitare  equal  to  a given  reRangle  (ABCD). 

IN  one  fide  AB  of 
the  rectangle,  pro- 
duced, take  BE 
the  other  fide  BC  ; bifect 
AE  in  Oa  ; and  from 
the  center  O,  at  the 
diftance  of  OA,  or  OE, 
let  a femi-circle  AFE  be 
defcribed  ; and  let  CB  be  produced  to  meet  the 
circumference  thereof  in  F ; then  a iquare  deicribed 
on  BF  (by  10.  5.)  will  be  equal  to  the  given 
redtangle  ABCD  b« 


A 


D 


IE 3 6.  5, 


b Cor.  to 
19.  4. 


PRO- 
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PROBLEM  If. 

'To  make  a fquare  equal  to  the  Cum  of  two  given 
Squares.  6 

Let  AB  and  BC  be 
the  Tides  of  the  two  given 
fquares. 

Draw  two  indefinite 
lines  BP,  BQ,  at  right- 
angles  to  each  other  ci  in 
which  take  BA  — BA, 

BC  — BC,  and  join  A,  Cj 
then  a fquare  defcribed 
on  AC  ( by  10.  5.)  will 
be  equal  to  the  Turn  of  the  two  fquares  defcribed 
upon  AB  and  BC  d. 

SCHOLIUM. 

\ 

In  the  fame  manner  a fquare  may  be  made  equal 
to  the  fum  of  three,  or  more,  given  fquares  : for 
if  AB,  BC,  CE  be  taken  as  the  tides  of  the  given 
fquares,  then,  by  making  BH  AC,  BE  — CE, 
and  drawing  EH,  it  is  evident  that  a fquare  upon 
EH  will  be  equal  to  the  fum  of  the  three  fquares 
upon  AB,  BC,  and  CE  j or  that,  EH*  = BH* 
(AC1)  + BE4  - AB4  + BC*  + CE*. 

PROBLEM  III. 

To  make  a fquare  equal  to  the  difference  of  two 
given  fquares. 
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Let  AB  and  BC  (taken 
in  the  fame  ftrait  line)  be 
equal  to  the  lides  of  the 
two  given  fquares. 

Upon  the  center  B,  with 
the  radius  BA,  let  a circle 
be  defcribed,  and  make  CE 

perpendicular  to  BC  % meeting  the  circumference  e 3-  5* 
thereof  in  E : fo  fhall  a fquare  defcribed  on  CE 
{by  10.  5.)  be  equal  to  BE1  (BA1)  — f BC1.  r Cor* 


PROBLEM  IV. 

To  make  a triangle  equal  to  a given  quadrilateral 

(ABCD.) 


9.  5. 


Draw  the  diagonal  AC, 
alfo  draw  DE  parallel  to 
ACs,  meeting  BA  pro- 
duced in  E,  and  join 
CE  *,  then  will  the  triangle 
BCE  — the  given  quadri- 
lateral ABCD. 

For,  the  triangles  ACE, 

ACD,  being  upon  the 

fame  bafe  AC,  and  between  the  fame  parallels  AC 

and  ED,  are  equal h *,  therefore,  if  ABC  be  added  h Cor. 

to  each,  then  alfo  will  BCE  — ABCD  \ to  2. 

1 Ax.  4 


i. 

I. 


I 4 
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PROBLEM  V. 

To  make  a triangle  equal  to  a given  pentagon 
(ABODE). 

Draw  DA  and  DB, 
and  alio  EH  and  CF 
tg.  s.  parallel  to  them  k, 
meeting  AB  pro- 
duced in  H and  F; 
then  draw  DH  and 
. DF  j fo  lhall  the 
triangle  DHF  zz  the 
pentagon  ABODE. 

For  the  triangle  DHA  is  zr  DF  A *,  and  DFB 
* Cor.  i.  = DOB  1 ; therefore  DHF  ( — DHA  4-  DAB  -f- 

to 2.  2.  DFB  zzDEA  + DAB  + DOB)  zz  ABODE  m. 

**  Ax. 4.1.  ' 

PROBLEM  VI. 

Upon  a given  line  (EF),  to  make  a re  ft  angle  equal 
to  a given  triangle  (ABC), 


Thro*  C,  the  _ 
vertex  of  the  tri-  ^ 
angle,  draw  KN 
parallel  to  the  bale 
AB  " ; and  bifefl 
AB  with  the  per- 
pendicular LQ  °,  E 
meeting  KN  in 
K ; alio  draw  BP 


'9.  5. 


0 6.  5, 


9 3*  S- 


perpendicular  to  ABP,  interfering  KN  in  I;  then 
in  AB,  produced,  take  BM  zz  EF,  and  draw 
MIQ^  cutting  LQ^  in  Q ; draw  QO  and  MO, 
parallel  to  AM  and  LQ ",  meeting  each  other 
in  O : then  will  INOP  be  the  redlangle  required. 

For, 


I 2 I 
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For,  it  is  evident,  that  LI,  IO  and  LO  are  all 
red-angles9:  therefore  IN  zz  BM  r zz  EF  % and  q Cor-  to 
lOzzLl*  = ABC". 

The  fame  other  wife. 

From  the  vertex 
C,  upon  the  bafe 
AB,  let  fall  the 
perpendicularCDwj 
make  EH  perpen- 
dicular to  EF  and 

equal  to  a fourth  proportional  to  2EF,  AB,  and 
CD  y : then  the  rectangle  EG  contained  under  EF  Y 13-  5 
and  EH  will  be  equal  to  the  triangle  ABC. 

For,  fince,  by  conftrudion,  2EF  : AB  : 

EH,  therefore  is  2EF  x EH  zr  AB  x CD 
confequently  EFxEH  zz  \ ABxCD  zz  ABC 


3*  S> 
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CD: 

and 55  »o,  4. 

3 Cor.  2. 

tO  2.  Zf 


By  either  of  the  two  preceding  methods,  a pa- 
rallelogram having  a given  angle  may  be  de- 
fcribed  upon  a given  line,  equal  to  a given  tri- 
angle ; if,  inflead  of  MBP,  MLQ,  or  BDC,  FEH 
being  right  angles,  you  make  them  all  equal  to  the 
angle  given  : the  reft  of  the  conftrudion  being 
the  fame. 


PROBLEM  VII. 


Upon  a given  line  (AB)  to  defer  ibe  a reft  angle 
equal  to  a given  right-lined  figure  (PQRSj. 


Let  the  given 
figure  be  divided 
into  triang.  PQR, 
PRS : and  upon 
the  given  line  AB 
(by  the  precedent) 


let  a redangle  ABDC,  equal  to  the  triangle  PQR, 


be 
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be  defcribed ; alfo  upon  CD  make  the  redangle 
CDFE  equal  to  the  triangle  PRS  : fo  (hall  ABEF, 
which  is  a redangle  (becaufe  both  ACE,  and 
BDE  are  continued  right-lines  b)  be  rz  PQR  + 
PRS  e z=  PQRS  ; which  was  to  he  done. 


SCHOLIUM. 

When  the  figure  given  has  not  more  than  five 
fides,  the  conftrudion  will  be  more  eafy,  by  firft 
finding  a triangle  equal  to  it  (by  Prob.  4.  or  5.) 
and  then  making  a redangle  equal  to  that  triangle. 
But  if  the  figure  be  a redangle,  the  eafieft  way  of 
all,  will  be  to  take  a fourth-proportional  BF  to 
the  given  line  AB  and  the  two  fides  PQ  and  PS 
of  the  given  redangle  (by  13.  5.)-,  which  fourth- 
proportional  will  be  the  altitude  of  the  redangle 
required.  For,  fince  AB  : PQ  : : PS  : BF  (by 
Conjlr.)  therefore  (by  10.  4.)  AB  x BF  zz  PQ  xPS. 


PROBLEM  VIII. 

To  defcribe  a reft  angle  equal  to  the  fum,  or  difference 
of  two  given  right-lined  figures. 

\ 

Let  the  two 
given  figures  be 
ABN  and  P. 

By  the  prece- 
dent, let  two  rec- 
tangles AD  and 
AF,  refpedively 
equal  to  ABN  and 
P,  be  defcribed 
on  the  fame,  or  different  fides  of  AB,  according 
as  the  difference,  or  lum,  of  the  two  figures  is 
required  : then  will  the  redangle  CF  be  equal  to 
that  fum  or  difference  c. 


C O R O L- 
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Hence  two  lines  having  the  fame  ratio  with 
two  given  right-lined  figures,  are  determined : for 
AC  : AE:  : AD  (ABN)  : AF'(Pj.  f7-4- 

PROBLEM  IX. 

"To  make  a fquare  equal  to  any  right-lined  figure 
given  ( ABCDF). 

i 

2 7. 6. 

/ 

h 1.6. 


K 


Upon  AB  de- 
fcribe  a re£tangle 
AE  equal  to  ABC 
DFsj  then  make 
a fquare  BH  equal 
to  that  rectangle  h, 
and  the  thing  is  done . 


SCHOLIUM 

After  the  fame  manner  {from  prob.  8.)  a fquare 
may  be  defcribed  equal  to  the  fum,  or  difference, 
of  any  two  given  right-lined  figures. 


P R O- 
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\ 

PROBLEM  X. 

describe  a figure  (FGHIK)  equals  and  fimilar 
to  a given  right-lined  figure  (ABCDE). 


* *•  5*  Draw  AC  and  AD,  and  alfo  FG  equal  to  AB  1 ; 

7‘  s*  make  the  angle  GFH  rr  BAC k,  HFI  CAD, 
and  !FKzzDAEkj  likewife  make  FH  — AC, 
FI  AD,  and  FK  AE 1 ; then  draw  GH,  HI, 
and  IK,  and  the  thing  is  done. 

1 Ax.  10.  For,  fince  the  triangle  FGH  rr  ABC  1 and 
**  FHI  zr  ACD1,  &c  ; therefore  is  the  whole  po- 
lygon FGHIK,  alfo,  equal  to  the  who’e  polygon 
« Ax.4.1.  ABCDE 

Moreover,  thefe  equal  triangles  being  alfo  equi« 
angular  *,  it  is  manifeft,  that  GzrB,  GHIzr BCD  m, 
HIK  — CDE,  and  fo  on  ; therefore,  FG  beincr  alfo 
= AB,  GH  = BC,  HI  = CD1,  &c.  the°  two 
polygons  ABCDE,  FGHIK  are  fimilar  to  each 
"Def.  14.  other n. 

4* 

SCHOLIUM. 

The  figure  FGHIK  may  be  otherwife  con- 
ftru&ed,  by  making  the  triangles  FGH,  FHI,  ific, 
refpeftively  equilateral  to  ABC,  ACD,  &c.  as  is 
. evident  from  14.  1.  and  Ax.  4. 


PRO- 
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PROBLEM  XI. 

Upon  a given  line  (AB)  to  defcribe  a figure 
(ABCDE)  fimilar  to  a given  right-lined  figure 
(PQRST). 

Draw  PR 
and  PS,  and 
in  PQ  (pro- 
duced ifneed- 
fui)  take  Pq 
— AB  i draw 
qr  parallel  to 
QR  meet- 
ing PR  in  r ; 
alfo  draw  rs  and  st , parallel  to  RS  and  ST  in- 
terfering PS  and  PT  in  s and  t then  upon  AB, 
by  the  precedent , defcribe  a polygon  equal  and 
fimilar  to  P qrst ; and  the  thing  is  done . 

For,  fince  any  angle  BCD  (qts)  of  the  polygon 
ABCDE,  is  equal  to  its  correfpondent  QRSpiPCor.  1. 
and  alfo  CB  (qr)  : CD  (rs)  : : RQj  RSq,  there-  to 7.  1. 
fore  the  two  polygons  ABCDE,  PQRST  are  like’ 5F4* 
to  each  other r.  of  V** 


SCHOLIUM. 

This  laft  problem  may  beotherwife  condrufted 
by  making  the  triangles  ABC,  ACD,  ADE  equi- 
angular to  the  triangles  PQR,  PRS,  PST,  re- 
fpeftively. 

For,  then  the  angle  BCD  being  — QRS,  CDE 
— RST5,  Udc.  *,  and  alfo  BC  : QR  (:  : AC  : PR),  Ax.  4.1, 
: :CD  : RS  r,  13 c.  the  two  polygons  mud  therefore'  14.4. 
be  fimilar  to  each  other8.  u l>ef*  *4* 

of  4« 


PRO- 
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PROBLEM  XU. 

To  defcribe  a figure,  fmilar  to  a right  lined  figure 
given  fPQRST),  which  jhall  be  to  it  in  a given 
ratio  of  one  right -line  to  another . 


w 12. 


5- 


* *4-  5* 


*27.  4, 


In  PQ  (produced  if  ne- 
ceflary)  take  P n to  PQ  in 
the  given  ratioof  the  figure 
to  be  defcribed  to  the  figure 
given  and,  in  the  lame 
line  PQ,  take  P q equal  to  a 
mean-proportional  between 
P n and  PQ  x;  upon  which 
{by  the  precedent ) let  Fqrst, 
fimilar  to  PQRST,  be  de- 


S 


fcribed,  and  the  thing  is  done. 

For,  fince  P n : Pq  : : Pq  : PQ  (by  Confir .)  % 
therefore  P n : PQ  : : P qrst  : PQRST  \ 


PROBLEM  XIII. 

To  defcribe  a figure  that  Jhall  be  equal  to  one 
right-lined  figure  given.  (P),  and  fimilar  to  another 

(ABCD). 


? 7.  6. 


C 


Upon  A B 

make  the  rec-  D 

tangle  ABFG 
-ABCD2, 
and  upon  AG 
make  the  rec- 
tangle AGNE 
~ P 2 ; in  AB 
take  A I equal 
to  a mean  pro- 
portional be- 
tween AB  and 
AE  * j and  upon  AI  let  AIKH  be  defcribed  firm- 


lar, 


8 *4-  S’ 
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Iar,  and  alike  fituate,  to  ABCDb,  and  the  thing b II*^* 
is  done.  c 7-  4* 

For  ABCD  (AF)  : P (AN)  : : AB  : AE  c ♦ *d 
ABCD  : A1KH  d ; and  therefore  AIKH  = P e.  e %x ** ^ 

PROBLEM  XIV. 

Vo  defcribe  a figure  fimilar  to  a given  right-lined 
figure  (ABCD),  which  [hall  be  to  another  given 
right-lined  figure  (P ) in  a given  ratio  of  one  right  - 
line  ($)  to  another  (R ). 


n 


Make  the  rectangle  ABFG  = ABCD  s,  and  the?  7.  ©. 
redlangle  AGNE  zz  P s j alfo  in  AE,  produced, 
take  AQ^zr  a fourth-proportional  to  R,  S and 
AEh ; then,  by  the  -precedent , make  AIKH  fimi-h  13.  5, 
lar  to  ABCD,  and  equai  to  the  redangle  AG  X 
AQj  then  will  AIKH  (AG  x AQJ  : P (AG  x 
AE  ‘) : : AQ  : AE  k : : S : R 1 ; which  was  to  be1  Conftr. 
done . k 7-  4* 


The  End  of  the  Sixth  Book. 
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DEFINITIONS. 

\ 

r.  A Right-line  is  faid  to  be  perpendicular 
/A  to  a plane,  when  it  is  perpendicular  to 

X A.  all  right-lines,  that  can  be  drawn  in 
that  plane,  from  the  point  on  which  it  infills. 

2.  One  plane  is  faid  to  be  perpendicular  to 
another,  when  all  right-lines  drawn  in  the  one,  per- 
pendicular  to  the  common  fe&ion,  are  perpen- 
dicular to  the  other. 

3.  Parallel  planes  are  thofe,  which  are  every 
where  equally  diftant,  the  one  from  the  other. 

4 A Solid  is  that,  which  has  length,  breadth, 
and  thicknefs. 

5.  Similar  folids  are  fuch,  as  are  botinaed  by 
an  equal  number  of  fimilar  planes. 


6.  A Prifm 
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, 6.  A Prifm  is  a folid,  whereof 
the  planes  of  the  fides  are  parallelo- 
grams, and  whereof  the  two  ends,  or 
oppofite  bales,  are  plane,  rectilinear 
figures,  parallel  to  each  other. 


J.  A parallelepipedon  is  a 
folid  bounded  by  fix  parallelo- 
grams, whereof  the  oppofite 
ones  are  parallel,  equal,  and 
like  to  each  other. 


8.  An  upright  prifm,  or  parallelepipedon,  is 
that,  whereof  the  planes  of  the  fides  are  perpen- 
dicular to  the  plane  of  the  bafe. 


9*  A rectangular  paral- 
lelepipedon is  that,  whofe 
bounding  planes  are  all  reCt- 
angles,  and  which  Hand  at 
right-angles  one  to  another. 


/ 

7 

i » 

z_.  

/ 

10.  When  all  the  bounding  planes 
are  fquares,  the  parallelepipedon  is 
called  a cube, 

1 1.  A Pyramid  is  a fo- 
lid, whofe  bafe  is  any  right 
lined  plane  figure,  and 
whofe  fides  are  triangles, 
haying  all  their  vertices 
united  in  a point,  above 
the  bafe,  called  the  vertex  B 
of  the  pyramid.  . Thus 

n%rei5nrs  a Pyramid>  vertex  is  A. 

and  bafe  BCLE. 

K 
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12.  A Cylinder  (DC^)  is  a 
folid  generated  by  the  rotation 
of  a redangle  ACDB  about  one 
of  its  fidcs  AB,  fuppofed  at 
reft  ; which  quiefcent  fide  AB 
is  called  the  axis  of  the  cylin- 
der. 


13.  A cone  (ACc)  is  a 
folid  generated  by  the  rota- 
tion of  a right-angled  tri- 
angle ABC  about  its  per- 
pendicular AB,  called  the 
axis  of  the  cone. 


14:  A Sphere  is  a folid  generated  by  the  rota- 
tion of  a femi-circle  about  its  diameter. 


15.  The  Fruftum  of  a pyramid,  or  cone,  is 
that  part  which  remains,  when  any  part  next  the 
vertex,  cut  off  by  a plane  parallel  to  the  bafe,  is 
taken  away. 

16.  The  altitude  of  a pyramid,  or  prifm,  is  the 
perpendicular  diftance  of  the  vertex,  or  upper 
plane  thereof,  from  the  plane  of  the  bafe.' 

17.  Every  redangular  parallelepipedon  is  faid 
to  be  contained  under  the  three  right-lines  that  are 
the  length,  breadth,  and  altitude  thereof. 

18.  A Plane  is  faid  to  be  extended  (or  to  pafs) 
by  a right-line,  when  every  part  of  the  latter  is 
placed  in,  or  touched  by,  the  former. 

An 
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An  AXIOM 

Upright  prifms  (A^rCBA,  DdefFEV)  of  the 
fame  altitude,  Handing  upon  bafes  fABC,  DEF) 
equal  and  like  to  each  other,  are  themfelves  equal. 

To  fee  the  evidence 
of  this  Axiom  in  the 
firongeft  lights  conceive  a. 
a right  lined  'plane  fi- 
gure FQR  to  be  form- 
ed, equal  and  like  in  all 
refpeftsto  the  bafes  ABC,  AT  c n .f  p 
DEF  of  the  two  prifms ; 

upon  which , conceive  the  prifms  to  be  placed , one  after 
another , fo  that  their  bafes  may  edneide  therewith. 
Then , becaufe  the  planes  of  the  fides  ft  and,  in  both 
cafes , perpendicular  to  the  plane  of  the  bafe , upon  the 
fame  lines  PQ,  QR,  PR,  arid  are  carried  up  to  the 
fame  height , it  is  manifeft , that  the  bounds  of  the  two 
J'olids , when  thus  placed , have  the  very  fame  pofition 
and,  confequently , that  the  folids  themfelves , occupying 
(. fuccejfively ) the  fame  identical  fpace , are  equal  the 
one  to  the  other . 

A POSTULATE. 

That  by  any  two  right-lines  (AB,  AC)  meeting 
in  a point,  a plane  may  be  extended. 

In  order  the  better  to 
comprehend  the  fenfe  and 
defign  of  this  Poftulate, 
let  a plane  BDEC,  ex- 
tended by  the  right -line 
joining  the  points  B and  C, 
be  conceived  to  be  revolved 
about  upon  that  line , till  it  meets  wtth,  or  takes  in,  the 
point  A ; then  the  plane  including , in  that  pofition,  all 

K 2 the 
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the  three  points  R,  C,  and  A,  it  alfo  includes , cr  ii 
extended  by , the  right  lints  Aft,  AC,  BC,  joining 
thofe  points  \ which  are  in  the  fame  plane  with  their 
extremes  by  def  6.  i ) 

hence  it  appears , that , by  any  three  points , * plane 
may  be  extended-,  and  that  all  the  three  fides  of  any 
right-lined  triangle , fame  plane . 

THEOREM  I. 

7^  common  feElion  of  two  planes  (AB,  CD)  is  a 
right  line . 


For,  between  the  two  ex- 
treme points  E,  F of  the 
common  fedtion,  let  a right- 
Poft.  i.  line  EF  be  drawn  a;  then, that 
Def.6.i.line  being  in  the  plane  AB  b, 

and  Ax.  anj  a^Q  jn  pjane  CD b,  it 

8‘  *'  muft,  of  confequence,  be  the  common  feftion  of 
them  both. 


THEOREM  II. 

If  a right-line  (AB)  be  perpendicular  to  two  other 
right-lines  (CE,  DF)  cutting  each  other , at  the  com- 
mon fe Elion  (A),  it  will  be  perpendicular  to  the  plane 
(CDEF  j pajfing  by  thofe  two  lines. 

C 

Take  AC,  AD,  AE,  AF 
all  equal  to  one  another  ; and, 
having  joined  CD,  DE,  EF, 

CF,  let  there  be  drawn  thro* 

A,  in  the  plane  CDEF,  any 
right-line  GH,  meeting  CF 
and  DE  in  G and  H \ and 
let  BC,  BG,  BF,  BD,  EH, 
and  BE  be  allb  joined. 

F 

Becaufe 
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Becaufe  AC  h=  AE  zz  AD  =z  AF,  and  CAF=  b Conftr. 
DAE%  therefore  isCF  = DEd,  and  the  angle  FCA*  3-  *• 

(or  GCA)  in  DEA  or  (HEA)  •,  and  fo,  GAC  be-d  Ax.10.1. 
ing  likewife  zr  HAEC  and  AC  z=  AE  b,  thence 
will  AG  = A hi  e and  GC  = HE.  . « ,5. 

Again,  fince  the  right  angled  triangles  CAB, 

DAB,  E A B,  FAB  have  their  bales  all  equal f,  and f Hyp. 
the  perpendicular  AB  common,  their  hypothenufes 
BCd,  BD,  BE,  BF  will  be  equal  too;  and  therefore, 
the  triangles  CBF,DBE  being  mutually  equilateral, 
the  angle  FCB  (or  GCB)  malt  ber=Db.B  (or 
HEB  s) ; whence,  GC  bring  alio  — HE,  and  BCzz  e 14.  j0 
BE,  thence  is  BG  — BH  d : Therefore,  AG  being 
likewife  (as  is  proved  above)  zz  AH,  and  AB  con> 
mon,  the  angles  GAB,  FlAB  are  equal,  and  con- 
sequently right-angles h.  In  the  lame  manner,  AB  hDef.  8. 
is  perpendicular  to  every  other  ri  ht  line  drawn  of  >• 
thro’  A in  the  plane  CDEF  j which  was  to  bo  de -*  ^e/’  x* 
monfirated1.  oi  7 ' 

COROLLARY. 

Hence  it  will  appear,  that,  if  one  right-line 
(AB),  meeting  feveral  others  (AF,  AE,  &V.)  in 
the  lame  point  (A),  is  perpendicular  to  them  all; 
thefe Taft  will  be  all  in  the  lame  plane.  Becaufe 
it  is  impoflible  for  a right  line  (A h)  drawn  from 
A,  out  of  the  plane  (FEDC)  of  the  two  former 
of  thefe,  to  be  perpendicular  to  AB  ; feeing  the 
angle  BA£  is  lels,  or  greater,  than  a right-angle  (or 
B AH  k),  according  as  Ah  is  pofited  above,  or  be- k 2.  7. 
low  the  faid  plane  FEDC  *.  1 Ax.  2.1, 

THEOREM  III. 

If  thro1  any  given  point  ( A)  in  a given  plane  (BCD), 
a line  (CD)  be  drawn,  and  perpendicular  to  that 
line,  at  the  fame  point  (A  ),  two  other  lines  ( AB,  AE) 
be  alfo  drawn , the  one  (AB)  in  the  plane  given 
(BCD),  and  the  other  in  any  other  plane  (CDE) 
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faffing  by  the  firft  line  (CD);  then,  Ifayt  that  a 
right-line  (AF)  drawn  from  the  given  point  (A),  at 
right  angles  to  the  firfl  perpendicular  (AB)  in  the 
plane  (BAE  of  the  two , will  be  perpendicular  to  the 
given  plane  (BCD;  at  the  given  point  (Aj. 


Hyp. 
? 2*  7* 


SCHOLIUM. 

In  this  laft  Theorem,  the  manner  of  erecting  a 
perpendicular  to  a plane,  at  a point  given,  is 
indicated,  and  the  confiftence  of  the  firft  definition^ 
of  this  book,  evinced. 

THEOREM  IV. 

Two  right-lines  (ABV  CD),  perpendicular  to  the 
fame  plane -(EF),  are  parallel  to  each  other . 

Draw  in  the  plane  EF,  the  j>  . 
right-line  AD,  and  alfo  DG  per- 
pendicular to  AD  ; makeDGn: 

AB,  and  let  AG,  BG,  and  BD 
be  drawn. 

The  triangles  BAD,  ADG, 
o Conflr.  having  AB  “ DG°,  AD  com- 
p Def.1.7.  mon,  and  the  angle  BAD  ('ll:  right-angle  p ; =r 
*3  Ax. jo. 1.  ADG  °,  will  alfo  have  BD  “ AG  4 : And  fo,  the 
r i*  triangles  BDG,  BAG  being  mutually  equilateral, 
the  angle  r BDG  muft  be  “BAG  “ p right-angle  : 
But  the  line  CD  (as  well  as  BD  and  AD)  being  per- 
pendicular 


ForCA  being  perpen- 
dicular both  to  AB  and 
AE  m,  it  will  likewife  be 
perpendicular  to  AF  n ; g 
and  fo  FA,  being  per- 
pendicular to  ABm  (as 
well  as  to  C A)  is  alfo  per- 
pendicular to  the  plane 
BCD,  in  which  AB  and 
CA  are  drawn n. 
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pendicular  to  DGP,  it  is  therefore  in  the  famePDef*1'?* 
plane  (CD AB)  with  BD  and  AD' j and  confequent-*  Cor.  to 
ly,  as  the  angles  BAD,  CDA  are  both  right-ones  p,  2*  7* 
it  mull:  be  alfo  parallel  to  BA u.  a 4.*** 

COROLLARY. 

Hence  it  follows,  that  from  the  fame  given  point, 
to  one  and  the  fame  plane,  more  than  one  perpen- 
dicular right-line  cannot  poffibly  be  drawn  : Be- 
caufe  all  perpendiculars  to  the  fame  plane,  are  pa- 
rallels ; but  lines  drawn  from  the  fame  point  are 
not  parallels. 


THEOREM  V. 

i/,  of  two  parallel  right-  lines(  AB,  CD) the  one  (AB) 
is  perpendicular  to  any  plane  (EFj,  the  other  (CD) 
Jhall  alfo  be  perpendiculnr  to  the  fame  plane  (EF). 


The  conduction  of  DG,  AG, 

&c,  being  fuppofed  the  fame  here  B *■" 
as  in  the  preceding  Theorem  ; it ' 
appears  from  thence,  that  ADG 
and  BDG  are  both  right-angles  : 

And,  becaufe  BD,  as  well  as  AD, 
is  in  the  plane  of  the  propofed 
parallels  BA,  CD  w,  the  angle  "Def.5.(, 

CDG  is  alfo  a. right-one  x,  as  is  likewife  the  angle *2  7. 
CDAy.  Therefore  CD  is  perpendicular  to  the/4*,« 
plane  ADG  z 2.7.  and. 

Dd.  i. 


THEOREM  VI. 

V a right- line  (PQ)  be  perpendicular  to  a plane 
(Ab;,  any  plane  (ED ) paffing  by  that  line , will  be 
perpendicular  to  the  fame  plane  (AB). 


K 4 
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In  the  plane  ED,  from 
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pendicular  to  the  common 
lection  CD.  Then,  the  an- 
gle DIK  being  a right-an- 
^ Def.1.7.  g]e  — ; DQP  y?  IK  will  be 
a 4*  **  parallel  to  PQj,  and  there- 
fore perpendicular  to  the  plane  AB  a.  By  the  fame 
inference,  all  other  right-lines  drawn  in  the  plane 
ED,  perpendicular  to  the  common  fe&ion  CD,  are 
alio  perpendicular  to  the  plane  AB.  Therefore  the 
bDef.2.7.  plane  ED  itfelf  is  perpendicular  to  the  plane  AB  b. 


COROLLARY  I. 

Hence  it  will  appear,  that  the  plane  AB  ('ac- 
cording to  the  fenle  of  the  definition ) is  perpen- 
dicular to  the  plane  ED:  For  a right-line  QR  drawn 
in  the  former,  perpendicular  to  the  common  fedion 
rHyp.and CD,  being  alfo  c perpendicular  to  PQ,  it d (and 
Def.  i.  7.  consequently  the  plane  AB  in  which  it  is)  will  be 
c perpendicular  to  the  plane  ED  e. 

COROLLARY.  II. 

Hence  it  alfo  appears,  that  a line  Handing  at 
right-angles  to  one  of  two  perpendicular  planes  at 
any  point  (I)  in  the  common  (edion  (CD),  muft  be 
in  the  other  plane : For  the  line  IK,  in  the  plane 
ED,  is  perpendicular  to  the  plane  AB  * befides 
which  line,  another  perpendicular  to  AB,  from  the 
f Cor>  t0  fame  point  cannot  be  drawn  f. 

4.  7. 

THEOREM  VII. 

Planes  (EF,  GH ) to  which  one  and  the  fame  rightr 
Vine  (AB)  is  ’perpendicular , are  parallel  to  each  other . 


From 
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From  any  point  C,  in  the 
plane  EF,  let  CD  be  drawn 
parallel  to  AB ; which  (as 
well  as  AB)  will  be  perpen- 
dicular to  both  the  planes8  ; c|_| [_|D  8 5.  7. 

and  fo  the  angles  A,  B,  C, 

D ('when  AC  and  BD  are 

joined)  being  all  right-ones  h,  h Def.  ie 

the  figure  ABDC  (whereof  the  fides  AC,  BD  7* 
are  in  the  fame  plane  with  the  parallels  AB, 

CD1)  will  therefore  be  a redtangular  parallelo-^Def.e.r. 
gram  k ; and  confequently  CD  — AB  \ By  the  k 4- 1 -and 
very  fame  argument,  all  other  perpendiculars,  ter- 1 
minated  by  the  two  planes,  are  equal  among  them-  ’ ** 
jfelves ; which  was  to  be  demonfir  at  ed ,n.  «"Def.  3. 

COROLLARY. 

Hence,  all  right-lines  perpendicular  to  one  of  two 
parallelplanes,  are  alfo  perpendicular  to  the  other. 


SCHOLIUM. 

From  the  two  laft  Theorems,  the  fenfe,  and  pro- 
priety of  the  two  definitions  of  perpendicular,  and 
parallel  planes,  appear  manifeft, 


THEOREM  VIIF 

Right- lines  (AB,  CD)  parallel  to  one  and  the  fame 
right-line  (EF),  tho'  not  in  the  fame  plane  with  it , 
are  alfo  parallel  to  each  other . 

Let  GH  and  GI  be  drawn  jr 

perpendicular  to  EF,  in  the  r B 

planes  AF  and  ED  of  the  pro-  p;  \(?  p 

pofed  parallels.  Then  n (hall  f ‘ — 

GF  be  perpendicular  to  the  c / ^ n 2*  7* 

plane  palling  by  HGI  j and  * 

FIB,  ID  will  alfo  be  perpendicular  to  the  fame 
plane  and  therefore  parallel  to  each  other p.  0 ?•  7- 

T FI  E Q-p  4-  7- 
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THEOREM  IX. 

If  two  right-lines  (AB,  AC)  meeting  each  other , 
Ztf  refpeftively  parallel  to  two  other  right-lines  (DE, 
DF)  alfo  meeting  each  other , and  not  being  in  the 
fame  plane  with  them  ; the  angles  (BAC,  EDF)  con- 
tained by  thofe  lines , will  be  equal. 


Take  AB,  AC,  DE,  DF  all  equal 
to  each  other,  and  let  BE,  AD,  CF, 
BC,  EF  be  drawn.  Then,  AB  and 
ED,  as  well  as  AC  and  DF,  being 
*iHyp. and  equal,  and  parallel q,  BE  and  CF  will 
f 2g°"llr,be  both  equal,  and  parallel,  to  AD  r, 
and  therefore  equal,  and  parallel,  to 
8 each  other 3 * whence  BC  is  alfo  equal 

an  '7'to  EF  r ; and  fo,  the  triangles  ABC,  L 
DEF  being  mutually  equilateral,  the 
* *4*  *•  angles  BAC,  EDF  are  likewife  equal 


THEOREM  X. 

If  two  right -lines  (AB,  AC)  meeting  each  other , 
be  refpetlively  parallel  to  two  other  right-lines  (DE, 
DF)  alfo  meeting  each  other , and  not  being  in  the 
fame  plane  with  them , the  planes  fBAC,  EDF)  ex- 
tended by  thofe  lines , will  be  parallels . 


a 8.  7- 
w Con  dr. 

* i. 


Let  AG  be  perpendicular  to 
the  plane  BAC,  meeting  the 
plane  EDF  in  G ; in  which  laft 
plane,  let  GH  and  GI  be  drawn 
parallel  to  ED  and  DF ; and 
they  will  alfo  be  parallel  to  AB 
and  AC  u ; whence,  feeing  the 
angles  GAB  and  GAC  are  both  right  % AGH  and 
AGI  muft  likewife  be  right-angles  * and  fo  AG 

being 
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being  perpendicular  to  the  plane  EDF  3 (as  well3  2.  7* 
as  to  BAC  b)>  the  two  planes  are  parallel  to  each  B Conflr. 
other c.  c7*7- 

THEOREM  XI. 

The  fe Elions  (EF,  GH)  made  by  a plane  (EFHGj 
cutting  two  parallel  planes  (AB,  CD),  are  alfo  paral- 
lel, tbe  one  to  the  other. 


Let  EG  and  FH  be 
drawn  parallel  to  each  other, 
in  the  plane  EFHG  •,  alfo 
Jet  El,  FK  be  perpendicu- 
lar to  the  plane  CD,  and  let 
IG,  KH  be  joined:  Then, 

EG  being  parallel  to  FH  d,  * Conihv 

and  El  to  FK  % the  angle  B e 4.  7. 

GEI  is  zr  HFKf;  but  the  f9- 7- 

angle  EIG  is  alfo  FKH,  being  both  right-an- 
gles g-,  and  El  is  — FK  h : Therefore  EG  will  be^e^x-7* 
equal*  (as  well  as  parallel!  to  FH;  and  conle-i  e*3’7' 
quently  EF  likewife  parallel  to  GH  k.  k 26,  1. 


COROLLARY. 

Jt  appears  from  hence,  that  parallel  lines,  ter- 
minated by  the  fame  parallel  planes,  are  equal  to 
each  other. 

THEOREM  XII. 

If-,  from  the  two  extremes  of  a right-line  (AB)  cut- 
ting a plane  (CD),  two  perpendiculars  fAF,  BG)  be 
drawn  to  the  plane ; the  right -line  (FG)  joining  the 
points  where  they  meet  the  plane , will  pafs  thro ' the 
point  (E)  in  which  the  propofed  line  (AB)  tuts  the 
plane , fo  as  to  be  divided  by  it  into  two  parts  (FE, 
EG),  having  the  Jame  ratio  to  each  other  as  thofe 
two  perpendiculars  (AF,  BG). 

For, 
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For,  if  AF  be  produced 
to  /,  the  lines  Af  and  BG 
s (which  are  both  perpendicu- 
iHyp.  lar  to  the  plane  CD1)  will 

* 4.  7.  be  parallel  to  each  other  m ; 

therefore  AB  and  FG  being 
both  in  the  fame  plane  with 
thefe  parallels,  in  which  their 

* Pef.6. 1.  extremes  are  pofited  n,  they 

mud  neceflarily  (as  they  are 
not  themfelves  parallels)  in- 
terfedb  e:ch  other ; And  fo 

0 , the  alternate  angles  FAE,  GBE  being  equal  as 
p3  , well  as  the  oppofite  ones  FE  A,  GEB  p,  thence  will 

1 14.  4.  FE  : EG  : : AF  : BG  *5  which  was  to  be  demon - 

Jlrated. 

COROLLARY. 

Hence,  if  in  the  plane  CD,  the  lines  FC,  GD  be 
made  parallel,  the  one  to  the  other,  and  in  them  be 
taken  Frf  — FA,  and  Gb~ GB  •,  then  will  the  line 
(ab)  joining  the  points  a and  £,  cut  FG  in  the  very 
fame  point  in  which  it  is  cut  by  AB.  For,  if  e be 
taken  as  the  interfedlion  of  ab  and  FG,  the  trian- 

* 3.  and  gles  aFe.,  Geb  will  be  equiangular  r ; whence  Fe  : 

7-  ofi.^G  : : Fa  (FA) : 8 Gb  (GB) 1: : FE  : EG *.  There- 
' *4  4*  fore,  feeing  FG  is  divided  in  one  and  the  fame  ra- 
4V*.  tio,  both  by  e and  E,  thefe  points  muft  neceflarily 
and  5.  coincide  u. 
of  4. 

THEOREM  XIII. 

If  two  planes  (AB,  CD)  cutting  each  other , be 
both  perpendicular  to  a third  plane  (GH),  their  com- 
mon febtion  will  alfo  be  perpendicular  to  the  fame  plane 
(GH). 


For, 
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For,  from  the  extreme  C 

point  F of  the  common  fee-  A 
tion,  let  the  right-line  FE 
be  eredted  perpendicular  to 
the  plane  GH  : which  line 
being  in  both  the  planes 
AB,  CD  *,  it  muft  necdTa-  1 Cor.  2. 

rily  be  their  common  fe&ion.  Therefore  the  com-  to  6*  7* 
mon  ledtion  is  perpendicular  to  the  plane  GH  m.  “ Conftr; 

THEOREM  XIV. 

If , from  the  angular  points  (A,  a)  of  two  equal 
angles  (?>  kC, bac)  two  right  lines  (AD,  ad)  be  dr awn , 
or  elevated  on  high , above  the  planes  of  the  faid  an- 
gles, fo  as  to  form  equal  angles  with  the  lines  JirJi 
given , each  to  its  correfpondent  (DAB  — dab,  DAC 
r:  dacj,  and  if , from  any  points  (M,  m)  in  thofe 
elevated  lines,  perpendiculars  (MN,  mn)  be  let  fall 
upon  the  planes  (BAC,  bac)  of  the  firfl  mention'd  an- 
gles •,  ihefe  perpendiculars  will  be,  in  proportion,  as  the 
parts  (AM,  am)  of  the  elevated  lines  included  be- 
tween them  and  the  angular  points  (A,  a)  firjl  named* 

Make  AD  and  ad  equal  to  each  other  •,  and  in 
the  planes  ADB,  ADC,  adb,  adc,  draw  DE,  DF, 
de,  df  perpendicular  to  AD  and  ad ; and  from  their 
interfedlions  with  AB,  AC,  ab,  ac,  draw  EF  and 
ef,  meeting  AN  and  an  (produced,)  in  G and  g% 
and  let  D,  G,  and  d,  g be  joined. 
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r>  Conftr.  The  angles  ADE,  ADF  being  both  right-ones  n, 
° 2.  7.  not  only  the  line  AD  °,  but  the  plane  ADG  ex- 

p 6.  7.  tended  by  it,  is  perpendicular  to  the  plane  EDF  p. 

Butthe  fame  plane  ADG  is  alfo  perpendicular  to  the 
plane  EAF  p : Therefore  the  common  fedtion  EF 
, j 7 is  likewiie  perpendicular  to  the  plane  ADG  q;  and 

* Def.i.y  confequently  the  angle  EGA  a right-one  r.  By  the 

very  fame  argument,  ega  is  a right-angle.  Now  the 
triangles  ADE,  ade\  ADF,  adf  being  equal  in  all 
s Hyp. and  refpedts  s,  and  the  angle  EAF  — eaf r,  the  triangles 
*5-  *•  AEF,  aef  are  alfo  equal  and  alike  u;  and  fo,  the 

* AxPi*o.i.  angle  bein§  ~ aeS* tGA  — e£a>  and  AE  — 

v i5’  1 ‘ ' ae,  thence  is  AG  — ag w,  and  the  angle  DAG 

* 16.  1.  (MAN)  — * dag  (man),  becaufe  ADG,  adg  are  both 
y 14. 4.  right- angles  °.  Therefore  MN  : mn  : : AM  : am  y. 

COROLLARY. 

Hence  the  two  perpendiculars  MN,  mn  fubcend 
equal  angles  at  the  points  (A,  a)  from  whence  the 
two  elevated  (or  inclining)  lines  are  drawn. 


i THEOREM  XV. 

* * V ..  . * 

If  any  folid(Ac),  having  a reftilinear  bafe(  ABCD), 
whereof  the  planes  (Ab,  Be,  Cd,  Ad)  of  the  fide s are 
parallelograms , be  cut  by  a plane  parallel  to  the  bafe , 
the  fettion  (EfGH)  will  be  equal,  and  fmilar  to  the 
bafe. 

For,  the  plane  EFGH  beingparal-  t ,c 

Hyp-  lei  to  ABCD  z,  EF  is  therefore  pa-  0/\  |\^ 

!*■ 7*  rallel  to  AB  3 ; and  fo,  AF  being  a 
of  parallelogram  b,  EF  is  equal  (as  well 


24. 


9.  7. 


H 


as  parallel)  to  ABC.  In  the  fame 
manner  is  FG  equal,  and  parallel  to 
FG,  &c.  Whence  alfo  the  angle 
EFG  is rzz the'  angle  ABC  d ; and  fo 
of  the  reft.  Therefore  EFGH  is 
both  equilateral  and  equiangular  to  ABCD. 

COROL 


A 


/I 

\ 

F 

G 

\ 

bc 

V 

A 
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COROLLARY. 

Hence  the  oppofite  bafes  of  a prifm  are  equal 
and  fimilar  (as  well  as  parallel)  to  each  other. 

THEOREM  XVI. 

If,  from  one  of  the  angular  points  (A ) of  any  pa- 
rallelogram ( AC)  a right -line  (AE)  he  elevated  above 
the  plane  of  the  parallelogram,  fo  as  to  make  any  an- 
gles ( E AB,  EADJ  with  the  two  contiguous  fide s there- 
of and  there  he  aljo  drawn , from  the  three  remain- 
ing angular  points,  three  other  right-lines  (BF,  CG 
DH)  parallel , and  equal  to  the  former  (AE) then, 
the  extremes  of  thofe  lines  being  joined , I fay,  the  fi- 
gure (AG)  thus  defcrihed , will  he  a parallelepipedon. 


eHyp.an4 
8.  7. 
f Def. 


1. 


For  AE,  BF,  CG,  DH 
being  all  parallel  to  each 
other0,  AE  and  BF  are  in 
the  fame  plane  f,  as  are  alfo 
AE  and  DH,  ific.  There- 
fore, all  thefe  lines  being  g 
equal  among  themfelves,  AF, 

AH,  DG,  and  BG  are  paral- 
lelograms h ; and  fo,  EF  being  parallel  to  AB,  pa-, 
rallel  to  DC, parallel  to  HG1,  EF  and  HG  are  in  the,’  u 
fame  plane  and  EG  is  alfo  a parallelogram  k,  equi-k  ' 7' 
lateral  to  its  oppolite  AC : but  EG  is  equiangular, 
and  parallel  (as  well  as  equilateral)  to  its  oppofite 
AC  i becaufe,  EF  being  parallel  to  AB,  and  EH 
to  AD,  the  angle  FEH  is  therefore  = BAD  l,  and, 
the  plane  EG  parallel  to  the  plane  AC  m.  And  in  9‘ 
the  fame  manner,  the  other  oppofite  parallelograms 
appear  to  be  equiangular  and  parallel  (as  well  as 
equilateral).  1 herefore  the  folid  AG,  bounded  by 
them,  is  a parallelepipedon  n. 


*3- 


7* 
10.  7. 


COROL- 


Def.  7. 
of  7 . 
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COROLLARY; 

If  the  angle  A of  the  parallelogram  AC  be  a 
right-one,  and  AE  be  eredted  perpendicular  to  the 
plane  AC  ; then  will  the  parallelepipedon  be  a 
rectangular  one  : for,  all  the  three  contiguous 
°Hyp.andplanesDAC,  AF,  AH  being  rectangular  °,  their  op- 
24.  «•  pofites  will  be  redtangular  likewifc  p:  and  fo,  the 
P l6‘  7*  angles  HGF,  HGC  being  right-ones,  HG  will  be 
\ 2.  7.  perpendicular  to  the  plane  GB q •,  and  confequently 
both  the  planes  EG  and  DG  likewife  perpendicular 
* 6.  7-  to  the  plane  BG  r.  And  fo  of  the  reft. 


SCHOLIUM. 

In  this  Theorem,  a way  to  defcribe  a parallele- 
pipedon of  any  given  dimenfions,  is  indicated  ; 
and  the  confidence  of  the  7th  and  9th  definitions 
evinced. 

' theorem  xvir. 


Re El  angular  par  allelepipe  dons  (AG,  ag)  ft  anting 
upon  equal  bafes  (AC,  ac),  and  having  equal  altitudes 
(AE,  ae),  are  equal. 


2.  i* 


F 


E 


A 


O 


Let  the  redtangles  OK 
and  KL,  equal  and  like 
to  the  bafes  AC  and  ac 
of  the  two  folids,  be  fo 
formed,  that  NKmaybe 
in  the  fame  ftrait  line 
with  KM ; then  fhall  PK 
be  alfo  in  the  fame  ftrait 
line  with  K1 3 ; and  the 
figures  Nl,  PM,  OL, 
formed  by  producing  the 
fides  of  the  two  redtan- 
Cor.  to  g]eSj  will  likewife  be  redtangles1 

I • 


Gr 


/ 

/ 

B 

H 

C 

n 

e 

/ 

/ 

z 

H 


-h 


D , <X 


K 

p 4- X 
* / 

V / 

// 

A 

M 


s 


(1 


Now 
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Now,  HK  and  QK  being  drawn,  the  triangle 
NHK  = IHK  ■,  PKQ  - MKQ  % and  the  rectangle 
CK  — LK  w ; and  confequently  (by  the  addition  of 
equals)  OQKHrrLQKH.  Therefore,  HKQ  be- 
ing  a diagonal  to  the  rectangle  OLx,  dividing  it 
inco  two  equal,  and  like  triangles  OQH,  LQH  u, 
if  upon  thefe,  as  bafes,  two  upright  prifms  be  con- 
ceived to  be  erected,  of  the  fame  common  alti- 
tude (K b)  with  the  propofed  folids,  thefe  prifms 
will  alfo  be  equal  Y.  But  the  former  of  thefe  is  com- 
poled  z of  three  prifms,  on  the  bafes  OPKN,  NHK, 
KFQ  ; and  the  latter  of  three  others,  on  KM  LI, 
HIK,  KMQ-,  whereof  the  fecond  and  third,  in 
both  ranks,  are  refpe&ively  equal  y.  Therefore  the 
remaining  two,  on  the  bafes  OPKN,  KMLI  muft 
alfo  be  1 equal.  But  the  former  of  thefe  is  — 
AG  y,  and  the  latter  — ag : Therefore,  alfo,  is 
AG  ±:  ag. a * 


THEOREM  XVIII. 

If,  aL  the  angular  points  of  any  given  right-lined 
figure  (ABCD),  equal -perpendiculars  (Aa,  Bb,  Cc, 
LdJ  be  trebled  to  the  plane  thereof , and  the  extremes 
cf  thefe  (a,  b i b,  c Istc. ) be  joined ; an  upright  prifm 
(Aabcd  DCBA)  on  the  given  bafe  (ABCD)  will 
thereby  be  formed. 


For,  Aa , B b,  Cr,  ~Dd  being 
all  equal  b,  and  parallel  c,  it  is 
evident  that  Aabft,  BA:C,  &c. 
are  parallelograms  dh  and  that 
the  planes  of  thefe  are  all  per- 
pendicular to  that  of  the  bale 
A3CDc  (fince  A B£,  CV  arc 
lo,  by  conflru6lion).  More- 
over it  will  appear,  that  abed 
is  one  plane  figure,  parallel  to 

L 


T4S 

u 24. 1. 
w Hyp. 

x 24.  1. 

and  Ax. 


y Ax.  1.7. 
2 Cor.  to 
18.  7. 


* Ax.  5. 
a Ax.  1. 


Conftr, 
4-  7- 

26.  1. 


6.  7, 


AECD  5 
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ABCD  ; for,  the  lines  ac , AC  (when  <3,  r and  A,  C 
f 26.  1.  are  joined;  being  parallels  f (as  well  as  ab,  AB  ; 

AD;,  the  plane  abc  is,  therefore,  parallel  to 
s 10.  7.  ABCs  ('or  ABCD) ; and  acd  is  likevvile  parallel  to 
ABCD.  But  abc  and  acd  are  in  one  plane;  be- 
h Cor.  to  caufe  Aa  being  perpendicular  to  both  of  them  h, 
1 Den  and  1 confequently  to  all  the  lines  ab,  ac , ad  •,  thefe 
k Cor/to  muft  neceffarily  be  all  in  one  k plane,  parallel  to 
2.  7.  ABCD  ; which  was  to  be  demonjirated h 
1 Def.  6. 

COROLLARY. 

It  appears  from  hence,  that,  if  upon  all  the  parts 
ABC,  ACD, into  which  any  redtilinear  figure  ABCD 
is  divided,  upright  prifms  (A^rCB,  AacdDC)  of 
the  fame  altitude  be  conftituted  ; thefe  prifms  will 
form  one  prifm,  on  the  (whole)  given  bale  ABCD  ; 
feeing  that  abc  and  acd  form  one  continued  plane 
fuperficies  abed m,  parallel  to  ABCD. 

SCHOLIUM. 

After  the  fame  way,  a prifm,  any  how  inclining 
on  the  given  bafe  ABCD,  may  be  conftru&ed  ; by 
giving  to  A a the  propofed  inclination,  and  then 
drawing  B b,  Cc,  D d parallel,  and  equal  thereto. 

L 26.  1.  For  AabB,BbcC,  will  (ftillj  be  parallelograms f: 
And,  that  abed  is  one  plane,  parallel  to  ABCD,  will 
alio  appear  {in  the  fame  manner) ; if  a perpendicular 
from  a to  the  plane  ABCD,  be  conceived  to  be 
drawn. 


THEOREM  XIX. 

//,  on  equal  bafes  (ABC,  PQRS),  an  upright  tri- 
angular prifm , and  a rectangular  parallelepipedon  be 
erected , of  the  fame  altitude ; the  two  folids,  them - 
felves , will  be  equal. 


Let 
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E H C J 

F 

3 R 

A G X>  £ J 

^ s 

Let  CD  be  perpen- 
dicular to  AB,  and  let 
the  rectangles  ADCE, 

BDCF  be  completed  ; 
all'o  Jet  GH  be  drawn 
parallel  to  AE,  bifeCt- 
jng  AB  in  G;  fo  lhall  AGHE  r=  IABFE  b = b r.  2. 
ACB  c — PQRS  d.  Now,  the  two  prifms  on  ADCC  Cor- t0 
and  BDC,  into  which,  that  on  ABC  may  be  di-d  J'  2* 
vided  % will  be  refpe&ively  equal  to  two  others, e CoT.’to 
on  the  equal  and  fimilar  f bafes  AEC  and  BFC  s ; 18. *7. 

and  conlequently  the  prilm  on  ACB  — half  thefAx  24-1* 
prifm  on  AEFBh  = half  the  two  prifms  on  AGHE*  a*'  i,7‘ 
and  BGHF  1 — the  prifm  on  AGHE  ~ the  prifm  1 Ax  ti' 
on  i pqrs  * k i7;73;  * 

THEOREM  XX. 

Every  upright  prifm  (AaceA)  is  equal  to  a rebl- 
angular  parallelepipedon  (FkJ  of  equal  bafe , and  al- 
titude. 

Let  AC, ar,  AD,  g 
ad  be  drawn  *,  and 
in  the  bafe  FK  of  cd' 
the  parallelepipe- 
don, let  HL,  1M, 
be  drawn  parallel 
to  FG,  in  fueh 
fort  that  the  rect- 
angles FH,  HM, 

IN  may  be  refpeftively  equal  to  the  triangles  ABC, 

ACD,  ADE  1 hen  alio  (hall  the  prifm  (A^CBA)k  6.  6, 

r thiS  Threorem'  the  repr Mentations  of  the  prifms  are  Vot  de- 

£ lt  ’ a.  Srsat,  of  lines,  tends  to  produce  con- 

Th  mrnu  'jJ  “ eanter  ; facially  where  foUds  are  repre- 
ented.  > The fchemes, however,  may  be  formed,  at  large,  by  thofe 

dtdf2r:’v°io',:  *«  e,L ,,:L,L 

aw//  remain  the  fame . J 

L 2 on 


14S  Elements  of  Geometry, 

on  ABC,  be  equal  to  the  parallelepipedon  (FA)  on 
1 l9‘  7*  FH  and  the  prifm  (AacdDCA)  on  ACD,  equal 
to  the  parallelepipedon  (Li)  on  LI1;  and  confe- 
quently  the  whole  prifm  ( AaceA ) on  ABCDE, 
equal  to  all  the  parallelepipedons  on  FK,  which 
form  one  parallelepipedon  ( FA) ; becaufe  L/.Mw  are 
m in  the  plane  F n m,  and  HA,  1/  in  the  plane  GA  m. 

and  Lor.  r 

2.106.7.  COROLLARY. 

Hence  all  upright  prifms,  having  equal  bafes, 
and  altitudes,  are  equal  among  themfelves. 


SCHOLIUM. 

In  the  very  fame  manner,  the  aggregate  of  any 
number  of  prifms,  of  one  common  altitude,  will 
appear  to  be  equal  to  one  fingte  prifm,  or  paral- 
lelepipedon, of  the  fame  altitude,  whofe  bafe  is 
equal  to  the  fum  of  all  theirs. 

T FI  E O R E M XXI. 


Re  El  angular  -parallelepipedons  (Ac,  Df)  having 
equal  altitudes  (Aa,  DdJ  are  in  the  fame  proportion 
as  their  bafes  ( AC,  DF"). 


Let  the  pro-  f / 
portion  of  the 
bafe  AC  to  the  a 1 • 
bafe  DF,  be 
that  of  any  one 
number  m (3) 
to  any  other 
number  n (2). 


77? 
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Let  AC  be  divided  into  m (3)  equal  parts  (or  rect- 
angles,) AL,  IM,  KC  -fby  dividing  AD  into  that 
m , , . number  of  equal  parts  m,  and  drawing  IL,  KM  pa- 
" 9,5.  and  rallel  to  ABJn:  And  let  DF  be  divided,  in  like 
1.  z.  manner,  into  n (2)  equal  parts,  or  rectangles,  DP, 
*H  and  : Parts>  taken  fingly,  will  be  equal,  in 

Ax.8.4.  magnitude,  to  thole  of  the  former  divifion  0 ; and  fo 

' the 
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the  parallelepipedons  upon  them  f A/,  \ra,  K c,  Dp, 

N f)  will  likevvile  be  all  equal p : Therefore  the  folidp  ,7  - 
Ac  is  in  proportion  to  the  lolid  D f,  as  the  number  of 
parts  in  Ac  to  the  number  of  equal  parts  in  D/9,  orq  Ax.  8.7. 
as  the  number  of  parts  in  AC  to  the  number  of  equal 
parts  in  DF,  that  is,  as  AC  to  DFq. — If  the  bafes 
are  fuppofed  to  be  incommenfurable , the  folids  will 
Fill  be  in  the  fame  ratio  with  them  , as  appears 
from  the  reafoning  laid  down  in  the  Scholium  to 
Theor  VII.  Book  IV.  j which  is  equally  applicable 
in  this  cafe. 

THEOREM  XXII. 

ReF: angular  parallelepipedons  ( Ac,  E^J  J, landing 
upon  equal  bafes  (AC,  EG)  have  the  fame  ratio  as 
their  altitudes  (Aa,  Ee). 

Let  AO  be 


the  folid  AO  - the  folid  E^  s.  (But  if  A b and’, 7.  7. 
AN  be  confidered  as  bafes)  it  will  be  Ac:  AO  (or 
Eg)  : : Aa  : AN  ‘ : : Aa  : AM  9 (or  Ej)  : which  was t 2t  71 
U>  be  proved.  - u Vf£ 


COROLLARY. 


Hence,  and  from  the  preceding  Theorem,  it  fol- 
lows, that  all  upright  prifms  are,  alfo,  as  the  bales, 
when  the  altitudes  are  equal  •,  and  as  the  altitudes, 
when  the  bafes  are  equal  ; all  luch  folids  being  ( by 
ftheor,  XX.)  equal  to  rectangular  parallelepipedons 
of  equal  bale  and  altitude. 


THEO. 
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THEOREM  XXIII. 

Upright  prifms  and  parallelepipedons  ( Ac,  Eg) 
•which  have  their  hajes  and  altitudes  reciprocally  pro- 
portional (AC  : EG  : : He  : Aa),  are  equal  to  each 
other. 


* 21. 7. 
x Hyp. 
y 22.  7. 

* Ax.  4. 
of  4. 


? *3-  5- 


b 26.  4. 


Let  AO  be  a 
prifm  on  the  bafe 
AC,  whereof  the 
altitude  AM  is 
equal  to  that  (E>) 
of  the  prifm  Eg. 

Then  AO  : Eg : : 
AC  : EG  w : : E<? 
(AM)  :x  Aa:  : AO 
= Ac\ 
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y Ac  ; and  confequently  Eg 


THEOREM  XXIV. 

Similar  upright  prijms  and  parallelepipedons  ( AG, 
ag)  are , to  one  another , in  the  triplicate  ratio  of  their 
altitudes  (AE,  ae.) 


Having  made  AH 
ae , take  AE,  AH, 
AI,  AK  in  continued  E 
proportion  1 ; and  let  H 
AM  be  a prifm  on  1 
the  bafe  AC,  whereof  lS 
the  altitude  is  AK. 


A 

H 
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N] 
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>£>  a 


Then  (becaufe  of  the 
fimilar  planes)  it  will 

be  AC  : ac  : : b AB1  : ah'- : : e AE1  : aez  (AH1) 


c Cor.  to*  ; AH1  : e AI"  : : AH  (ae)  : AKe  ; and  fo,  the 
e 1,1  4-  bafes  and  altitudes  of  the  folids  AM,  ag  being 
2/‘  4'  reciprocally  proportional,  the  folids  themfelves  are 

equal ; 


i 
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equal  f ; and  therefore,  AG  : ag  : : AG  : AM  g : : f 23.  7. 
AE  : AK  h : But  the  ratio  of  AE  to  AK  is  tri-  gAx:  *’ 
plicate  to  that  of  AE  to  1 AH  (or  ae).  There-  h 2°2>  y\ 
fore,  &c.  i Def.7- 

of  4, 


COROLLARY  I. 


Hence,  cubes  are  in  the  triplicate  ratio  of  their 
fides,  or  altitudes. 


COROLLARY  ‘II. 

Hence,  alfo,  all  fimilar  upright  prifms,  are  to 
one  another,  as  the  cubes  of  their  altitudes  ; fince 
both  prifms  and  cubes,  are  in  the  fa?ne  triplicate  ra- 
tio of  the  altitudes. 

THEOREM  XXV. 

Re 51  angular  parallelepipedons , contained  under  the 
correfponding  lines  of  three  ranks  of  proportionals,  are 
them/elves  proportionals . 

f AB  : FG  : : KL  : OP, 

< AC:  HF : : MK:QO, 

(AD:  FI  : : KN  : OR, 


then  Jhall  the  folid  (Cc)  contained  under  the  three  fir [l 
antecedents , be  to  that  (Hh)  contained  under  their 
three  confequents ; as  the  folid  (Mm)  contained, under 
the  three  other  antecedents , is  to  that  ( Qq)  contained 
under  the  three  remaining  confequents . 

L 4 Let 
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Let  Hr  and  Qj  be  parallelepipedons  on  the  bafes 
HI  and  QR,  o f the  fame  altitude  with  C c and 
Mm  refpedhvely. 

k 21,  7-  Then  fhall  C c : Hr  : : bafe  CD  : bafe  HI  fc  ; 

And  Mm : Q s::  bafe  MN  : bafe  QR  k.  But 
the  four  bales,  becaufe  of  the  proportionality  of 
. M*  4*  their  fides,  are  themfelves  proportionals  1 : and  fo 
by  equality,  the  ratio  of  C c to  Hr,  is  the  fame  as 
the  ratio  of  M m to  Q s.  And  the  ratio  of  Hr  to 
H b is  likewife  the  fame  as  that  of  Qj  to  Q q (be- 
* 22.  7.  caufe  Hr  : Uh  : : F/  (AB)  : FG  m : : KL  (O0)  : 
"Hyp.  Op  : : Qj  : Qym).  Therefore  fhall  the  ratio  of 
Cc  to  H£,  be  alfo  the  fame,  as  the  ratio  of  Mm 
0 5*  4*  to  Qq 


COROLLARY. 

Hence  the  cubes  of  four  proportional  lines  are 
proportional. 


f 

i 

\ 
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POSTULATES. 

i*  r HAT,  of  any  two  unequal  magni- 
tudes, of  the  lame  kind,  the  lefs  may 
be  multiplied  fo  often,  till  it  exceed 

the  greater. 

2.  That,  a right-line  may  be  taken  fo  fmall, 
that  the  fquare  thereof  fhall  be  lefs  than  any.fu- 
perficies  afligned. 

3.  That,  the  circumference  of  a circle  is  greater 
than  the  perimeter  (or  the  fum  of  all  the  fides)  of 
any  inlcribed  polygon  ; and  lefs  than  the  perimeter 
of  any  polygon  defcribed  about  the  circle. 

What  is  required  to  be  granted , in  the  fecond  of 
thefe  three  Populates,  might  be  effected  and  proved , 
in  form , by  means  of  the  Firfi  ; but  being  it f elf  more 
obvious  {if  pojjible)  than  even  that,  it  feemed  unnecef- 
fary  to  make  it  depend  thereon . 


L E M- 


*54* 
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LEMMA 


If  from  the  greater  (AQ)  of  two  unequal  magni- 
tudes ( AQ,  CD)  there  be  taken  the  half  { PQ),  and 
from  the  remainder  {A?)  be  again  taken  the  half  [PO), 
and  fo  on,  continually  \ there  Jhall  at  length  be  left  a 
magnitude , lefs  than  the  leajl  (CD)  of  the  two  magni- 
tudes firfl  propounded. 


Take  DE  zr  O jr  p 

CD,  EF=CD,  A * — ^ 

and  let  this  be  - 

fo  often  done,  — — . ^ 

till  the  multi- 

aPoft.  i.  pie  CF  exceed  AQ a.  Let  the  propofed  bifeftions 
of  AQ,  AP,  &V.  be  continued  till  the  parts  PQ, 
OP,  AO  be  equal  in  narnber  to  the  parts  EF,  DE, 
b Hyp.  CD.  Now  AP  (4-AQ  b)  ”□  4CF  b ~3  CE.  And, 
in  the  fame  manner,  AO  (\;AP)  ~J  ^CE  (CD ) ; 
which  was  to  be  done. 


SCHOLIUM. 

When  the  magnitudes  given  (AQ,  CD)  are 
right  lines,  a part,  or  meafure  (AS)  of  the  one,  lefs 
c ii.  5.  than  the  other,  may  be  found  at  one  operation  c; 
by  taking  AS  the  fame  part  of  AQ,  as  CD  is  of 
CF c.  For,  the  whole  AQ  being  lefs  than  the 
whole  CF  b,  the  part  AS  will  alfo  be  lefs  than  the 
dCor.  1. 4. part  CD  d. 

THEOREM  I. 

T wo  polygons  may  be  formed,  the  one  in-,  the  other 
about  a given  circle , which  [hall  differ  lefs  from  each 
other  ( and  confequcntly  from  the  circle  it J elf)  than  by 
any  affgned  magnitude  (QJ  however  fmall. 
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Let  T be  the 
fideofafquare 
equal  to,  or  Q 
lei's  than  Qj ; 
and  in  the  cir- 
cle apply  An  Ar 
and. 


= T 


having  drawn 


the  two  per- 
pendicular di- 
ameters AE, 


CG,  proceed  by  a continual  bifedlion  of  the  angles 
at  the  center,  till  you  arrive  at  an  angle  AOB  lefs 
than  the  angle  AO n fubtended  by  An  s : Infcribe?  ^ ->and 
the  regular h polygon  ABCDEFGH,  by  making  the  Lem.  i. 
angles  BOC,  COD,  6?c.  equal  to  AOB  : and  let h Ax-  !°= 
another  regular  polygon  QMNPRSTtJ,  of  the  and4*i. 
fame  number  of  fides,  1 be  defcribed  about  thet  0 
circle;  which  will  exceed  the  infcribed  one  by  a 
magnitude  lefs  than  Q. 

For,  if  to  any  angle  N of  the  greater,  ONT  be 
drawn,  it  will  bifedt  the  fame  k,  and  will  cut  thet 
fide  CD  of  the  infcribed  polygon  at  right  angles J i Cor.  t® 
(in  ro) . And  io,  the  triangles  OCN,  ^?CN  being  i. 
equiangular™,  they  (and  ponfequently  their  dou- m , 
bles  OCNDO,  CND)  will  be  in  proportion  to  each 
other,  as n OC2  to  Of2,  or  as  ° AE2  to  AB2.  And"  24. 
it  is  manifeft,  that  the  whole  circumfcribincr  poly-®  1 4 
gon  (OCND  + ODPE  &c.)  muft  be  to  its  whole  * 
excefs  (CND  + DPE,&V.)  above  the  infcribed  one, 
in  the  fame  0 proportion  of  AE2  to  AB2.  But  the 
hrft  antecedent  is  le Is  than  the  jecond , or  than  a 
fquare  defcribed  about  the  circle  * : Therefore  the?  Ax.  2; 

*J‘  it  consequent  (CND  -f~  DPE  &c.)  is  alio  "□  y AB2  H 2-  4* 

7 An-  (T1)  -3  3 Q.  r 21.  i. 

3 Hyp- 


Other ■ 
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* 7.  6. 


u Lem. 
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Olherwife. 

Let  AIO  be  one  quadrant 
of  the  propofed  circle;  and 
on  the  radius  OI,  make  1 the 
redlangle  OMNI  zr  T% 

(T  being  as  before):  Take 
OD  a part  of  OA,  lefs  than 
OM  u ; and,  having  made 
AB,  BC,  &c.  each  zz  OD, 
draw  AP,  BFQ,CGR,DHS 
perpendicular^  to  AO,  meet-  ^ 
ing  the  circumference  in  A, 

F,  G,  H ; through  which  points,  parallel  to  AO  x, 
draw  PF/,  QGw,  RH«,  meeting  AP,  BFQ,  CGR, 
in  P,  Q,  R : Join  PQ,  QR,  RS,  SI,  as  alfo  AF, 
FG,  GH,  HI.  Then  will  the  two  polygons 
OAFGHI  and  OAPQRSI  (whereof  one  is  lefs, 
and  the  other  greater  than  the  quadrant)  differ 
lefs  from  each  other,  than  by  ^ of  the  propofed 
quantity  Q. 

For,  that  the  former  OAFGHI  is  lefs  than  the 
r Ax.  2.  quadrant,  in  which  it  is  infcribed,  is  manifeft7: 
And,  that  the  latter  is  greater  than  the  quadrant, 
will  alfo  plainly  appear;  feeing  two  fides  AP,  SI, 
only,  touch  the  circumference2;  all  the  reft  PQ, 
QR,  RS,  falling  wholly  above  it,  as  being  fides  of 
triangles  PFQ,  QGR,  RHS  formed  out  of  the  cir- 
cle*. Now  the  excels  of  the  polygon  OAPQRSI 
•above  OAFGHI,  is  compofed  of  the  triangle  PAF 
( — LCD pi)  and  of  all  the  parallelograms  PFGQ, 
QGHR  b,  RHIS  (for  they  are  fuchc,  becaufe  PF 
(AB),  QG  fBC)  are  equal,  as  well  as  parallel d). 
Therefore  PFGQ  being  ~ plmq  *,  QGHR  zz 
omnW  % &c.  the  laid  excefs  will  conlequently  be 
- i-O Dpi  + IpSl  b -3  ODSI  f -n  OMNI  (L  Tz) 
T i Q s ; which  was  to  be  done. — This  laft  con- 
flrudtion  is  equally  applicable  to  other  curvilineal 
figures ; the  former  is  peculiar  to  the  circle. 

C O R O L- 


*6.3. 


a Con  fir. 
and  Ax.  2 

b Ax.  3. 
<=,26.  1. 

<1  Conftr. 
and  26.  I < 
« Cor.  2. 

to  2.  2. 
' Ax.  2. 

* Hyp* 
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COROLLARY. 

It  follows  from  hence,  that  a magnitude,  which 
is  greater  than  any  polygon  that  can  be  delcribed 
in,  and  lefs  than  any  polygon  that  can  be  formed 
about  a given  circle,  muft  be  equal  to  the  circle 
Iclelf : feeing  that  a polygon  may  be  inferibed, 
which  (as  well  as  that  formed  about  the  circle) 
fhall  exceed  any  quantity  lefs  than  the  circle  itfelf, 
be  the  difference  ever  fo  fmall ; and  becaufe  a po- 
lygon may  be  formed  about  the  circle,  which  (as 
well  as  that  in  the  circle)  fhall  be  lefs  than  any 
quantity  that  exceeds  the  circle. 

THEOREM  II. 

Every  circle  (ACE)  is  equal  to  a rettangle  (ORST) 
under  the  radius  thereof  (OR)  and  a right  line  (OT) 
equal  to  half  the  circumference. 

It  is  evident,  in  the  firft  place,  that  the  pro- 
pofed  rettangle  ORST  is  greater  than  any  poly- 


1t\ 

lA 

\L 

/ 

r 

gon  ABCDEF  that  can  be  deferibed  in  the  cir- 
cle : For,  drawing  OA,  OB,  &c.  And  alfo  Oi;  per- 
pendicular to  AB;  it  is  plain,  that  the  triangle 
AOB  (h  O^  x 4 AB)  will  be  lefs  than  1 OA  x 4AB  h 
(or  ORxiAB)  : And,  in  the  fame  manner,  BOC 

OR  X fBC,  &c.  Conlequently,  the  whole  polv-1 
gon  ABCUEF  is  lefs  than  k OR  x 4-  AB  -j-  OR  x 
BC,  Or.  that  is  ',  lefs  than  a redfangle  (07.v)k 
under  (OR  and  Op— half  the  perimeter  AB  + BC1 
+ CD  Off.)  But  this  reftangle  (O m)  is,  itfelf,  lefs 

than 


Cor.  to 
2.  2 
20.  I 

and  Ax. 

2. 

Ax.  2.1. 
5.  z. 
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n Cor. 
2.  2. 

0 Ax.  4 
p 5.2. 

1 Pott. 

t Cor. 
1.  8. 
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than  OS,  becaufe,  Op  (half  the  perimeter  of  the 
3.  polygon)  is  lefs  than  OT  m (half  the  circumference 
of  the  circle).  Confequendy  the  polygon  ABCDEF 
is  lefs  than  the  redangle  OS. 

But,  fecondly,  it  will  appear  that  the  fame  red- 
angle OR-)T  is  lefs  than  any  polygon  HIKLMN 
that  can  be  defcribed  about  the  circle  : For,  if  OH, 
OI,  &c.  be  joined,  and  the  radius  OB  be  drawn  to 
the  point  where  HI  touches  the  circle  ; then  will 
tothe triangle  HQ1—  nOPxiHl  (— ORx*Hl).  In 
■ the  very  fame  manner  IOK  1=  OR  x HK,  &c. 

and  therefore  the  whole  polygon  H1KLMN  — 
, ° OR  X 4HI  + OR  x ^1K,  &c.  —p  a redangle 
(O n)  under  OR  and  Oq  — half  the  perimeter  (HI 
-r  IK  + KL,  CtV.)  ; which  redangle  is,  mani- 
feftly  greater  than  OS,  fince  Oq  (—  half  the  pe- 
3.  rimeter  of  the  polygon)  is  greater  than  OT  q. 

Seeing  therefore,  that  the  redangle  OS  is  greater 
than  any  polygon  that  can  be  defcribed  in  the  cir- 
cle, and  lefs  than  any  polygon  that  can  be  defcribed 
t0 about  the  circle  j it  muft  be  equal  to  the  circle  r. 

THEOREM  ill. 

All  circles  (ACE,  ace)  are  in  •proportion  to  one  an^ 
other , as  the  fquares  of  their  radii  (AO%  ao2). 


Let  Q : circle  ace  : : AO2  : aoz ; then  I fay,  that 
Q— circle  ACE.  For,  firft,  it  is  evident  that  Q 
is  greater  than  any  polygon  ABCDEF  that  can  be 


tfl 


31.  5. 
u Hyp. 
w Ax.  2. 

x 2.  4. 
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defcribed  in  the  circle  ACE  : Becaufe,  if  another 
polygon  abcdef,  fimilar  thereto,  be 5 defcribed  in  the3  31.  5. 
circle  ace-,  then  will  polyg.  ABCDEF  : polyo-. 
abcdef{:  : 1 AO1 : ao\  : : Q : u circle  ace-,  where  the'  Cor 
firft  confequent  (polyg.  abedef)  being  lels  than  the 
fecond (or,  than  tne  circle  in  which  it  is  inferibed  w) 
it  is  maniteii,  that  the  firft  antecedent  ABCDEF 
muft  alio  be  lefs  than  the  fecond  Q x. 

In  the  lame  manner  it  will  appear,  that  O is 
leE  than  any  polygon  HIKlMN  that  can  poffibly 
be  defcribed  about  tne  circle  ACE  : .For,  if  about 
the  other  circle  ace , a fimilar  polygon  hiklmn  be  de- 
fcribed y ; then  will  HIKLMN  : hiklmn  (•  • z AO2  -y 

“f)  ; : Q.:.  >circle  “here  the  firft  "confeauent*  Cor.L 
Khikimn)  being  greater  than  the  fecond  {ace)  b,  the  31.  5. 

firft  antecedent  HIKLMN  mull  therefore  be  alfo*1^- 
greater  than  the  e fecond  Q.  J Ax*  2* 

Therefore,  feeing  that  Q is  greater  than  any  po-  4‘ 
iygon  that  can  be  defcribed  in  the  circle  ACE,  and 
lels  than  any  polygon  that  can  be  defcribed  about 
the  circle ; it  mult  be  equal  to  the  circle  d. 


d Cor. 

1 » 8. 


to 


SCHOLIUM. 

After  the  fame  manner,  other  fimilar  curvilineal 
figures  are  proved  to  be  in  proportion,  as  the 
iquares  ot  their  diameters,  or  other  homologous 
imenfions ; by  means  of  the  fecond  conftrudtion. 
o the  lirlt  propofinon;  it  being  very  eafy  to  de- 
monllrate,  that  the  polygons  formed  from  thence, 
whetner  both  within,  or  both  without  two  fimilar 
figures,  will  themfelves  be  fimilar. 


T H E O- 
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THEOREM  IV. 

The  circumferences  of  all  circles  (ABCD,  abed; 
are  in  the  fame  proportion  as  their  radii  (OB,  ob.) 


Let  OE,  oe  be  B 

E G 

fquares  on  the  radii  S' 

OB,  ob  \ and  let  OG,  ( 0 

>1 

Jh  a 

eg  be  two  rectangles  Al 

yt 

\ 

e 1 

contained  under  the  V 

J 0 

< 

fame  radii  and  right 

if 

lines  OH,  oh , refpec-  £ 

tively  equal  to  the 

lemi-circumferences  ABC,  ale . Then,  thefe  re£t* 
d 2.  8.  angles  being  equal  to  the  circles  themfelves d,  it 
c 3*  8*  will  therefore  be,  OE  : OG  : : oe  : og*.  And  in 
f 7*  4*  this  fame  ratio  are  f alfo  the  bafes  OC,  OH  *,  ocy  oh  : 

whence  ( by  equality  and  alternation)  OC  (OB)  : oc 
% Hyp.  fob) : : OH  : oh  : : 2OH  (circumf.  ABCD  s)  ; 20 h 
(circumf.  abed). 


LEMMA  2: 

If  a f olid  (AC)  generated  by  the  revolution  of  any 
plane  figure  (EBCF)  about  a quiefeent  axis  (EF),  be 
cut  by  a plane  perpendicular  to  the  axis  *,  the  fedlion 
will  be  a circle , having  its  center  in  the  point  (O) 
where  it  meets  the  axis. 

For,  from  O,  in  the 
generating  plane  EBCF, 
draw  OB  perpendicular 
to  the  axis  EF,  meeting 
BC  in  R. 

Then,  fince  this  line 
OR,  during  the  whole 
revolution,  every  where 
preferves  its  perpendicu- 
larity 
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Jarity  to  the  axis  EF,  it  is  therefore  always  in  the 
plane  palling  through  O perpendicular  to  the  faid 
axis  n : and  confequently,  as  the  length  thereof  alfoh  Cor.  to 
continues  the  fame  in  every  pofition,  the  line  Krrrr  2-  7- 
defcribed,  in  that  plane,  by  the  extreme  point  R, 
by  which  the  fedtion  is  bounded,  mull  be  the  cir- 
cumference of  a circle  *,  whereof  the  point  O isiDef-33* 
the  center.  i* 


COROLLARY. 

Hence*  not  only  the  bafes  of  cylinders  and  cones, 
but  all  fedtions  parallel  to  them,  are  circles. 

LEMMA  3; 

A right-line  (PQ)  fianding  ■perpendicular  to  the 
plane  of  a cylinder’s  bafe  ( and  not  exceeding  the  axis 
CF)  falls  wholly  within , or  wholly  without  the  cylin- 
der^ according  as  the  point  (P)  on  which  itjnjijls , is 
fituate  within , or  without  the  circumference  of  the 
bafe. 

From  the  center  C,  to  the 
given  point  P,  draw  CP;  take, 
in  CF  and  PQ,  any  two  equal 
diftances  CL,  PN,  and  let  LN 
be  drawn,  meeting  the  furface 
of  the  cylinder  in  M. 

Becaufe  CL  and  PN  are  pa- 
rallel k,  and  therefore  both  in 
the  fame  plane  h LN  is  parallel, 

and  equal  to  CP  »»,  Therefore,  m , 

when  CP  is  lefs  than  the  radius CG,  LN  will  be  lefs  24.  1. 
than  CG,  or  than  its  equal  LM  n ; and  lo  the  n Dew- 
point N mult  fall  within  the  cylinder0.  And  the 
fame  is  equally  true  with  regard  to  any  other  point  x’  2A' 
in  the  line  PQ.  But,  when  CP  is  greater  than 
CG,  LN  will  alfo  be  greater  than  HG  (LM) ; 
and  the  point  N will  then  fall  out  of  the  cylinder0. 

M THE  Q- 
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P i . 8. 
i 18.  7. 

«■  Cor.  2. 
to  6.  7 

3 21.  7. 

1 Ax.  2. 


THEOREM  V. 

Every  cylinder  is  equal  to  a rett  angular  par  allele  pi- 
pedo'n  of  equal  bafe  and  altitude. 


I fay,  if  the  bafe  ace  of  the  cylinder  a S be  equal 
to  the  bafe  1KLM  of  the  rectangular  parallelepi- 
pedon  IP,  and  the  altitude  OH  of  the  former  be 
alfo  equal  to  the  altitude  ICO  of  the  latter  •,  then 
the  two  folids  will  be  equal. 

For,  firft,  it  is  evident,  that  the  cylinder  exceeds 
any  parallelepipedon  (Ip),  of  the  fame  given  alti- 
tude, whofe  bafe  I klm  is  lefs  than  the  bale  {ace)  of 


H 


L 

C 

b'a 

c ^ 

isr 


J- 


u 

7 q/ 

Y 

/ 

K 

/ 

/ ' / 

/ / 

rf 

the  cylinder.  Becaufe  a polygon  ( abcdef ) may  be 
defcribed  in  the  circle  ace , that  (hall  exceed  IK/;»  p ; 
upon  which,  an  upright  prifm  (of  the  given  alti- 
tude) may  be  conftituted 9 ; which  will  be  lefs  than 
the  cylinder  .as  being  wholly  contained  therein  ; 
fince  {by  Lemma  3.)  all  right-lines  drawn  perpen- 
dicular to  the  bale,  in  the  planes  of  the  Tides  r, 
•from  any  points  in  ab,  be  &c.  fall  wholly  within  the 
cylinder,  and  confequently  the  planes  themfelves, 
in  which  they  are.  But  this  contained  prifm  is 
greater  than  the  parallelepipedon  Ip  5 : therefore 
the  cylinder  itfelf  muft,  neceflariiy,  be  greater 
than  Ip  *, 


In 
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In  like  manner  it  will  appear,  that  the  cylinder 
is  lei's  than  any  parallelepipedon  I r (of  the  fame 
altitude)  whofe  bafe  IKvt  exceeds  that  of  the  cy- 
linder : For  a polygon  (ABCDEF)  may  be  de- 
Icribed  about  the  circle  ace  that  fhali  be  lefs  than 
IKvt u ; upon  which  a prifm  may  be  conftituted  w, u 8. 
which,  tho’  lefs  than  Ir  x,  will,  neverthelefs,  ex-  Wl8*7* 
ceed  the  cylinder  y . * 7* 

1 hereiore,  ieeing  that  the  cylinder  can  neither 
oe  lefs,  nor  greater  than  IP  j it  muft  necefiarily 
be  equal  to  it. 


COROLLARY. 


Hence,  whatever  is demonftrated  in  the  2ift,22d, 
and  23d  Theorems  of  the  preceding  Book,  with  re- 
Ipedl  to  the  proportions  of  prifms,  holds  equally 
true  in  cylinders  allb;  being  equal  to  prifms  of 
equal  bafe  and  altitude  z.  * 20< 

and  5.  8, 


SCHOLIUM. 

From  the  fame  demonftration,  it  will  likewife 
appeal,  that  every  regular  lolid,  whofe  fedtions, 
by  planes  perpendicular  to  the  bafe,  are  all  rect- 
angles *,  is  equal  to  a parallelepipedon  of  equal  bafe 
and  altitude  ; and  confequently,  that  all  (olids  of 
this  kind  (which  may  be  comprehended  under  the 
name  of  Cylinderoids)  will  be  equal  among  them- 

felves,  when  their  altitudes,  as  well  as  bales,  are 
equal. 


L E M M A 4. 


If  two  folidS'  (HAH,  hah)  of  the  fame  altitude 
have  their  fettions  by  planes  parallel  to  the  bafes , at 
all  equal  dijlances  therefrom , equal  to  each  other ; it 
is  propofed  to  demonjlrate  ( under  certain  reflriftions 
jVecined  hereafter ) that  the  folids  thcmf elves  will  be 
equal. 


M 2 


Let 
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Let  II,  KK  &c.  it,  kk>  &c.  be  fedions  of  the  two 
folids  by  planes  parallel  to  the  bafes  HH,  hb , 
dividing  the  altitudes  AB,  cib  into  parts  BC,CI)  &c. 
be,  cd  &c.  all  mutually  equal  to  each  other.  Then, 
m Hyp.  every  two  correfponding  fedtions  being  equal m 
(HH  —hb,  II=»,  &c.)  the  upright  lolids  HNNH, 
hmh  *,  IOOl,  iooi  &c.  formed  thereon,  will  alfo  be, 
n 20.  7.  relpedively,  equal  one  to  another  n,  whether  they 
and  Sch.  prifms,  cylinders,  or  cylinderoids,  that  is,  whe- 
5*  s-  ther  the  fedions  themfelves  be  right-lined  figures, 
circles,  or  curvilineal  figures  of  any  other  kind. 


Now  if  thefe  fedions  HH,  II  &c.  be  fuppofed 
to  decreafe,  from  the  bale  upwards,  fo  that  the  fo- 
lids (HNNH,  IOOl  £&.)  formed  upon  them,  may 
exceed  the  correspondent  parts  (HliH,  IKK!  &V.) 
of  the  given  folid  HAH  ; it  is  manifeft,  that  the 
fum  of  all  the  faid  folids  (HNNH  + IOOl  &V.) 
0 Ax.  2.  will  likewife exceed  thew'nole  propofed  folidHAH0. 

But,  if  within  HAH,  on  the  fame  fedions  (but  oil 
contrary  fides  thereof)  another  feries  of  fuch  fo- 
lids IRRI,  KSSK  &c.  be  formed  ; the  fum  of  all 
thefe  will,  manifeftly,  be  lefs  than  the  propofed  folid 
r Ax.  4.  HAH,  in  which  they  are  contained  p.  And  it  is  alfo 
evident,  thae  this  lalt  feries  will  be  lefs  than  the 
former  (HNNH  + IOOl  &V.)  by  the  greateft  of 

thefe 
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8. 


thefe  folids  HNNH  5 becaufe  (this  one,  alone,  be- 
ing excepted)  to  every  other  folid  of  the  rank,  an 
equal,  in  the  contained  rank,  may  be  afiigned,  and 
vice  verfd : For  1RRI  zz  IOOI,  KSSKzzKPPK,*  20  7. 
LTTL  = LQQL. 

Now,  fince  the  altitude  BC,  of  the  folid  HNNH  - 
whereby  the  contained,  and  containing  feries,  differ 
other,  may  be  taken  fo  fmall  a part  of 
' 1 :tfe If  fhall  be  lefs  than  any  af- 

aatever  r •,  it  is  manifeft  (fromr  Lem>  u 
ol.  to  Theor.  I.)  that  a magni-  and  22.7. 
ter  than  any  feries  of  folids  (of 
jified)  that  can  be  formed  within 
HAH,  and  lefs  than  any  fe- 
formed  about  HAH,  muff  be 
But  the  folid  hah,  being  greater 
than  any  feries  u>  folids  (irri+kssk  &c.)  contained 
therein  % is  therefore  greater  than  any  feries  of  fo-3  Ax,  2. 
lids  1RRI+KSSK  &c.  contained  in  HAH  (thefe* 
being,  refpedlively,  equal  to  thofe ) : And  the  lame 
folid  hah , being  lefs  than  anv  feries  of  folids  ( hnnh 
4-  iooi  &c)  formed  about  it,  is  alfo  lefs  than  any 


feries  of  iolids(HNNH+  IOOI  that  can  be 
formed  about  HAH.  Therefore  the  folid  hah  is 
equal  to  HAH. 

In  this  demonftration,  the  fedtions  are  fuppofed 
to  decreafe,  continually,  from  the  bafes  upwards ; 
fo  as  to  have  the  fides  of  the  upright  folids  formed 
thereon,  placed  wholly  without,  or  wholly  within, 
the  fuperficies  of  the  given  folids  HAH,  hah : 
Which  can  only  be  the  cafe,  when  all  perpendicu- 
lars, from  any  points  in  the  furface  of  either,  to 
the  plane  of  the  bafe,  fall  within  the  limits  of  the 
bafe.  If,  however,  thefedtions  be  fuppofed  to  de- 
creafe to  a certain  diflance,  only,  and  then  to  in- 
creale  again  •,  the  two  folids  will,  Hill,  appear  to 
be  equal : Becaule  the  parts  of  the  one,  terminated 

M 3 by 
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by  fuch  limits  of  decreafe;  or  increafe,  will  (by 
the  fame  demonftration)  be  refpedtively  equal  to 
the  correfpondent  part  of  the  other.  But,  as  no 
iuch  folids  have  a place  in  the  Elements  of  Geo- 
metry, to  fay  more  about  them  here,  would  be 
improper. 

LEMMA  5. 

If  pyramids  and  cones  (ABCDEFG,  TPQRS) 
having  equal  altitudes  {EM,  TN),  be  cut  by  planes 
parallel  to  the  bafes\  the  feblions  (bedefg,  pqrsj,  at 
all  equal  altitudes  (Mm,  Nn),  will  be  in  the  fame 
proportion  as  the  bafes. 

For,  the  plane  bedefg  being  parallel  to  BCDEFG, 
a.u.  7 thence  is  be  parallel  to  BC  a,  bg  to  BG,  &c.  and 
* 9‘  7‘  confequently  the  angle  cbg  — CBG  b,  bed  — BCD, 

•'  4-  &c.  alfo  be  : BC  (:  : At : AB  c) : : bg  : BG.  And, 

in  the  fame  manner,  the  fides  about  the  other  equal 
angles  are  proportional.  Therefore,  the  two  po- 


^ Def  j ^4 

4.  lygons  bedefg,  BCDEFG  being  fimilard,  they  are 
e 26.  4.  in  proportion  e,  as  be 1 to  BC1,  or  as  Abz  to  f AB1, 
* Cor.  to  0fj  laftly,  as  AM.1  to  f AM1 ; becaufe  (BM  and  bm 
% Conto  ^eing^rawn)  the  angles  AMB,  amb  will  be  right- 
7.  7.  oness,  and  bmt  therefore,  parallel  to  BM  h. 
h 4-  1. 
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But  the  fedion  pqrs  is  alfo  to  the  bafe  PQRS  in 
the  fame  proportion  of  Amz  (Tnz)  to  AM1  (TN1)  ; 
becau (e  pqrs,  PQRS,  being  * circles,  they  are  as  the*  Lem.  2. 
iquares  of  their  radii  pn , PNk,  and  confequently  as  k 3*  8- 
Tnz  to  1 TN1.  Therefore,  feeing  that  the  two  fee- 1 Cor-  to 
tions  have  both  the  fame  ratio  to  their  refpedivem  ' f 
bales,  the  propofition  is  manifeft1". 

COROLLARY. 

It  appears  from  hence,  that  the  fedion  of  any 
pyramid,  by  a plane  parallel  to  the  bafe,  is  fimilar 
to  the  bafe. 


THEOREM  VI. 

All  pyramids  of  the  fame  altitude  funding  upon 
equal  triangular  bafes , are  equal  among  tbemfelves 
and  every  Juch  pyramid  (A BCD)  is  equal  to  a cone 
(QRSTU)  of  equal  bafe  and  altitude. 


Case  I.  If  the  perpendicular,  let  fall  from  the 
vertex  D of  the  pyramid  upon  the  plane  of  the  bafe 
ABC,  falls  not  out  of  the  bafe,  or  beyond  the  li- 
mits of  the  triangle  : Then  it  is  manifeft,  from 
Lemma  4,  feeing  the  fedtons  of  the  folids  ABCD, 
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QRSTU,  at  all  equal  diftances  from  the  bafes,  will 
Lera.  5*  be  equal that  the  folids  themfelves  will  likewife 
be  equal. 

Case  II.  If  the  perpendicular  (DE)  from  the 
vertex  to  the  plane  of  the  bafe,  falls  beyond  the  li- 
mits of  the  triangle  : 7 hen,  to  the  point  E where 
it  meets  the  plane,  let  BE  and  CE  be  drawn  •,  and 
on  BE  let  a triangle  1 BF  be  defcribed  equal  to 
ABC  (or  QRST),  and  let  F,  D be  joined.  So 
fhall  the  pyramid  CBFED,  (landing  on  the  bafe 
CBFE,  be  equal  to  the  pyramid  CABFD,  ttand- 
Lem.  4.  mg  on  the  equal  bafe  CABEU;  from  each  of 
which,  let  the  common  pyramid  CBFD  be  taken 
away  ; and  there  will  then  remain  the  pyramid 
wAx.5.  BFED  zz  pyramid  ABCD  w : But  the  former  of 
thefe  is  {by  cafe  i.)  equal  to  the  cone  QRSTU; 
therefore  it  is  evident,  that  the  latter  ABCD  will 
r Ax*  alfo  be  equal  to  the  x cone  QRSTU  ; and,  confe- 
quently,  that  all  pyramids  of  the  fame  altitude, 
Handing  on  equal  triangular  bafes,  will  be  equal 
among  themfelves  x ; feeing  every  fuch  pyramid  is 
equal  to  a cone  (QRSTU)  of  equal  bafe  and  al- 
titude. 

THEOREM  VII. 


Every  prifm  (ABCDEFA ) having  a triangular 
bafe  (AFE)  is  equal  to  the  trifle  of  a pyramid  of  the 
fame  bafe  and  altitude. 


In  the  planes  of  the  three  fides, 
let  the  diagonals  BE,  BF,  FD  be 
drawn.  Then  will  the  part  FBCD^ 
of  the  prifm  cut  off  by  a plane 
extended  by  FB  and  FD,  be  a 
pyramid  on  the  bafe  BCD,  hav- 
ing the  fame  altitude  with  the 
y Def.  1 5.  prifm  itfelfy,  both  folids  being 
7*  contained  between  the  fame2  pa- 
•67Tallel  planes  AFE,  BCD.  More-  A 


over. 
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Over,  the  remaining  part  FABDE  of  the  prifm,  if 
a plane  be  extended  by  FB  and  F£,  will  be  divided 
into  the  two  pyramids  FBAE,  FDBE,  which  are 
equal  to  each  other  % as  Handing  on  the  equal  b tri-  “ 8* 

angular  bafes  ABE,  EDE.  But  the  former  of  2 
thefe  pyramids  FBAE,  if  B be  now  confidered  as 
the  vertex  thereof,  will  appear,  alfo,  to  be  equal 
to  the  firft  mentioned  pyramid  FBCD%  the  two 
bafes  AFE,  BCD  (as  well  as  the  altitudes)  being 
equal  b.  Therefore,  fince  the  three  triangular  py- 
ramids (FBCD,  f ABE,  FBDE)  into  which  the 
prifm  is  refolved,  are  all  equal  to  each  other;  the 
proportion  is  manifelt. 


COROLLARY. 

Hence,  every  prifm  having  a triangular  bafe,  is 
equal  to  the  triple  of  any  pyramid  of  the  fame  al- 
titude, Handing  upon  an  equal  triangular  bafe  c.  c 6. 8.  and 

Ax.  1. 

THEOREM  VIII. 

If  a prifm  (AbcE ) and  a pyramid  ( PQRSTUJ 
ft  and  upon  equal  and  fimilar  bafes  fABCDE, 
PQRST),  and  have  both  the  fame  altitude  j the 
prifm  will  be  equal  to  the  triple  of  the  pyramid . 


If  the  bafes 
be  refolved  into  ^ 
triangles,  ABC, 
ACD  &e.  it  is 
manifeft,  that 
BbacCA  will  be  a 
prifm,  on  the  bafe 
ABC;  becaufe 
Co  being  equal 
and  parallel  to 
* Aa,  AacC  will 


Def.  6'. 


be  a parallelogram e (as  well  as  BbaA  and  BbeC{). 

There- f Def, 6. 7. 
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Therefore  B^cCA  is  equal  to  the  triple  of  the 
8 Cor.  topyramid  PQRU  s,  Banding  on  an  equal  h bafe 

*H7yp8and^QR)*  *n  t^e  *"ame  manner,  the  prifm 

Ax!  io.  AacdDC,  on  the  bafe  ACD,  is  equal  to  the  triple 
of  the  pyramid  PRSU,  on  the  equal  bafe  PRS  ; 
and  fo  on.  Therefore,  alfo,  fhall  the  whole  prifm 
Ad,  on  the  bafe  ABCDE,  be  equal  to  the  triple 
of  the  whole  pyramid  PQRSTU,  on  the  equal  bafe 
PQRST. 

COROLLARY  I. 

Hence,  all  pyramids  having  the  fame  bafe  and 
altitude,  are  equal ; being  like  parts  of  one  and 
the  fame  prifm. 

COROLLARY  II. 

Hence,  alfo,  all  prifms  having  the  fame  bafe 
and  altitude,  are  equal ; being  equimultiples  of  one 
and  the  fame  pyramid. 

COROLLARY  III. 

Therefore  it  appears,  that  every  prifm  inclining 
on  its  bafe,  as  well  as  every  upright  one,  is  equal 
to  a redangular  parallelepipedon  of  equal  bafe 
k 20.  7.  and  altitude  k ; and,  confequently,  that  all  prifms 
and  Ax.  1.  whatever,  having  equal  bafes,  and  altitudes,  are 
equal  to  each  other k : which  mud  be  alfo  true 
in  pyramids  and  cones,  every  fuch  folid  being  fub- 
triple  to  a prifm,  or  cylinder,  of  the  fame  bafe  and 

1 8.  8.  and  altitude  J. 

6.  s 

COROLLARY  IV. 

Hence  it  alfo  follows,  that  whatever  is  demon- 
ftrated  in  the  21  ft,  2?d,  and  23d  Theorems  of  the 
preceding  Book,  concerning  the  proportion  of 
prifms,  holds  equally  in  pyramids  and  cones ; thefe 
being  like  parts  of  tbofe 


COROL. 
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iyi 


COROLLARY.  V. 

It  follows,  moreover,  that  all  correfponding  fru- 
ftums  of  pyramids  and  cones  of  the  fame  altitude, 
are  aifo,  in  proportion,  as  their  bafes.  For,  the 
iecftion  , at  all  equal  altitudes,  being  in  that  propor- 
tion m,  the  parts  cut  off  (as  well  the  wholes)  will m Lem. 5. 
be  in  the  fame  proportion  n ; and,  confequently,  the"  Cor.  4. 
remaining  parts  likewife  °.  0 3 • 4* 

COROLLARY  VI. 


Laftly,  it  will  appear,  that  all  cones,  which  have 
their  altitudes  and  the  diameters  of  their  bafes  di- 
redlly  proportional,  are  in  the  triplicate  ratio  of 
their  altitudes p;  being  to  each  other  in  the  famep  24.  7. 
proportion  with  prifms  of  equal  bafe  and  altitude, q Cor.  3. 
whereof  they  are  like  parts'5.  and  Cor. 

3 r to  I.  4. 


THEOREM  IX. 


All  fimilar  prifms , and  pyramids , are  in  the  tripli- 
cate ratio  of  their  altitudes. 


From  the  extremes  of  the  homologous  fides  A a, 
E<?,  upon  the  bafes  ABCD,  EFGH  of  the  pro- 
posed folids  Ac,  Eg,  let  fall  the  perpendiculars 


aV,  <?Q.  The  angle  BAD  being  — FEH,  BA^  n r 
= EEe,  and  DA<?  rz  HE<?P,  thence  is  aP  : eQ:  :q  ,f 
a A : eE  9 : : AB  : EF  r : : AD  : EH  r.  Therefore  Def.  14. 

two  4. 
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two  upright  prifms  conftituted  on  the  bafes  ABCD, 
EFGH,  of  the  fame  altitudes  (aP,  cQ)  with  the 
two  folids  Ac,  Eg-,  will  be  fimilar,  the  one  to  the 

»Def.5.7.other r j and,  therefore,  in  the  triplicate  ratio  of  the 

* 24.  7.  altitudes3*  But  the  folids  Ac,  Eg,  when  taken  as 

prifms,  are  refpeftively  equal  to  the  faid  upright 
ones ; and,  when  taken  as  pyramids,  are  like  parts 

t Cor  3.  of  them  l.  Therefore  the  folids  Ac,  Eg  are  alfo  in 
to  8.  8.  the  triplicate  ratio  of  the  altitudes  aP  and  cQ  u. 

"Cor.  1.4. 

COROLLARY. 

Becaufe  a?  : cQ  : : Aa  : Ee  : : AB  : EF  &c.  it 
follows,  that  all  fimilar  prifms,  and  pyramids,  are 
to  one  another,  in  the  triplicate  ratio  of  the  ho- 
mologous  Tides  of  the  like  planes  by  which  they 

y Cor.  1.  ^are  bounded  y. 
to  5.  4.“ 

THEOREM  X. 

<The  frujium  ( ABC  DE  F A)  of  any  pyramid  having 
a,  triangular  bafe , is  equal  to  a whole  pyramid , of  the 
fame  bafe  and  altitude , together  with  two  other  pyra- 
mids that  are , in  proportion  thereto  •,  the  one , as  any 
fide  (BD)  of  the  upper  bafe  (BCD ) is  to  its  correfpon- 
dent  (AP  ) of  the  lower  bafe  ( AFE) ; and  the  other , 
as  the  Jquare  of  the  former  ftde  is  to  the  fquare  of 
the  latter. 

In  the  planes  of  the  three 
fides,  let  thediagonals  BE,  BF, 

FD  be  drawn.  Then  will  the 
part  FBCD  of  the  fruftum, 
cut  off  by  a plane  extended  by 
FB  and  FD,  be.  a pyramid, 
on  the  bafe  BCD,  having  the 
fame  altitude  with  the  frullum 

* Def.  tf.itfelf  *,  both  folids  being  ccn- 
7.  tained  between  the  fame  a pa- 

a Def. » s . rallel  planes  AFE,  BCD. 

7* 


More- 
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Moreover,  the  'ema'ining  part  FABDE  of  the 
fruftum,  if  a plane  be  extended  by  FB  and  FE, 
will  be  divided  into  the  two  pyramids  FBDE, 

FABE,  having  the  fame  ratio,  one  to  the  other.,  as 
their  bafes  BED,  ABEb,  or  as  BD  to  Ah  c.  Butb  21.  7. 
the  latter  of  thefe  pyramids  (BAFE),  taking  B as  anci  Cor» 
the  vertex  thereof,  has  the  fame  bale  and  altitude  t'?to  8‘ 
with  the  fruftum  given  : And  the  pyramid  FBCDd  21.  7. 
(Firft  mentioned)  is  therefore,  in  proportion  thereto,  and  Cor. 
as  the  bafe  BCD  to  the  bafe  AFE  d,  that  is  fbe-4*^°8-8* 
caufe  the  bafes  are  fimilareJ,  as  BD1  to  f AEa  :* 
whence  the  proportion  is  manifeji.  r 2£#  ^ 


COROLLARY. 

Since,  of  the  three  folids  ("FABE,  FBDE, 

FBCD)  into  which  the  propofed  fruftum  is  di- 
vided, the  ratio  of  the  firft  and  third,  is  the  dupli- 
cate of  that  of  AE  to  BD,  or  of  the  ratio  of  the 
firft  to  the  fecondg;  it  is  evident,  that  thefe  threes  Cor.  to 
lolids  are  proportionals  h From  whence  it  appears, h 27-  4- 
that  the  fruftum  of  any  triangular  pyramid  is  Def’7*4* 
equal  to  two  (whole)  pyramids  of  the  fame  alti- 
tude-, on  bafes  equal  to  the  two  oppofite  bafes  of 
the  fruftum,  and  to  a third  pyramid,  which  is  a 
mean  proportional  between  the  two  former.  And 
it  is  alfo  evident.,  that  whatever  is  above  demon- 
ftrated,  in  relation  to  triangular  pyramids,  mud 
hold  equally  in  all  pyramids  and  cones,  whatever: 

Becaufe  every  fuch  folid  is  equal  to  a triangular 
pyramid,  of  equal  bafe  and  altitude1;  and  every*  Cor.  3. 
fruftum  of  the  one,  alfo  equal  to  the  correfponding  t0  8.  8. 

fruftum  of  the  other  k.  k 5* 

to  8.  8, 


LEMMA  6 . 


If  with  radii , refpeclively  equal  to  the  three  fides  of 
any  right-angled  triangle , three  circles  be  defcribed\ 
that  whofe  radius  is  equal  to  the  hypothenufe , will  be 
equal  to  both  the  other  tivoy  taken  together . 


It 
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It  has  been  proved  {in  Theor.  3.)  that  circles 
are  in  proportion,  as  the  fquares  of  their  radii  -s 
therefore  the  demonftration  here,  is  the  very 
fame,  as  in  fimilar  right-lined  figures  {Theor.  20. 
Book  4.):  Which  (if  neceffary)  you  may  recon- 
' lult. 

THEOREM  XL 

Every  fphere  is  two-thirds  of  its  circumfcr thing  cy- 
linder (Or,  of  a cylinder  of  equal  diameter  and  alti • 
tude.) 


Let  AB  be  the  axis 
, about  which  the  fphere 
and  cylinder  are  gene- 
rated, bv  the  revolu- 
tion of  the  femi-circle 
AGB  and  the  redangle 
fDef  12.ADCB1;  let  HL  be 
an  I4*any  right  line  perpen- 
dicular to  AB,  meet- 
ing DC  in  L,  and  the 
periphery  of  the  femi- 


circle  in  K ; and  from  the  center  O,  lec  OK  and 
OD,  interfeding  HL  in  I,  be  drawn. 

“ H>'P-  Since  AO  is  rz  AD  m,  and  HI  parallel  to  AD  % 
^ 4"  therefore  is  HI  — OH  0 : But  OHK  being  right-an- 
I4’  4’  gled  at  FI,  the  circle  whole  radius  is  OH  (or  HI) 
will  {by  the  preceding  Lem . and  Ax.  5.)  be  equal  to  the 
difference  of  the  two  circles  whole  radii  are  OK 
J*Lem.  6.(HL)  and  HK  : Or,  in  other  words,  the  circle  p 
defcribed'bv  HI,  or  the  fedion  of  the  cone  gene- 
rated  by  the  triangle  AOD,  in  its  revolution  about 
the  axis  AB,  will  be  equal  to  the  difference  of  the 
two  circles  generated  by  HL  and  HK-,  that  is, 

9 Ax.  2. 1. equal  to  the  annulus  defcribed  by  KLq,  or  the 
ledion  of  the  folid  which  remains,  when  the  fphere 
is  taken  out  of  the  cylinder.  Therefore,  feeing 

thefe 
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thefe  two  fedtions  are,  every-where,  equal  to  each 
other,  the  folids  themlelves  will  likewife  be  equal r ; 
that  is,  the  cone  (EOD)  will  be  equal  to  the  ex- 
cels of  the  cylinder  (GDEgJ  above  the  infcribed 
hemifphere  (GA^) : whence,  as  the  cone,  or  ex- 
cels, is  one  third  part  of  the  cylinder  s,  the  he-3 
mifphere  mull  necefiarily  be  equal  to  the  two  re- 
maining thirds.  And  what  is  here  proved,  with 
refpedt  to  the  halves  of  the  propofed  folids,  holds 
equally  in  the  wholes.  Therefore  every  fphere 
is  two-thirds  of  its  circumfcribing  cylinder. 

CORO  L L ARY  I. 

Hence,  a cone,  hemifphere  and  cylinder,  of  the 
fame  altitude,  and  (landing  upon  equal  bafes,  are 
in  proportion,  as  the  numbers  i,  2 and  3,  respec- 
tively. i j - 

COROLLARY  II. 

Hence  it  alfo  appears,  that  all  fpheres  are  to  each 
other  in  the  triplicate  ratio  of  their  diameters  ' j be-t 
ing  in  the  fame  proportion  as  the  circumfcribing 5 
cylinders,  whereof  they  are  like  parts. 


*75 

r Lem.  4. 


6.  8.  and 
Cor.  3. 
to  8.  8. 


Cor.  to 
. 8.  and 
24.  7. 


End  of  the  Elements. 
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EVERY  quantity  is  meafured  by  fome  other 
quantity  of  the  fame  kind  ; as  a line  by  a 
line,  a lurface  by  a furface,  and  a folid  by 
a folid  : And  the  number  which  fhews  how  often 
the  lefier,  called  the  meafuring  unit , is  contained  in 
the  greater,  or  quantity  meafured,  is  called  the  cori- 
tent  of  the  quantity  fo  meafured,.  Thus,  if  the  quan- 
tity to  be  meafured  be  the  re&angle  ABCD,  and 
the  little  fquare  E,  whofe  fide  is  one  inch,  be  the 
meafuring  unit  propounded  ; then,  as  often  as  the 
faid  little  fquare  is  contained  in  the  redlangle,  fo 
many  fquare  inches  the  rectangle  is  faid  to  contain  : 
So  that,  if  the  length  DC  be  fuppofed  5 inches, 
and  the  breadth  AD  3 inches;  the  content  of  the 

rectangle 
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fedangle  will  be  3 times  5,  or  15  fquare  inches  : 
Becauie,  if  lines  be  drawn  parallel  to  the  Tides 
at  an  inch  diltance  one  from  another,  they  will  di- 
vide the  whole  redangle  ABCD  into  3 times  5, 
or  15  equal  parts,  of  one  inch  each.  And,  ge- 
nerally, whatever  the  meafures  of  the  two  Tides  may 
be,  it  is  evident  (from  El.  7.  of  4.)  that  the  red- 
angle will  contain  the  fquare  E,  as  many  times  as 
the  bafe  AB  contains  the  bafe  of  the  fquare,  re- 
peated as  often  as  the  altitude  AD  contains  the 
altitude  of  the  fquare.  Therefore,  to  find  the  con- 
tent of  any  rett  angle,  multiply  the  bafe  by  the  altitude , 
<Snd  the  product  will  be  the  anfwer.  Thus,  let  the 
length  be  18  inches,  and  the  breadth  15;  then 
the  content  will  be  15  times  18,  or  270  fquare 
inches. 

1 

The  method  of  find- 
ing the  content  of  a 
redangle  being  thus 
known,  the  content 
of  any  parallelogram 
ABCD,  or  triangle 
ABD,  will  alfo  be 
known  ; the  former  of 
thefe  figures  being  equal  to  a redangle  of  the  fame 
bafe  and  altitude  ; and  the  latter  equal  to  the  half  * 
of  fuch  a rectangle  (by  Cor.  2.  to  2,  2.).  There- 
fore, multiply  the  bafe  by  the  perpendicular , for  the 
content  of  any  parallelogram  \ and  the  bafe  by  half  the 
perpendicular , for  that  of  any  triangle.  Thus,  for 
example,  let  the  bafe  AB  be  18  feet,  and  the  per- 
pendicular DE  12  feet;  then  the  content  of  the 
parallelogram  will  be  2 16,  and  that  of  the  triangle 
108,  fquare  feet. 


N 


From 
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D 


From  the  manner  of 
finding  the  area  of  a 
triangle,  the  area  of  any 
right-lined  plain  figure, 
as  ABCDE,  may  be  de- 
termined, by  dividing 
the  whole  into  triangles, 
and  finding  the  content 

of  each  triangle.  Thus,  let  the  dividing  lines 
AC  and  AD,  be  20  and  16  inches,  and  the  per- 
pendiculars BF,  DG,  EH,  falling  thereon,  8,  12, 
and  10,  refpedlively  * then,  the  content  pf  the 


Triangle 

u 


being 


it  is  evi* 


dent,  that  the  content  of  the  whole  figure  will 
be  the  lum  of  all  thefe,  or  280  fquare  inches. 
But,  when  the  given  lines  are  exprefied  by  frac- 
tions, or  very  large  numbers,  the  work  will  be 
fomewhat  fhortened,  by  finding  the  content  of 
every  two  triangles,  having  the  fame  bafe,  at  one 
operation  ; that  is,  by  firlt  adding  the  two  per- 
pendiculars together,  and  then  multiplying  half 
their  fum  by  the  common  bafe  of  the  two  tri- 
angles. Thus,  in  the  laid  example,  the  half- 
fum  of  the  two  perpendiculars  BF  and  DG  be- 
ing 10,  if  this  number  be,  therefore,  multiplied 
by  20  the  .meafure  of  the  common  bafe  AC,  the 
produtt,  which  is  200,  will  be  the  content  of 
the  trapezium  ABCDA  ; to  which  80,  the  con- 
tent of  the  triangle  ADE,  being  added  ; the  fum 
will  be  280,  the  fame  as  before.  But,  if  the  po- 
lygon propofed  be  a regular  one,  that  is,  one 
whofe  iides,  and  angles  are  all  equal,  the  fhorteft 

way 
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way  of  all,  is,  to  multi-ply  half  the  fum  of  all  the 
ftdes  by  the  length  of  the  line  drawn  from  the  middle 
of  any  fide  to  the  center  of  the  polygon.  The  rea- 
J'on  of  which  is  obvious,  from  the  demonftration 
to  Iheor.  II.  B.  VIII. 

Having  Ihewn  how  the  area  of  any  right-lined 
figure  may  be  computed,  it  will  be  proper  here, 
to  fay  fomething  with  regard  to  the  area,  and  pe- 
riphery of  the  circle. 

It  is  Well  known,  that  to  determine  the  true 
area  of  a circle,  and  to  find  a right-line  exabily 
equal  to  the  circumference  thereof,  are  looked 
upon,  by  mathematicians,  as  abfolutely  impofti- 
ble  : But,  though  neither  the  one  nor  the  other 
can  be  accurately  known,  yet  feveral  Ways  have 
been  invented  by  which  they  may.  be  approxi- 
mated, to  any  affigned  degree  of  exa&nefs. 

That,  which  I am  now  going  to  lay  down, 
though  lefs  expeditious  than  ibme  others,  feems, 
neverthelefs,  to  be  the  molt  proper  for  this  place, 
as  depending  on  the  molt  fimple  and  evident 
principles:  I fhall  therefore  begin  with  premifing 
the  following 


LEMMA. 

If  AD  be  a.  diameter , and  AB,  BC  two  equal 
arcs  of  the  fame  circle , and  if  the  chords  D6,  DC 
be  drawn ; then,  I fay,  that  DBl  =:  IADxDC  -p 
IAD*. 


N 2 


For, 


For,  if  in  DA  produced,  there  be  taken  AFn 
DC,  and  BF,  BA,  BC  and  the  radius  BE  be 
drawn-,  then,  the  external  angle  FAB,  of  the 
trapezium  ABCD,  being  equal  to  the  internal  op- 
pofite  angle  DCB  ( by  17.  3.)  alfo  AF  — DC,  and 
ABzrCB  {by  Hyp.)-,  it  is  evident,  that  FB  is 
alfo  r=  DB,  and  consequently  the  angle  F — FDB 
~DBE:  And  fo  the  ifofceles  triangles  DEB, 
DBF  being  equiangular,  it  will  be  as  DE  QAD) : 
DB  : : DB  : DF  (DC  -f-  AD) ; and  confequently 
DB1  zz  f AD  X DC  + tAD!.  E.  D. 

' V 1 

COROLLARY. 

Hence,  if  the  diameter  AD  be  denoted  by 
the  number  2,  the  chord  DB  will  be  denoted 
by  \/DC  + 2 *.  whence,  it  appears,  that,  if 
the  meafure  of  the  fupplemental-chord  of  any  arch 
be  increafed,  by  the  number  2,  the  fquare-root  of 
the  fum  will  be  the  fupplemental  chord  of  half  that 
arch. 

Now,  to  apply  this  to  the  matter  propofed,  that 
is,  to  the  finding  of  the  area  and  circumference 
of  the  circle  -,  let  the  arch  ABC  be  taken  equal 
to  7 of  the  femi- periphery  ACD ; then  will  the 
chord  AC  be  equal  to  the  radius  AE  {by  29.  5.) ; 
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and  therefore,  fince  AC'D  is  a right  angle  (by 
13.  3.)  DC4  ( — AD’“ — ■ AC%  by  8.  2.)  will  be 
~ 4 — 1 ~ 3 ; and  confequently  DC  — 

1,7320508075,  &V.  Wherefore,  feeing  the  fup- 
plemental  chord  of  f of  the  femi-periphery  is 
1,7320508075,  we  fhall,  by  the  preceding  Co- 
rollary, - • 

( V 2 + 1,7320508075  — 1,931851652; 

1 \/  2-f  1,93  185  16525  — 1,9828897227 

0 j V' 2 + 1,9828897227—  1,9957178465 

1 W 2 + 1,99^717846^1,9989291743 
I ^2  + 1,9989291743—1,9997322757 
I ^£+^9997322757=:  1,9999330678 
l ^2  + 1,9999330678=4/3,9999330678 

Now,therefore, Once  it  isfound  that  3,9999330678 
is  the  fquare  of  the  fupplemental-chord  of  -3-4^  of 
the  femi-periphery,  let  this  number  be  fubltradted 
from  4 the  fquare  of  the  diameter,  and  the  re- 
mainder 0,0000669322  will  be  the  fquare  of  the 
chord  of  the  fame  arch ; therefore  the  chord  it- 
felf  being  — %/ 0,0000669322  — 0,00818121,  let 
this  number  be  multiplied  by  768,  or  twice  384, 
and  the  produ£t  6,28317  will  be  the  perimeter  of 
a regular  polygon  of  768  Tides,  infcribed  in  the 
circle  ; which,  as  the  Tides  of  the  polygon  very 
nearly  coincide  with  the  circumference  or  the  cir- 
cle, mull  alio  exprds  the  length  of  the  circum- 
ference itfelf,  very  nearly. 


N 3 


Bur, 


l8l 
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But,  in  order  to 
Anew  how  near  this 
is  to  the  truth,  let 
AB  reprefenc  one 
fide  of  a regular  po- 
lygon of  76 8 fides,  ci 
inscribed  in  thecircle 
(whole  length,  we 
have  found  above, 
to  be  0,00818121) 
and  let  ab  be  a fide 
of  another  fimilar 
polygon,  defcribed 
about  the  circle ; and  from  the  center  O let  ON 
be  drawn,  bifedfing  AB  and  ab  in  M and  N ; 
Then,  fince  AM  is  — 4AB  rr.  0,0040906,  and 
AO  — 1,  it  is  plain  that  OM2  (AO1  — AM2) 
will  be  — 0,9999832 7,  and  confequently  OM  = 
0,99999163-,  whence,  becaufe  of  the  fimilar  tri- 
angles AOB,  aOb,  &c.  we  have  0,99999163 
(OM) : 1 (ON)  : : AB  : ab  : : 6,28317  (the  peri- 
meter of  the  inlcribed  polygon)  : 6,28322  the  pe- 
rimeter of  the  circumfcribed  polygon.  But  the 
circumference  of  the  circle  being  greater  than  the 
perimeter  of  the  inlcribed  polygon,  and  lefs  than 
that  of  the  circumfcribed  one,  it  mud,  con- 
fequently, be  greater  than  6,28317,  and  lefs  than 
6,28322  ; and  muft,  therefore,  be  equal  to  6,2832, 
very  near  ; fince  this  number  exceeds  the  perimeter 
of  the  infcribed  polygon  by  no  more  than  0,00003, 
and  is  lefs  than  the  perimeter  of  the  circumfcribed 
one  by  0,00002,  only. 

From  the  periphery  thus  found,  the  area  of  the 
circle  will  allb  be  known  j being  equal  to  the  pro- 
dudt  of  half  the  periphery  into  the  radius  {by  2.  8.) 
that  is,  = 3,1416  X 1 ~ 3,1416. 


There- 
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Therefore,  fince  it  is  proved  (in  Theor.  3 and  4, 
of  8.)  that  the  peripheries  of  circles  are  in  pro- 
portion as  their  diameters,  and  the  circles  them- 
felves  as  the  fquares  of  thofe  diameters ; it  fol- 
lows, that,  as  2 is  to  6,2832,  or  as  1 to  3,1416  : : 
the  diameter  of  any  circle  to  its  periphery  ; and 
as  4 to  3,1416,  or  as  1 to  0,7854  : : the  fquare 
of  the  diameter  to  the  area. 

But,  if  you  had  rather  have  the  proportions  in 
whole  numbers,  and  the  cafe  propoied  does  not 
require  any  great  degree  of  accuracy  ; then,  in- 
stead of  the  foregoing,  thofe  of  Archimedes  may  be 
ufed,  viz.  7:22  : : diam.  : circumf.  and  14  : 11  :: 
fquare  diam. : area.  Which  proportions  differ  but 
little  from  thofe  above,  as  will  appear  from  the 
following  example:  wherein  the  diameter  of  a 
circle  being  given  28,  its  circumference  and  area 
are  required.  Here,  according  to  the  firlt  propor- 
tions, 1 multiply  28  by  3,1416  for  the  circum- 
ference, and  the  fquare  of  28  (or  784)  by  0,7854 
for  the  area  j and  there  refults  87,964  and  615,75, 
refpe&ively.  But,  according  to  the  proportions  of 
Archimedes , the  circumference  will  be  found  equal 
to  88,  and  the  area  616  •,  which  differ  very  little 
from  the  former. 

By  knowing  the  proportion  between  the  diame- 
ter of  a circle  and  the  circumference,  and  between 
the  fquare  of  the  diameter  and  the  area,  the  con- 
vex fuperficies  of  folid  bodies  may  be  determined. 
Thus, 

The  convex  fuperficies  of  a cylinder  is  found, 
by  firfl  finding  the  circumference  of  the  bafe , and  then 
multiplying  by  the  altitude  of  the  folid.  Therefore, 
if  to  that  produdl,  the  area  of  the  two  circular 
ends  be  added,  the  fum  will  be  the  whole  fuper- 
ficies of  the  cylinder. 

N 4 
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To  find  the  convex  fuperficies  of  a cone,  mul- 
tiply half  the  length  of  the  Jlant  fide  thereof  by  the 
circumference  of  the  bafe. 


The  convex  fuperficies  of  any  fruftum  of  this 
folid  is  found,  by  multiplying  the  fum  of  the  peri- 
pheries of  the  two  ends  into  half  the  length  of  the 
Jlant  fide  of  the  fruflum. 

To  find  the  fuperficies  of  a fphere,  multiply 
the  periphery  of  the  great  eft,  or  generating , circle  by 
its  diameter  : Or,  multiply  the  fqiiare  of  the  diameter 
by  3,1416. 

The  convex  fuperficies  of  any  fegment  of  a fphere 
is  found,  by  multiplying  the  periphery  of  the  greateft 
circle  of  the  fpherp  into  the  altitude  of  the  fegment . 

The  demonftration  of  thefe  laft  rules,  for  find- 
ing the  curve  furfaces  of  folid  hodies  (which  is  not 
given  in  the  Elements , for  reafons  mentioned  here- 
after) is  inferted  at  the  end  of  this  fe&ion. 
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As  every 
fuperficies  is 
meafured  by  a jp 
fquare,  whofe 
fide  is  unity 
(as  one  inch, 
one  foot,  one  f 
yard,  &c  ) fo 
every  folid  is 
meafured  by  a 
cube  whereof 
the  fide  is  alfo 
an  unit.  Thus, 
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let  the  folid  to  be  meafurcd,  be  the  redlangular 
parallelepipedon  AF,  and  let  the  cube  P,  whole 
fide  is  one  inch,  be  the  meafuring  unit -,  alfo  let  the 
length  AB,  of  the  bafe  AC,  be  4 inches,  the 
breadth  BC  2 inches,  and  the  altitude  API  of  the 
folid  5 inches  : Then,  becaule  the  area  of  the  bafe 
ABCD  is  2 times  4 (or  8)  fquare  inches,  it  is  eafy 
to  conceive,  that,  if  the  folid  were  to  be  only  one 
inch  high  finftead  of  5),  the  content  thereof  would 
be  juft  the  fame  number  (8j  of  cubical  inches; 
becaufe  then,  upon  the  eight  equal  fquares  into 
which  the  whole  bafe  ABCD  is  divifible,  a cube  of 
one  inch  might  be  eredled,  fo  as  to  compofe  a pa- 
rallelepipedon on  that  bafe,  of  one  inch  high. 
Therefore,  feeing  that  the  content  of  the  folid,  at 
one  inch  high,  is  8 cubical  inches,  the  whole  con- 
tent at  5 inches  high,  muft  confequently  be  5 
times  8,  or  40  cubical  inches  ffince  the  whole  fo- 
lid AF  may  be  confidered,  as  compofed  of  5 fuch 
heights  of  cubes,  one  ranged  above  another.)  And, 
generally,  whatever  the  dimenfions  may  be,  it  is 
manifeft  (from  21  and  22.  of  7.)  that  the  parallel- 
epipedon will  contain  the  cube  P,  as  many  times 
as  the  bafe  ABCD  contains  the  bafe  of  the  cube, 
repeated  as  often  as  the  altitude  AH  contains  the 
altitude  of  the  cube.  Therefore  the  content  of  any 
'parallelepipedon  will  he  found , by  multiplying  the  area 
of  the  bafe  by  the  altitude  of  the  parallelepipedon. 
Thus,  for  example,  if  the  two  dimenfions  of  the 
bafe  be  16  and  12  inches,  and  the  height  of  the 
folid  10  inches-,  then,  the  area  of  the  bafe  being 
192,  the  content  of  the  folid  will  be  1920  cubical 
inches. 

From  the  content  of  a parallelepipedon,  thus 
known,  that  of  a prifm,  or  a cylinder,  will  like- 
wife  be  known  ; every  fuch  folid  being  (by  20.  7. 
or  5.  8.)  equal  to  a parallelepipedon  of  equal  bafe, 

and 
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and  altitude.  Therefore,  multiply  the  area  of  the 
■bafe  (found  by  the  rules  for  fuperficies)  into  the 
height  of  the  prifm , or  cylinder , and  the  product  will 
be  the  content. 

Hence  the  content  of  any  pyramid,  or  cone,  is 
alfo  obtained;  being  {by  Cor . 3.  to  8.  %.)  equal* to 
7 part  of  a prifm,  or  cylinder,  of  the  fame  bafe 
and  altitude.  Therefore,  multiply  the  area  of  the 
bafe  by  \ of  the  altitude , and  the  product  will  be  the 
anfwer. 

Everywhere  being  (by  11.  8.)  equal  to  * parts 
of  a cylinder  of  the  fame  diameter  and  altitude  ; 
the  content  of  any  fphere  will , therefore , be  found] 
by  multiplying  the  area  of  its  great ejl,  or  generating] 
circle  into  \ of  its  diameter:  Or  fbecaufe  the  area 
of  fuch  circle  is  to  the  lquare  of  the  diameter,  in 
proportion  as  0,7854  to  1),  let  the  cube  of  the  dia- 
meter be  multiplied  by  the  fraction  ,5236  (—  * of 
?>7854)»  and  the  product  will  be  the  content.  Thus, 
if  the  meafure  of  the  diameter  be  20,  the  cube 
thereof  will  be  8000 ; which,  multiplied  by  ,5236, 
will  give  4188,8  for  the  meafure  of  the  fphere’s 
folidity. 

The  manner  of  finding  the 
content  of  any  fruftums  of 
the  folids  above  determined, 
is  colle&ed  from  <Theor.  10. 
and  11.  B.  VIII.  Let  the  fru- 
ftum  (MN),  firft  propofed,  be 
that  of  a pyramid  ; then,  hav- 
ing found  the  content  of  a 
whole  pyramid,  of  the  fame 
given  bafe  and  altitude;  fay, 
as  any  fide  A of  the  lower  end  or  bafe,  is  to  its 
correfpondent  B of  the  upper,  fo  is  the  laid  con- 
tent 
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content  to  a fourth-proportional  •,  and,  as  A is 
(again)  to  B,  fo  is  the  quantity  laft  found  to  an- 
other proportional : which  two  proportionals,'  add- 
ed to  the  content  firft  determined,  will  give  the 
true  content  of  the  fruftum.  But  when  the  op- 
pofite  bafes  of  the  fruftum  are  fquares,  the  rule 
will  be  more  fimple,  and  put  on  a better  form  : 
For  then  the  area  of  the  bale  being  A%  the  con- 
tent of  a whole  pyramid  thereon,  of  the  fame  alti- 
tude with  the  fruftum,  will  be  equal  to  the  paral- 
lelepipedon  C x A\  C being  ~ of  the  given  alti- 
tude of  the  fruftum.  But  A : B : : C X A*  : C x 
A X B (by  22,  7.)  and  A : B : : C x A x B : C X Bl. 
Therefore  CxA!+CxAxB  + CxB!(~Cx 
A:  + A x B + B1,  by  Schol.  to  20.  7.)  is  the  true 
content,  in  this  cafe. 

Hence,  to  find  the  content  ofi  the  fruftum  of  any 
fquare  pyramid , add  the  product  of  the  two  fides  of 
the  lo  wer  and  upper  ends  to  the  fium  of  their  fquares , 
and  then  multiply  the  aggregate  by  f ofi  the  frufium's 
height. 


From  the  con- 
tent here  found,  that 
of  any  conical  fru- 
it urn  (PQ)  is  rea- 
dily obtained  j be- 
ing in  proportion 
to  the  content  (C  X 

A*  -P  A'x'B  + B1) 
of  the  fruftum  of  a 
fquare  pyramid  cir- 

cumfcribing  it,  as  the  bafe  of  the  former  is  to  the 
bafe  of  the  latter  {by  Cor.  5 to  8.  8.),  or  as  the  frac- 
tion ,7854  is  to  unity  : And  fo,  will  be  equal  to  the 


c 


E 


,7854  part  of  C X A1  -p  ife=x  B + B1  “ E X 
Az  -p  AB  -p  B1  •,  by  taking  E = 57854  xC  r the 
,2618  part  of  the  whole  given  altitude.  There- 
fore, 
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fore,  to  find  the  content  of  any  frufium  of  a cone , 
add  the  product  of  the  diameters  of  the  two  ends  to 
the  fum  of  their  fquares ; then  multiply  the  aggregate 
by  the  frufium'’ s height , and  the  produft,  again , by 
the  fraction  ,2618. 

T T ^ />  r\ 


from  thence , that 

the  fegment  propofed,  IAK,  is  equal  to  the  dif- 
ference between  a conical  frufium  FCDH  and  a 
cylinder  ECDG  of  the  fame  altitude,  (landing  upon 
a bafe,  whofe  radius  CA  is  equal  to  that  (AO) 
of  the  fphere  itfelf.  But  the  content  of  the  fru- 
fium FCDH,  if  the  two  diameters  CD,  FH  be  re- 
prefented  {as  above)  by  A and  B,  and  the  ,2618 
part  of  the  altitude  (D)  by  E,  will  be  zz  E x 

F+  A X B + B1  (that  is,  equal  to  a parallelepi- 
pedon  whofe  altitude  is  E,  and  bafe  — A1  + A X 
B + B2) : And  the  content  of  the  cylinder  ECDG 
will  be  =r  3E  X A\  or  Ex  3A2.  Therefore  the 
difference  (or  the  content  of  the  fegment  IAK)  will 
bczEx  2 A2  — A x B — B2  ( Schol . to  20.  7.  and 
Ax.  5.  1.)  But  2 A1  — A x B — B1  is  compofed 
of  A2  — A X B and  A2  — B2 ; whereof  the  for- 
mer part  A2  — AxBis  ~ A — Bx  A (by  5.  2.) 
~ 2D  X A (becaule  A — * B (or  CD  — FH)  rz FE 
-f-  HG  — 2AB  or  2D)j  and  the  latter  A2  — B'zr 

j\  — B X A 4-  B a%  7.  2.)  2D  X 2 A — 2D: 
Whence  the  fum  of  both  will  confequently  be  rr 

2D  X 3A — 2D  *,  and  the  content  of  the  fegment 

wr.  if 
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itfelf  ==  E x 2D  x — 2l>  — >5236  X D*  x 
oA  — 2D  (becaufe  2E  zr  ,52360,). 

Therefore,  to  find  the  content  of  any  fegment  of  a. 
fphere , multiply  the  fquare  of  the  fegmenfs  height  by 
the  excefs  of  thrice  the  fphere' s diameter  above  the 
double  of  that  height  3 and  then  multiply  by  the  frac- 
tion ,5  2 36. 

The  demonftration  of  the  rules  for  determining 
the  fuperficial  content  of  the  cylinder,  cone  and 
fphere,  and  of  their  feveral  fegments,  or  fruftums,  is 
collected  from  the  two  Lemmas  here  fubjoined. 

LEMMA  1. 

<fhe  upper  fuperficies , or  the  area  of  ail  the  fides  of 
a regular  pyramid , in  which  a cone  may  be  infcribed , 
is  equal  to  a rectangle  under  the  perimeter  of  the  bafe 
and  half  the  length  of  the  cone's  Jlant  fide* 

For,  let  BCDE, 

&c.  be  the  bafe 
of  the  pyramid, 
and  BPGM  that 
of  the  infcribed 
cone ; and  from 
the  vertex  A to 
the  point  P where 
any  fide  DE  of 
the  polyg.touches 
the  circle,  let  AP 
be  drawn.  Then, 
fince  the  triangle 
ADE  is  = iAP  B 
X DEr  iAB  X 
DE  •,  and  as  the 
like  holds  good 
with  regard  to 
every  other  fide 
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of  the  pyramid,  it  is  evident  that  the  fum  of  all 
the  Tides,  or  the  whole  fuperficies  of  the  pyramid 
(exclufive  of  the  bafe)  will  be  equal  to  X 

DE  + Eb~  ■+-  tsfCi  that  is,  equal  to  a reCtangle 
under  |AB  and  the  whole  perimeter  of  the  bale. 

COROLLARY  I. 

Hence  it  will  alfo  appear,  that  all  the  Tides 
of  any  fruftum  B^  of  the  pyramid,  will  be  equal 
to  a reCtangle  under  half  the  length  of  each  Tide 
and  the  Turn  of  the  perimeters  of  the  two  ends  : 
For,  the  area  of  the  Tide  DE ed  being  = ±?p  x 
DE  -p  de,  or  iB£  X DE  + de  {by  4.  2.)*  the 
area  of  all  the  Tides  will,  therefore,  be  —,~¥>b  X 

DE  + de  + EF  + ef  + &c. 

COROLLARY  II. 

Therefore,  Teeing  that  the  foregoing  conclufions 
hold  univerfally,  whatever  the  number  of  the  Tides 
may  be  ; and  as  the  pyramid,  by  increaTing  the 
number  of  its  Tides,  approaches  nearer  and  nearer, 
continually,  to  the  infcribed  cone,  which  is  its  li- 
mit •,  thence  will  the  upper  fuperficies  of  the  cone 
(as  well  as  that  of  the  pyramid)  be  equal  to  a rect- 
angle under  half  the  length  of  its  flant  Tide  and  the 
perimeter  of  its  bafe.  And  the  convex  fuperficies 
of  any  fruftum  of  the  cone  will,  alfo , be  equal  to 
a rectangle  under  half  the  length  of  its  flant  Tide 
and  the  Turn  of  the  peripheries  of  its  two  ends, 
or  bafes:  Whence  it  likewife  follows,  that  the  con- 
vex furface  of  a cylinder  will  be  equal  to  a rect- 
angle under  half  its  altitude  and  twice  the  peri- 
phery of  its  bale  (or  under  the  whole  altitude  and, 
once  that  periphery) ; becaufe  then  the  two  ends  are 
equal. — From  this  Corollary,  the  rules  for  finding 
the  fuperficies  of  the  cylinder  and  cone,  are  given. 

L E M- 
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LEMMA  2. 

If  a regular  polygon  ABCDE,  &c.  of  an  even 
number  of  fides,  together  with  its  infcribed  circle 
RQS^,  be  fuppofed  to  revolve  about  the  ( produced ) 
diameter  R$,  as  an  axis  ; the  fuperficies  of  the  folid 
generated  by  the  -polygon , will  be  equal  to  a re  hi  angle 
under  its  axis  AF  and  a right  line  equal  to  the  cir- 
cumference RQSj  of  the  infcribed  circle . 

From  the 

center  O,  to  Q 

the  point  of  33 
contad  Q,  of 
any  fide  BC, 
let  the  radius 
OQ  be  drawn ; 
alfo  drawB^M, 

QPf,  CcL, 

&c.  perpendi- 
cular to  AF, 
and  BN  per- 
pendicular to  CL. 

• ®ecaufe  the  folid  generated  by  the  plane  BbcC 
is  the  fruftum  of  a cone,  the  convex  fuperficies 
thereof,  generated  by  BC,  is  equal  to  a redano-le 
under  i-  BC  and  the  fum  of  the  peripheries  of  the 
two  circles  defcribed  by  B b and  Cc  (by  Cor.  2,  to 
toe  precedent ) ; But  the  fum  of  thele  two  periphe- 
ries, as  QP  is  an  arithmetical  mean  between  B b 
and  Cc,  is  equal  to  twice  the  periphery  Qo*,  and 
therefore  the  convex  fuperficies  of  the  faid  fruftum 
equal  to  ± BC  X 2 periph.  Qq  zr  BC  x periph.  Q q. 
But,  becaule  of  the  fimilar  triangles  OPQ  BNC 
we  have  BC  : BN  (be)  : : OQ  : PQ  : : periph! 
RQS^  : periph.  (by  4.  8)  ; and  confequently 
BC  x periph.  Qq  - be  x periph.  RQ Sq  = the  fu- 
perficies 
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perficies  generated  by  BC.  By  the  very  fame  ar- 
gument, the  fuperficies  generated  by  any  other  fide 
CD  is  — cd  X periph.  RQS^ ; Whence  it  is  mani- 
feft,  that  the  fuperficies  of  the  whole  (olid  is  rz 

Ab  + be  + cd  + &ct  X periph.  RQSy  zz  AF  X 
periph.  RQSq. 

COROLLARY  I. 

Since  the  fuperficies  of  the  folid  is,  univerfally,' 
equal  to  AF  x periph.  RQS^let  the  number  of  fides 
of  the  generating  polygon  be  what  it  will ; and  as 
the  faid  fuperficies,  by  increafing  the  number  of 
fides,  approaches  nearer  and  nearer,  continually,  to 
the  fuperficies  of  the  inferibed  fphere,  which  is  its 
limit  thence  will  the  fuperficies  of  the  fphere,  it- 
felf,  be  alfo  equal  to  a redangle  under  its  axis  RS 
and  periphery  RQSy ; and  the  convex  fuperfi- 
cies of  any  fegment  thereof  ^R^;,  will  likewife  be 
equal  to  a redangle  under  its  axis  (or  height)  Rr 
and  the  fame  periphery  RQSy;  fince  it  is  proved, 
that  the  corresponding  fuperficies  of  CBAML,  is 
univerfally  equal  to  Ac  x periph.  RQSy. 

COROLLARY  II. 

Hence  it  alfo  appears,  that  the  fuperficies  of  every 
fphere  is  equal  to  four  times  its  generating  circle : 
Becaufe  (by  2.  8)  the  circle  RQS^ni-RSxiperiph. 
RQS?  = ^RS  X periph.  RQSy. 

In  deriving  thefe  conclufions,  as  well  as  thofe  de- 
pending upon  the  preceding  Lemma,  the  Reader 
mull  have  obferved,  that  fomething  is  aflumed, 
which  is  not  demonftrated  in  any  part  of  thefe  Ele- 
ments. But  this  will  not,  I imagine,  be  confidered  as 
a fault,  by  thofe  who  know,  that  it  is  impofiible 
to  prove  in  a manner  ferfeflly  regular  and  geome- 
trical, that  a curve  furjace , of  any  kind,  is  equal 

to 
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to  a plane-one  of  an  afligned  magnitude.  Plane 
lurfaces  are  compared  with  one  another,  in  virtue 
of  the  10th  Axiom  •,  in  which,  whatever  relates  to 
the  equality  of  plane  figures,  has  its  original-  But 
no  principles  have  been  yet  admitted  into  the  com - 
won,  or  lower  Geometry « whereby  a curve-furface 
can  be  compared  with  a plane  one  ; nor  even  by 
which  the  proportion  of  any  one  curve-line  to  a 
right-line  can  be  known:  Nor  can  it  be  demon- 
ftrated  by  all  the  Geometry  in  Euclid’ j Elements , 
that  the  periphery  of  a circle  is  lefs  than  the  peri- 
meter of  its  circumfcribing  fquare.- — We  can  deter- 
mine the  proportion  of  folids  bounded  by  curve- 
f furfaces,  by  defcribing  other  folids  in,  and  about 
them,  fo  as  to  differ  lefs  from  them,  than  by  any 
afligned  part  however  fmall.  Bur  in  comparing 
of  the  furfaces,  this  method  fails  ; becaufe,  let  the 
number  of  fides  of  the  infcribed,  or  circumfcribed 
folid  be  ever  fo  great,  or  let  the  folid  itfelf  ap- 
proach ever  fo  near  to  the  propofed  one ; the  two 
lurfaces,  after  all,  will  have  no  part  in  common  on 
which  a demonftration  can  be  formed,  but  will 
ftill  be  diftindt  things.  Before  fuch  a companion  can 
pofiibly  be  made,  in  a regular  and  fcientific  manner, 
new  principles  muft  belaid  down  : But  thefe  belong 
to,  and  are  beft  fupplied  in  the  Modern  Geometry , 
or  Method  of  Fluxions . 
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Geometrical  Quantities. 


THEOREM  I. 

\ 

If  from  two  given  points  A,  B,  on  the  fame  fide  of 
an  indefinite  line  PQ  (in  the  fame  plane  with  them ) 
tzvo  lines  AE,  BE  be  drawn  to  meet  on,  and  make 
equal  angles  AEQ,  BEP  with  the  faid  line  PQ ; 
the  lines  fo  drawn,  taken  together , (hall  be  lefs  than 
any  other  two  AG,  BG,  drawn  from  the  fame  points 
to  meet  on  the  fame  line  PQ. 


a 

b 

c 


3-  i- 

Hyp. 

Conftr. 


For,  let  BNM  be  per- 
pendicular to  PN Q,  and 
let  AE  be  produced  to 
meet  it  in  M,  alfo  let 
MG  be  drawn. 

Then  the  triangles 
MNE,  BNE,  having 
the  angle  MEN  { — 
AEQa)=BENb,MNE 


_ BNE  % and  NE  com- 
mon to  both  *,  have  alfo  MN  ~ BN,  and  ME  zr 

BE 
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BE  d ; whence  alfo  MG  zr  BG  e : But  AM  (AE  + d *5*  *• 
BE)  is  lei's  than  AG  + MGf,  or,  than  its  equal*  Ax,I°*1* 
AG  -j-  BG.  Q E D . ,9-1* 


THEOREM  II. 

Of  all  right-lines  AP,  BP  AQ,  BQ,  that  can  be 
drawn  from  two  given  points  A,  B,  to  meet , two  by 
two , on  the  convexity  of  a given  circle  R PQR ; thofe 
two  AP,  BP  taken  together,  fhall  be  the  leaf , which 
make  equal  angles  with  the  tangent  MPN  ( or  with 
the  radius  DP)  at  the  point  of  concourfe  P. 


For,  if  to  any  point  n in 
the  part  of  the  tangent  in- 
tercepted by  AQand  BQ, 
there  be  drawn  A n and  Bn-, 
then  will  AP  -f-  BP  be  lefs 
than  s2n-{-Bns,  and  A 0+ 

Bn  lefs  than  AQ^+  BQh: 

Confequently  AP  + BP 
is  lefs  than  AQ  + BQ. 

&E.  D. 

This  demonftration  holds  equally  true,  when  the 
curve  RPR  is  fuppofed  of  any  other  kind  j pro- 
vided all  tangents  to  it,  fall  intirely  without  the 


sTheor.i. 
h 23.  1. 


curve. 


THEOREM  III. 

If,  in  a given  triangle  ABC,  a point  is  to  be  de- 
termined, fo  that  the  fum  of  all  the  three  lines  drawn 
from  thence  to  the  three  angles,  fhall  be  the  leafl  poffible 
I fay , the  pofition  of  that  point  muft  be  fuch,  that  all 
the  angles  formed  about  it  by  thofe  lines,  fhall  be  equal 
among  themfelves. 


O 2 


If 
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If  you  deny  it,  then 
let  fome  point  E,  at 
which  the  angles  BEA, 

CEA  are  unequal,  be  the 
required  one. 

Upon  the  center  A, 
thro’  E,  let  the  circum- 
ference of  a circle  HER 

be  defcribed  % and  let  D ^ 

be  that  point  in  it,  where 
the  angles  ADB  and  ADC  are  equal. 

‘Theor.z.  Becaufe  BD  -+■  CD  is  lefs  than  BE  -f-  CE l, 
therefore  is  AD  -f-  BD  + CD  alfo  lefs  than  AE  -f* 
k Ax.  6. 1.  BE  -E  CE  k •,  which  is  repugnant . Therefore  no 
point  at  which  the  angles  are  unequal,  can  be  the 
required  one.  ^ E.  D. 


The  fame  other  wife. 


Let  the  point  P 
be  that,  at  which  all 
the  angles  APB, 

A PC,  B PC  are 
equal  * •,  and  from 
any  other  point  Q, 
upon  the  lines  form  - 
ing  them,  let  fall 
the  three  perpendi- 
culars Qtf,  Qt,  QfB  C 

1 fay,  fir  ft,  that  the 

fum  of  the  three  diftances  Aa , B£,  Cc,  intercepted 
by  thofe  perpendiculars,  and  the  three  given  points 
A,  B,  C,  will  be  equal  to  the  fum  of  the  three 


* The  determination  of  the  poftion  of  a pointy  at  which,  lines 
drawn  from  three  given  points , Jh-dl  form  any  given  angles , is 
<ivcn'  among  the  Geometrical  Confruflions,  in  the  next  Jed  ion. 

firft 
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firft  diftances  AP  + BP  + CP.  For,  if  thro’ 
the  interfection  M of  P c and  bQ,  rv  be'  drawn 
parallel  to  Aa , meeting  Bb  ^produced)  in  v,  and 
PS,  parallel  to  aQ,  in  S ; it  is  evident  (becauie  the 
angle  v ~ 1 BP«  — -yPM  ~ ~ of  a right-angle  m)1  Cor.  to 
that  the  triangle  P^M  is  equilateral  ; and  that  them  8-  *• 
right-angled  triangles  QMr,  QMr,  having  QM£  1 
( ~ PM£  — vMb)  — QMr,  have  alfo  rr  rM  ; 
to  which  let  MP  — Mv  be  added  •,  fo  fnall  c P ~ rv 
— aP  -j-  vS  — aP  + P b.  And,  if  to  the  firft  and  lafb 
of  thefe,  AP+BP-f-Cc  (be  again)  added  ; then  wilt 
AP  -j-  BP  + CP  3 Aa  + Bb  -}-  Cc,  as  was  af- 
ferted:  Whence  the  Theorem  itfelf  is  exceedingly 
obvious  : For  feeing  that  the  fum  AP  + BP  + CP 
is  but  equal  to  the  fum  of  the  three  bafes  A a,  B b? 

C c,  it  mull  neceffarily  be  lefs  than  that  of  the 
three  hypothenufes  AQ,  BQ  and  CCF  gT  E.  D. 

THEOREM  IV. 

The  great ejl  triangle  ABD  that  can  pojfibly  be  con- 
tained under  two  right-lines , given  in  length , and  any 
other  right-line  joining  their  extremes,  will  be  when 
the  two  given  lines  AB,  BD  make  right  angles  with 
each  other. 

For,  let  BC  be  33 

equal  to  BD,  and 
the  angle  ABC  ei- 
ther greater,  or  lefs 
than  the  right  angle 
ABD  •,  let  alfo  CF 
be  drawn  parallel  to  ^ 

AB,  meeting  BD 
(produced,  if  neceffary)  in  F,  and  let  A,  F,  and  A, 

C be  joined. 

Then  the  angle  BFC  being  a right-one  n,  it  is  evi-n  ^ I# 
dent  that  BC  (BD)  is  greater  than  BF° ; and  there-0  20. 1. 
fjore  the  triangle  ABD,  being  greater  than  ABF  p,p  z- 

alfo  greater  than  its  equal  l]  ABC.  Q.  E..D.  4 t0 

- O 3 T II  E O. . 
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THEOREM  V. 


Of  all  triangles  ABC,  ABD,  having  the  fame  bafe 
AB,  and  the  fum  of  their  other  /ides  the  fame , the 
ifofceles  one  ACB,  is  the  great  eft. 

Let  CH  be  perpendi- 
cular to  AB,  and  DEF 
parallel  to  AB,  interfer- 
ing HC  (produced  if  need 
be)  in  E •,  likewife  let  AE 
and  BE  be  drawn. 

It  is  manifeft  that  the 
t angles  AEF,  BED  are 

V t*  eclual r » therefore  AE  + BE  is  lefs  than  AD  4- 
*Theor.  1.  BD  % or  than  its  equal  AC  + BC  1 ; and  fo  the 
* Hyp.  triangle  AEB,  falling  within  the  triangle  ACB  u, 
“ u mull  be  lefs  than  ACB  w *,  and  therefore  ADB  ( — 
» Cor.2/.'  AEB  muft  alfo  be  lefs  than  ACB.  £>.  £.  D. 

tO  2.  2. 

THEOREM  Vf. 


Of  all  triangles  ABC,  ABD  ftanding  upon  the fame 
bafe  AB,  and  having  equal  vertical  angles  ACB, 
ADB,  the  ifofceles  one  ACB  is  the greatejt. 


y 22. 5. 

and  u.  1. 


2 16.  1. 
a Cor.  to 
2.  3. 


Let  ACDB  be  a C 

fegment  of  a circle, 
in  which  the  equal 
angles  ACB,  ADB 
are  contained7 ; make 
CEG  perpendicular, 
and  DE  parallel,  to 
AB-,  from  the  center 
O draw  OD,  and  let 
A,  E and  B,  E be 
joined.  It  is  evident 
that  CG,  not  only  bifedts  AB  % but  alfo  pa/Tes 
through  the  center  O \ Therefore,  OD  (OC)  be- 
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ing  greater  than  OE  % the  triangle  ACB  will  alfo^o  1. 
be  greater  than  AEB,  or  than  its  equal  ADBb.^C0^* 
Q E.  D. 


THEOREM  VII. 

Of  all  right-lines  DE,  FG  that  can  he  drawn  to 
cut  off  equal  areas  ADE,  AFG  from  a given  triangle 
ABC,  that  DE  is  the  leaf , which  makes  the  triangle 
ADE,  cut  off. \ an  ifofceles  one. 


Let  AFG  be 
the  circumfe- 
rence of  a circle 
palling  through 
the  three  points 
A , F,  G j alfo 
let  PH  be  per- 
pendicular to 
FG, at  the  mid- 
dle point  P, 
meeting  theci  r- 
cumference  in 
H,  and  let  FH 
and  GH  be  drawn.  The  triangle  FHG,  being  • 
ifofceles',  is  therefore  greater  than  FAG  d,  orcAx.  10. 
than  its  equal  c ADE:  Whence,  as  the  triangles “Theor*6* 
FHG,  ADE  are  equiangular f,  the  bafe  FG  of  the  fHyP’and 
greater,  mull  confequently  exceed  the  bafe  DE  of  Cor.  to 
the  leffer.  ^ E.  Z).  p 19. 1. 


THEOREM  VIII. 

Of  all  right -lines  EF,  GH,  GH  that  can  he  drawn 
thro 5 a given  point  D,  between  two  right-lines  BA, 
BC  given  in  pofition  •,  that  EF  which  is  hi fe died  by 
the  given  point  D,  forms  with  them  the  leaf  triangle, 
(EBFj. 


For* 
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*>  and 
7.  1. 

1 Hyp. 
k 15.  1. 

* Ax.  2. 


01  Ax.  6. 


0 15.  1. 
v 24.  1. 

s Cor.  to 
2.  2. 
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For,  if  El,  parallel 
to  BC,  be  drawn, meet- 
ing GH  in  1;  the h equi- 
angular triangles  DFH 
and  DEI,  having  DF 
— pE1,  will  be  equal  k; 
and  DFEl  will  there- 
fore be  lefs,  or  greater 
than  DEG  \ according 
as  BG  is  greater  or  lefs 
than  B17.  ‘In  the  for- 
mer cafe  let  DEBH 
common,  be  added  to 


boch  j fo  fhall  FEB  be  lefs  than  HGB  k.  And  if, 
in  the  latter  cafe,  DGBF  be  added,  then  will  HGB 
be  greater  than  FEB  m ; and  confequentlv  FEB  (in 
this  cafe  alio)  lefs  than  HGB.  E.  D, 


COROLLARY. 

If  DM  and  DN  be  drawn  parallel  to  BC  and 
BA  ; the  two  equal 0 triangles  DEM,  DFN,  taken 
together  (fince  EM  = DN  0 = MB  p)  will  be  equal 
to  the  parallelogram  DM  BN  q ; and  confequently 
the  parallelogram  DMBN  z;  h BFF  £ BGH. 
Whence  it  is  manifeft,  that  a parallelogram  is  al- 
ways lefs  than  half  a triangle  in  which  it  is  in- 
fcribed,  except  when  the  bafe  of  the  one  is  half 
the  bafe  of  the  other ; in  which  cafe  the  parallelo- 
gram is  juft  half  the  triangle. 


/ in  ± 
i ill)  1 

S C HO- 
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SCHOLIUM. 

From  the 
preceding  Co- 
rollary alone, 
it  may  be  very 
eafily  made  to 
appear,  that 
the  leaft  tri- 
angle EGM 
which  can  pol- 
fibly  be  dc- 
fcnbed  about, 
and  the  great- 
eft  parallelogram  EFB n that  can  be  defcribed  in, 
any  curve  A BCD,  concave  to  its  axis  AE,  will  be 
when  the  fub-tangent  FG  is  equal  to  half  the  bafe 
EG  of  the  triangle,  or  to  the  whole  bafe  EF  of 
the  parallelogram ; and  that  the  two  figures  will 
be  in  the  ratio  of  two  to  one.  For  let  HN  be  a 
fide  of  any  other  circumfcribing  triangle  (EHN) 
touching  the  curve  in  C,  and  meeting  EBr  in  r : 
Then,  the  curve  being  concave  to  its  axis,  the 
point  r will  fall  above  B *,  whence,  if  rm  be  drawn 
parallel  to  Bn,  then  will  EGM  — 2BE  2rE  ~3 
EHN.  Again,  if  IC,  parallel  to  EM,  be  pro- 
duced to  meet  GM  in  p,  and  CK  and  pq  be  drawn 
parallel  to  AE  ; then,  alfo,  will  BE  — 4$GM 
pE  tr  CE,  as  was  to  be  foewn. 

,v  /)!  •».' 

• ; c - i i % im.’i  j.  i 

THEOREM  IX. 

i.J  * ’ * 

Of  all  right  lined  figures , contained  under  the  fame 
number  of  /ides , and  infcribed  in  the  fame  circle , that 
is  the  greatejl  whofe  fides  are  all  equal.  '■ 


For, 
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For,  if  pofiible,  let 
fome  polygon  A BCFE, 
whole  fides  CF,EF  are 
unequal,  bethegreateft. 

Let  CDE  be  an 
ifofceles  triangle  de- 
fcribed  in  the  fame 
fegment  with  CFE  ; 
which  being  greater 
rTheor.6.  t}ian  cp£  ^ the  wh0]e 

an  11,3  polygon  ABCDE  will 
alio  be  greater  than 
the  whole  polygon  ABCFE  •,  which  is  repugnant. 
Therefore  the  polygon  is  the  greateft  when  the 
fides  are  all  equal. 

THEOREM  X. 

0/  all  right ■ lined  figures , contained  under  the  fame 
perimeter , and  number  of  fides , the  greatefi  is,  when 
the  fides  are  all  equal . 


For,  if  ABCDE 
be  the  greateft  pof- 
fible,  the  triangle 
CDE  muft,  mani-  c 
feftly,  be  greater 
than  any  other  tri- 
angle CFE  upon  the 
fame  bafe,  whereof 
the  fum  of  the  other 
fides  is  alfo  the 
fame.  But,  by  Theo- 
rem V.  the  greateft  triangle,  when  the  bafe  and 
the  fum  of  the  fides  are  given,  is  that  whole  fides 
are  equal : Therefore  DC  and  ED  are  equal.  I11 
the  fame  manner  it  appears  that  BC  — CD,  £f?r. 
Q E.  D. 


THEO- 
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THEOREM  XI. 

Jf  all  the  ftdes  of  a polygon,  except  one , he  given 
in  length , and  their  pofition  be  required,  fo  as  to  make 
the  polygon  itfelf  the  greatejl  pojjible  ; I fay,  their 
pofition  mujl  be  fuch,  that  two  lines  drawn  from  the 
extremes  of  the  unknown  fide  to  any  angle  of  the  poly- 
gon, f jail  form  a right -angle. 

For,  if  you  would 
have  the  polygon 
ASCDEF  to  be 
the  greateft  pofiible, 
and  yet  ADF,  fub- 
tended  by  the  un- 
known fide  AF,  not 
a right  angle:  Then 
let  PSO  be  a right- 
angle, contained  un- 
der PS  rr  AD,  and 
OS  ~ FD ; and 
upon  PS  and  OS, 
let  the  figures  PS 
RQ  and  OST  be  P 
defcribed  equilate- 
ral, and  equal,  to  ADCB  and  FDE  \ »IO,  6. 

The  triangle  PSO  is  greater  than  ADF*  \ there  Theory, 
fore,  PSRQ  being  - ADCB,  and  OST  r:  FDE  V Conilr. 
the  whole  polygon  PQRSTO  is  alfo  greater  than 
the  whole  polygon  ABCDEF  w,  which  is  repugnant . v Ax.  6. 1 

COROLLARY. 

Hence,  becaufe  the  angle  in  a femi-circle  is  a 
right-  angle  * ; it  appears,  that  the  greateft  poly- * 13.  3. 
gon  that  can  be  contained  under  any  propOied 
number  of  given  fides,  and  one  other  fide  any  how 
taken,  will  be,  when  it  may  be  infcribed  in  a femi- 
circle,  whereof  the  indetermined  line  will  be  the 
diameter. 


T FI  E O- 
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theorem  xii. 

. • \ si  * « -*  f '*  ■ 1 • • ■ •*  • i * - • » • 

A polygon  ABODE  A in  a circle , is  greater  than  any 
other  polygon  PQ  RSTP,  whatever,  whofe  j ides  are  the 
fame  both  in  length  and  number .< 


Let  AF  be  the  diameter  of  the  circle,  and  join 
E,  F ; alfo  make  the  angle  PTO  in  AEF,  TO  — 
EF,  and  let  PO  be  drawn. 


rHyp- 

s Theor. 

11. 


• nr;  j;  ; roo.c  ns 

Becaufe  AB  = PQ,  BC  zz  QR,  CD  — RS,  DE 
— ST,  and  EF  rz  TOy,  the  polygon  ABCDEF, 
being  infcribed  in  a femi-circle,  will  be  greater  than 
the  polygon  PQRSTO2;  and,  if  from  thele,  the 
equal  triangles  AEF,  PTO  be  taken  away,  there 
will  remain  ABCDEA  c PQRSTP.  E.  D, 
That  the  magnitude 
of  the  greateft  polygon, 
which  can  be  contained  B 
under  any  number  of 
unequal  Tides,  does  not 
at  all  depend  upon  the 
order  in  which  thofe 
lines  are  connected  to 
each  other,  will  appear. 


thus.  Let  ABODE  be  the  greateft,  one  way,  or 
according  to  one  order  of  the  Tides ; and  upon  BD 
•let  a triangle  BDF  be  conftituted  whofe  Tides  DF 
and  BF  are,  refpedtively,  equal  to  BC  and  DC; 
then,  the  triangles  BCD,  BFD  being  equal,  the 

whole 


l 
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whole  polygons  ABCDE  and  ABFDE  will  like- 
wife  be  equal,  notwithstanding  their  equal  Tides 
BC,  DF,  &c.  are  placed  according  to  different 
orders. 

THEOREM  XIII. 

Of  all  polygons,  contained,  under  the  fame  perime- 
ter, and  number  of  fides  ; that  whofe  fides , and  angles , 
are  ecgual,  is  the  greatefl. 

For,  the  greateff  polygon  that  can  be  contained 
under  a given  perimeter,  is  one  whofe  Tides  are  all 
equal  \ But,  of  all  the  polygons  of  this  fort,  that*  Theor. 
is  the  greatefl  which  may  be  infcribed  in  a circle b : l0* 

Therefore  the  greatefl  of  all,  is  that  whofe  Tides  b ^eor* 
are  all  equal,  and  which  may  be  infcribed  in  a 
circle,  or  whereof  the  angles,  as  well  as  the  Tides, 
are  all  equal.  E.  D. 

THEOREM  XIV. 

The  greatefl  area  that  can  poffibly  be  contained  by 
one  right  line , any  how  taken , and  any  other  line  or 
lines , whatever , whereof  the  fum  is  given ; will  be% 
when  two  right-lines  drawn  from  the  extremes  of  the 
unknown  line  firfl  mentioned , to  meet  any  where  in  the 
given  boundary , make  right-angles  with  each  other . 

For,  if  you  would  have  the  area  ACDEBA,  con- 
tained by  fome  right-line  AR,  and  ACDEB  where- 
of the  length  is  given,  to  be  the  greatefl  poffible, 
and  ADB,  at  the  fame  time,  not  a light  angle: 

Then,  let  PSQ  be  a right-angle,  contained  under 
PS  zr  AD,  and  QS  =:  BD  j and,  having  joined 


PQ, 
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PQ,  upon  PS  and  QS  conceive  two  figures  PRS 
and  QST  to  be  formed,  equal,  and  alike  in  all  re- 
ipedls  to  ACD  and  DBE*  Since  the  area  PSQjs 
c Theor.  greater  than  ADB  c;  it  is  manifeft,  that  the  area 
4*  PRSTQP,  contained  by  the  right  line  (PQ)  and 
l ^yP-  PRSTQ  (—  ACDEB  d)  will  alfo  be  greater  than 
x'  * the  area  ACDEBA  % which  is  repugnant : There- 
fore the  area  ACDEBA  cannot  be  the  greateft 
poflible,  unlefs  the  angle  ADB  be  a right  one. 
Q.  E.  D. 

, COROLLARY. 

Hence,  becaufe  the  angle  in  a femi- circle  is  a 
13.  3.  right-angle f,  it  is  evident  that  the  area  will  be  the 
greateft  poflible,  when  the  given  length,  or  boun- 
dary, forms  the  arch  of  a femi  circle ; whereof  the 
indetermined  right-line  propofed  is  the  diameter. 

THEOREM  XV. 

Of  ail  plane  figures  ABCD,  EFGH,  contained 
under  equal  perimeters  ( or  limits )9  the  circle  (ABCD) 
is  the  greateft. 

For,  if  the  diameter  AC  be  drawn,  and  EFG 
be  taken  equal  to  the  arch  ABC  ; then  the  area 
ABCA  will  ( by  the  precedent)  be  greater  than  the 


area  EFGE,  contained  by  EFG  and  the  right- line 
EG  •,  and  A DC  A will  alio  be  greater  than  EHGE  : 
Therefore  ABCD  muft,  neceflarily,  be  greater  than 
EFGH.  % E.  Dc 


COROL. 
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COROLLARY. 

Hence  it  appears,  that  the  greateft  area  that  can 
pofiibly  be  contained  by  a right  Jine  AB,  and  a 
curve-line  AeB,  both  given  in  length ; will  be, 
when  the  latter  is  an  arch  of  a circle.  For,  let 
A«B  be  any  other  curve-line,  equal  to  AeB,  and  let 
the  whole  circle  AeBCD  be  completed  ; which 
will  (it  is  proved)  be  greater  than  the  mixed  figure 
A»BCD ; and  confequently,  by  taking  away  the 
common  fegment  ABCD,  there  will  remain  AeBA 
greater  than  A«BA. 

THEOREM  XVI. 

‘The  greateft  parallelepipedon  that  can  he  contained 
under  the  three  -parts  of  a given  line  AB,  any  how 
taken , will  be  when  all  the  parts  are  equal  to  each 
other. 

For,  if  poffible,  let  C E D 

two  parts  aE,  ED  -A  h i B 

be  unequal.  Bifeft  AD  in  C ; then  will  the  reft- 
angle  under  AE  ( AC+CE)  and  ED  (AC  — CE) 
be  lefs  than  AC1  (or  AC  x CD)  by  the  fquare  of 
CE  s.  Therefore  the  folid  AExEDxDB  will  allot7*  2* 
be  lefs  than  the  folid  AC  X CDxDB  h ; which  is  2 **  7 
contrary  to  hypothecs, 

COROLLARY. 

Hence,  of  all  reftangular  parallelepipedons,  hav- 
ing the  fum  of  their  three  dimenfions  the  fame,  the 
cube  is  the  greateft. 
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Of  the  Maxima  and  Mmima 

THEOREM  XVII.' 

The  great  eft  parallelepipedon  AC1  X CB  that  can 
poffibly  be  contained  under  the  fquare  of  one  part  AC 
of  a given  line  AB  and  the  other  part  AC,  any  how 
taken  ; will  be,  when  the  former  part  is  the  double  of 
the  latter. 

For,  let  Ac  and  /p  c C 

Be  be  any  other 
parts,  into  which 

the  given  line  AB  may  be  divided  ; and  let  AC  and 
6 and' Ac  be  bifefted  in  D and  d.  So  (hall  AC1  X CB  = 
*7.*  4ADxDCxCBic“4A<ix^XfBk  (A^XfB1) 
k Cor.  to  by  the  precedent . E.  D. 

6.  2. 

THEOREM  XVIII. 

I 

The  hypothenufe  AB  of  a right-angled  triangle 
ABC  being  given  \ the  folid  BC  X AC1  contained 
under  one  leg  BC  and  the  fquare  of  the  other  AC, 
will  be  the  greatejl  pojfible , when  the  fquare  of  the 
latter  leg  AC  is  double  to  that  of  the  former  EC. 

For,  if  CD  be  con- 
ceived perpendicular  to 
AB,  and  DE  to  AC;  ic 
i Cor.  to  will  be  AC2  (ABx  AD *) : 

*9*  4*  AB‘::AD:ABm::DE: 

^21.7.  gQn.  and  confequently 
AC2xBC  = AB2xDE°; 
r Cor.  2.  which  (as  AB1  is  given)  will,  evidently,  be  the  great- 
t°  6.  2.eft  poflible,  when  DE,  or  its  Iquare  p (DE2)  is  the 
^ ^°r4.t0greateft  poflible.  But  DE2  : AD2 : : q BC2  (BD  X 
AB  *)  : AB2 : : BD  : AB  m ; and  therefore  DE  2xAB 
— AD*xBD 0 ; which  (and  coniequently  DE2)  will 
be  the  greateft  poflible,  when  AD  is  the  double 
r Theor.  0f  BD  r ; that  is,  when  AC2  (ADxAB)  is  the 
*7*  double  of  BC2  (BD  x AB).  b.  E.  D. 

THEO- 
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THEOREM  XIX. 

7 he  altitude  BC  of  the  great ejl  cylinder  HG  that 
can  poffibly  be  infcribed  in  any  cone  ADE,  is  one  third 
part  of  the  altitude  AB  of  the  cone , and  the  cylinder 
itfelf  A parts  of  the  cone. 

For,  let  gh  be  any 
other  cylinder  infcribed 
in  the  cone  ; and  it  will 
be,  AC1  x BC : CG2  X 
BC  : : AC2  : 3 CG2  : : 

Ac1 : cg~ 1 : : A c*  x Be  : 
s cg~  x BC  *,  whence,  by 
alternationy  AC2  X BC  : 

Ac1  x Be  : : CG2  x BC  : 
eg1  X Be  : and  fo  like- 

wife  is  the  cylinder  FIG  5 of 

to  the  cylinder  u hg  ; but  AC2  X BC  is  greater  w w Theor. 
than  Ac~  x Be;  therefore  HG  is  alfo  greater  than  ^ !7* 
Again,  lince  AC  — LAB,  and  therefore  CGy  pX'  f 
— tBE  j we  alfo  have,  cylinder  HG:  cone  ADE  to  sV* 
(or  cylinder  y DN)  : : CG2  (^BE2)  : z BE2 : : ±:  i.  - zi.  7\ 

Q E.  D.  and  3.  8. 


SCHOLIUM. 

From  this  propofition,  by  reafoning  as  in  the 
Scholium  to  Theorem  VIII.  it  will  appear,  that 
the  leaft  cone  that  can  be  deferibed  about,  and  the 
greateft  cylinder  that  can  poffibly  be  deferibed  in, 
any  lolid  generated  by  the  rotation  of  a curve,  con- 
cave to  its  axis,  will  be,  when  the  fub  tangent  is 
two-thirds  of  the  altitude  of  the  cone,  or  twice  the 
altitude  of  the  cylinder;  and  that  the  two  figures 
will  be  in  the  ratio  of  nine  to  four.  From  whence 
the  dimenfions  of  the  greateft  and  leaft  cylinders 
and  cones,  that  can  be  deferibed  in,  and  about  folids 
generated  by  curves,  to  which  the  nlethod  of  draw- 
ing tangents  is  known,  may  be  readily  determined. 

P T PI  E 


THE 


CONSTRUCTION 

Of  a great  Variety  of 

Geometrical  Problems. 


Being  a farther 

APPLICATION  of  what  has  been  delivered 
in  the  Elementary  Part  of  this  Work. 


PROBLEM  I. 

In  a given  triangle  ABC,  to  inferihe  a fqnare 
DEFN. 

CONSTRUCTION. 


^ROM  any  point  M, 
in  either  fide,  upon 
the  bafe  AB,  let 


E 


M/ 

K 

An 

fall  the  perpendicular  MG  ; 
make  MR  perpendicular, 
and  equal,  thereto,  and  let 
ARE  be  drawn,  meeting 
the  other  fide  of  the  tri- 
angle in  E ; then  draw  ED 
parallel,  and  EF  and  DN  perpendicular,  to  AB ; 
and  the  thing  is  done . 

de- 


al n 
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DEMONSTRATION. 

Let  RS  be  drawn  parallel  to  EF : Then  (by  f- 
fnilar  triangles)  RS  (MG)  : EF  (:  : AR  : AE)  : : 
MR  : DE  : Therefore,  as  MG  and  MR  are  equal, 
by  conjlruftion,  EF  and  DE  will  likewife  be  equal. 

By  the  fame  method  a redangle  may  be  infcribed 
in  a triangie,  whofe  (ides  fhall  be  in  a given  ratio  ; 
if  MR  and  MG  (indead  of  being  equal)  be  taken 
in  the  given  ratio  ; the  reft  ot  the  conftrudion  be- 
ing exadly  the  fame. 


PROBLEM  II. 


In  a given  triangle  ABC,  to  infcribe  a re  It  angle 
EFGH  equal  to  any  given  right-lined  figure  Q,  not 
exceeding  half  the  triangle . 

CONSTRUCTION. 


On  the  bafe  A B (by  y. 
6.)  let  a rectangle  ABPL 
beconftituted  rr  Qj  and 
let  LP  meet  the  perpen- 
dicular CDof  the  triangle 
(produced)  in  K.  Then 
(by  ly.  5.)  let  CD  be  di- 
vided in  1,  fo  that  Cl  X 
D1  re  CD  x DK  (that  is, 
let  two  femi-circles  be  de- 
feribed  on  CD  and  CK  : 


*\] 

/ \>c 

i V 

D \ 

H M\^ 

G 

K P 


drawing  MN  and  NI  pa- 
rallel to  CD  and  AB)  : So  (hall  DI  be  the  alti- 
tude of  the  required  redangle. 


DEMONSTRATION 
Since  (by  Confr.)  Cl  x DI  (zr  NP  — MD2)  — 
CD  x DK,  thence  will  DI : DK  : : CD  : Cl  : : AB  : 
Eh  (by  20.  5.)  ; and  confequently  DI  x EF  {by  10. 
4;)  re  AB  x DK  — Q.  E.  D. 

P 2' 
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That  the  Problem  will  be  impoflible,  when  Q 
is  greater  than  half  the  triangle,  is  evident  from 
the  Confirmation,  as  well  as  from  the  Theorem  on 
200.  It  may  alfo  be  obferved,  that  there  is  another 
way,  befides  that  ufed  above,  for  dividing  CD  in 
the  manner  propofed  j which  ("though  not  more 
obvious)  is,  in  point  of  concifenefs,  rather  prefer- 
able ; and  is  thus.  Having  (as  before)  found  a 
mean-proportional  DM  between  CD  and  DK,  and 
bife&ed  CD  in  O ; from  M to  CD  apply  MR  — 
OD,  and  take  Ol  = RD.  So  (hall  Cl  x DI  = OD6 

QP  (byy.  2.)  = MR2  — RD*  (by Hyp.)  - DM2 

-CDx  DK  (as  bejore). 


PROBLEM  III. 


In  a given  circle  APBQ,  to  infcribe  a rett  angle 
equal  to  a given  right  lined  figure  RSTU,  not  exceed- 
ing half  the  fquare  of  the  diameter. 


CONSTRUCTION. 


Upon  the  diameter  AB  defcribe  the  rectangle 
ABKI  = RSTU  (by  7.  6.)-,  and  from  the  point 
C,  where  the  fide  KI  interfetts  the  periphery  of  the 
circle,  draw  C'A  and  CB,  parallel  to  which  draw 
BD  and  AD  ; then  will  ACBD  be  the  re&angle 
that  was  to  be  conftruded. 

1 
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DEMONSTRATION. 

The  lines  AC,  BD,  and  AD,  BC  being  parallel 
{by  Confer.)  and  the  angle  ACB  a right  one  (by  13. 
3.)  the  figure  ACBD  is  a rectangle  (by  Cor.  to  24. 
1.)  and  D is  alfo  in  the  circumference  of  the  circle. 
But  ACBD  zz  2ACB  zz  ABKI  =z  RSTU. 

That  the  Problem  will  be  impoffible,  when  BK 
is  greater  than  tAB,  or  when  BI  (RTJ  is  greater 
than  4rAB%  is  manifeft  from  hence,  becaufe  KI 
will  then  fall  intirely  above  the  circle, 

PROBLEM  IV. 

To  draw  a line  KL  parallel  to  a given  line  AG, 
which  Jloall  terminate  in  two  other  line.s  AB,  AC, 
given  by  poftion,  fo  as  to  form  with  them  a triangle 
AKL,  equal  to  a given  rebtangh  ADEF. 

CONST 

Let  FE,  produced, 
meet  AG  and  AC,  in 
G and  H;  and,  in  AB, 
take  a mean  propor- 
tional AK  betweenGIT 
and  2EF  •,  then  draw 
KL  parallel  to  AG, 
and  the  thing  is  done. 

DEMONSTRATION. 

The  triangles  AKL,  HGA  being  equiangular, 
it  will  be  AKL  : HGA  : : AK1  ( zz  GH  x 2EF, 
by  Conflr.) : GH1 : : EF  : fGH  (by  7.  4.)  : : EF  x 
AF  : *GH  x AF  (zz  HGA,)  : Therefore,  the  con- 
sequents being  equal,  the  antecedents.  AKL  and 
EF  X AF  mull:  alio  be  equal.  E.  D. 

V 3 PRO- 
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PROBLEM  V. 

• i 

Between  two  lines  AB,  AC,  given  by  pofition , to 
apply  a line  ICL,  equal  to  a given  line  MN,  fo  that 
the  triangle  AKL  formed  from  thence , Jhall  be  of  a 
given  magnitude. 


CONSTRUCTION. 

Having  bifeCt-  „ ~H; 
edMN  in  D,  on  ' x 
MD  defer! be  a 
rectangleMDEF 
{by  7 .6.)  — the 
magnitudegiven: 
alfo  on  MN  let 
a fegment  of  a circle  be  deferibed  {by  22.  5.)  to 
contain  an  angle  z=  A *,  and  from  its  interfeftion 
with  EF,  draw  HM  and  HN  ; then  make  AK  zz 
HM,  AL  - HN,  and  join  K,  L.  So  fhall  the 
bafe  KL  be  alfo  zz  the  bafe  MN,  and  the  triangle 


AKL  equal,  and  like  in  all  refpeds,  to  HMN  ; 
which  laft  {by  Cor.  to  2.  2.J  is,  manifeftly,  equal  to 
the  magnitude  given  MDEF.  E.  D. 

1 


PROBLEM  VI. 

Through  a given  point  P,  to  draw  a line  EPD  to 
meet  two  lines  AB,  AC,  given  by  pofition,  fo  that  the 
triangle  ADEformedfrom  thence,  fhall  be  of  a given 
magnitude . 


CONSTRUCTION. 


DrawFPIT  parallel  to 
AB,  interfering  AC  in 
F ; and  on  AF,  let  a pa- 
rallelogram AFHI  be 
formed,  equal  to  the 
given  area  of  the  trian- 
gle : Make  IK  perpen- 
dicular to  AI,  and  equal 


to 


1 


Geometrical  Problems; 

to  FP ; and  from  K,  to  AB,  apply  KD  zz  PH  ; 
then  draw  DPE,  and  the  thing  is  done. 

DEMONSTRATION. 

The  triangles  PHM,  PFE  and  MDI,  by  rea- 
fon  of  the  parallel  lines,  are  fimilar -,  and  there- 
fore, fince  the  three  homologous  Tides  PH  (KDJ, 
FP  (IK)  and  DI  are  fuch,  as  to  form  a right-an- 
gled triangle  {by  Conjtr .),  the  triangle  PHM  on  the 
firft  of  them,  is  equal  to  both  the  other  two  FPE 
and  MDI  {by  29.  4.) : and,  if  to  thefe  equal  quan- 
tities, AFPMI  be  added  ; then  will  AFHI  be  alfo 
— ADE. 

This  Problem  will  be  impoflible,  when  KD  (PH ) 
is  lefs  than  KI  (PF) ; that  is,  when  the  area  given 
is  lefs  than  a parallelogram  under  AF  and  2FP. 

PROBLEM  VII. 

From  a given  'polygon  ABCDEFH,  to  cutoff  a 
part  A1KFH,  equal  to  a given  re  hi  angle  MN,  by  a 
line  (IKJ,  either  parallel  to  a given  line  AQ*  or 
pajfmg  through  a given  point  P. 


CONSTRUCTION. 


cafe  propofed, 

P 4 draw 


2x5 
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draw  IK*  fo  as  ro  make  the  triangle  GKI  ~ MQ, 
and  the  thing  is  done. 

The  Demonftration  whereof  is  manifeft  from 
the  Conftruclion. 

And,  in  the  lame  manner,  the  polygon  may  be 
divided  accord  ;ng  to  any  given  ratio  •,  becaufe,  the 
whole  being  given,  each  part  will  be  given, 

PROBLEM  VIII. 

cfo  divide  a given  triangle  ABC  into  any  propofed 
number  of  parts  (AKM,  KN,  LC)  fo  as  to  have  any 
given  proportion  to  each  other  *,  by  means  of  lines 
drawn  parallel  to  one  of  the  fides  BC  of  the  triangle. 

CONSTRUCTION, 

Let  AB  be  divided 
into  parts,  AE,  EF,  FB, 
having  the  fame  given 
proportionto  each  other, 
as  the  parts  ot  the  tri- 
angle are  to  have.  Upon 
AB  let  a femi-circle 
AHIB  be  defcribed  ; 
and  perpendicular  to 
AB,  draw  EH,  FI, 
meeting  the  circumfe-^  / , 

rence  in  H and  I : From  the  center  A,  through 
H and  l,defcribe  the  arcSHKHL,  meeting  AB  in 
K and  L •,  then  draw  KM  and  EN  parallel  to  BC, 
and  the  thing  is  done. 

DEMON  STRATION. 

The  triangles  AKM,  ALN  and  ABC,  are  in 
proportion,  to  one  another,  as  AK2  (ABxAEj, 
AL2  (AB  x AF)  and  AB1  ( by  49,  and  24.  4 .)  j 
that  is,  as  AE,  AF  and  AB  (by  7.  4.)  Whence 
(by  divifton)  the  proportion  is  manifeft. 

PRO- 
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PROBLEM  IX. 


To  divide  a given  line  PQ  into  any  prop  of ed  num- 
ber of  parts,  fo  that  Jimilar  right-lined  figures  PM  m> 
ML/,  LQq,  defcribed  upon  them , Jhall  have  the  fame 
given  ratio  among  themjelves , as  an  equal  number  of 
right-lines  AB,  AC,  AD  afiigned. 

CONSTRUCTION. 

Upon  the  greated  AD  of  the  given  lines  AD, 
AC,  AB,  defcribe  a femi-circle  AEFD  ; and  per- 
pendicular to  AD,  draw  BE  and  CF,  meeting  the 
circumference  in  E and  F 5 and,  having  drawn 


PR,  at  pleafure,  in  it  take  PH  rr  did.  AE,  HI 
zr  did.  AF,  and  IK  — AD  •,  draw  KQ,  and  pa- 
rallel thereto  draw  HM,  1L  ; which  will  divide 
PQ,  as  required. 

DEMONSTRATION. 

PM;b  : L.Qq  : : PM1  : LQ4  (by  26.  4.) : : PH4 
( ~ AE4  — ABx  AD,  by  19.  4.) : IK4  ( AD4) : : AB: 
AD  (by  7.  6.).  In  the  very  lame  manner  it  appears, 
that  MU : LQj : : AC  : AD.  ^ E.  D. 


P RO- 
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PROBLEM  X. 

Tt o determine  the  pofition  of  a point  P,  fo  that 
Ttnes  drawn  from  thence  to  the  extremes  of  three  right- 
lines AB,  CD,  EF,  given  in  length  and pofition  fjhall 
form  three  triangles  ABP,  CPD,  EPF,  mutually 
equal  to  each  other . 

CONSTRUCTION. 

Let  the  given  lines  be  produced  to  meet  in  G 
and  H ; in  which  take  G m ~ AB,  fcL  — EF,  and 

P 


Gn,  Hr,  equal  each  to  CD  : Complete  the  paral- 
lelograms Gmpn , H rts\  and  let  the  diagonals  Gp 
and  Ht  be  produced  till  they  meet  in  P,  and  the 
thing  is  done. 

DEMONSTRATION. 

Let  PA,  PB,  Pm,  &c.  be  drawn.  The  triangles 
GPtf,  GP m,  having  the  fame  bale  GP,  and  equal 
altitudes  (becaufe  GMpn  is  a parallelogram)  are 
therefore  equal  to  each  other : But  CPD  ~ GP n, 
and  APB  ~ GP m ( by  Cor.  to  2.  2 ,)  ; whence  CPD 
and  APB  are  likewife  equal.  And,  from  the  very 
fame  reafoning,  it  appears  that  CPD  and  FPE  are 
equal.  £1  E,  D. 
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PROBLEM  XI. 

From  two  given  points  A,  B,  to  draw  two  lines 
AC,  BC,  to  meet  in  a line  DE  of  any  kind , given 
by  pofuion  \ fo  that  the  difference  of  their  fqu  ares fie  all 
be  equal  to  a fqaare given  (IVIN1). 


CONSTRUCTION. 


Make  AF  perpendicular 
to  the  line  AB,  and  equal 
to  MN;  draw  BF,  which 
bifedt  with  the  perpendicu- 
lar GH  ; and  from  its  in- 
terfedtion  with  AB,  draw 
HC  perpendicular  to  AB, 
meeting  DE  in  C •,  draw 
AC  and  BC,  and  the  thing 
is  done. 

For  BC1  — AC4  1=  BBT 

— AH2  (by  9.  2.)  — FH2 

— AH2  = AF2  = MN2. 


PROBLEM  XII. 

From  two  given  points  A,  B,  to  draw  two  lines 
AC,  BC,  to  meet  in  a line  DE  of  any  kind , given  by 
pofition  ; fo  that  the  fum  of  their  fquares  Jhall  be  equal 
to  a given  fquare , MN2. 

CONSTRUCTION. 

Bifedt  AB  with  the 
perpendicular  FG,  in 
which  take  FP  — FA, 
and  draw-  APQ  n: 

MN  ■,  on  AB  (pro- 
duced, if  neceflfary)  let 
fall  the  perpendicular 
QR  ; from  A to  FG 
apply  AH  — AR,  and 


about 
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about  the  center  F,  thro’  H,  Jet  the  circumference 
of  a circle  be  defcribed;  and  from  its  interfedtion 
C with  the  given  line  DE,  draw  CA  and  CB,  and 

the  thing  is  done. 

DEMONSTRATION. 

Let  BH  be  drawn  *,  which  being  — AH  — AR 
zz  RQ.  (becaufe  FP  z AF)  •,  thence  will  AC1  + 
BC*  = AH1  + BH"  {by  20,  3.;  zz  AR"  -J-  R(> 
=z  AQ1  zz  MNJ.  Q.  E.  D. 

\ 

PROBLEM  XIII. 

From  two  given  points  A,  B,  to  draw  two  lines 
AC,  BC,  meeting  in  a line  DE  of  any  kind,  given  by 
pcfition  ; [0  as  to  obtain  the  ratio  of  two  unequal  right- 
lines  Mm,  Nn  ajjigned. 


CONSTRUCTION. 

Having  joined  the  ]yfi 
given  points, divide  AB  N> 
in  F [by  1 5.  5.)  fo  that 
AF  : BF  : : Mm  : N n j 
make  A / and  F b paral  ^ 
lel  to  each  other,taking  f 
the  former  zz  AF,  and 
the  latter  zz  FB  i and  thro’  their  extremes  draw 
fb O,  meeting  AB,  produced,  in  O ; from  whence, 
■with  the  radius  OF,  let  the  femi-circle  FCG  be  de- 
fcribed, cutting  DE  in  C ; then  draw  AC  and  BC, 
and  the  thing  is  done . 


DEMONSTRATION. 

Becaufe  OA  : A/  ( AF) : : OF : Fb  (FB),  we  have 
(by  divifion)  OA  : OF  : : OF  : OB  ; or  OA  : OC  : : 
OC  : OB.  And  fo,  the  triangles  OAC,  OCB, 
liaving  one  angle  FOC  common,  and  the  fides 
about  it  proportional,  they  muft,  therefore,  be  fi- 

milar 
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milar  (by  15.4  ) whence  the  other  Tides  will  alfo 
be  proportional,  or  AC  : BC  : : OA  : OC  OF) : : 

A/:  F b : : M m : N»  {by  Conflr.)  §).  E.  D. 

Note,  When,  in  either  of  the  two  preceding  Pro- 
blems, the  circle  defcribed,  neither  cuts  nor  touches 
the  given  line  DF,  the  thing  propofed  to  be  done, 
will  be  impoffiolej  as  no  two  1 nes  drawn  from 
A and  B,  to  meet  above  the  circumference,  can 
poffibly  have  their  ratio,  or  the  Turn  of  their 
Iquares,  the  fame  as  two  lines  meeting  in  the  cir- 
cumference. 


PROBLEM  X1Y. 

From  two  given  points  A,  B,  to  draw  two  lines 
AC,  BC,  meeting  in  a right -line  DE,  given  by  por- 
tion \ fo  as  to  make  therewith  two  angles  A CD,  BCE, 
whofe  difference  l 'hall  be  equal  to  an  angle  given , bch. 

CONSTRUCTION. 


Make  AFG  perpendi- 
cular to  DE,  and  FG  cr 
AF  ; and,  having  drawn 
GB,  on  it  let  a fegment 
of  a circle  GCB  be  de- 
fcribed {by  22  5.)  to  con- 
tain an  angle  equal  to  toe 
fupplement  (beg)  of  the 

given  one  bch  •,  and  from  its  interfeftion  (C ) with 
DE,  draw  CA  and  CB  ; and  the  thing  is  done. 

For,  if  BC  and  GCH  be  drawn,  then  will  ACD 
= GCD  = ECH  = BCE  — BCH  (bch). 


In  the  fame  manner,  the  Problem  will  be  con- 
ftructed,  when,  inftead  of  the  difference  of  ACD 
and  BCE,  that  of  ABC  and  BAC  is  given:  Be- 
caufe,  when  DE  is  parallel  to  ABS  the  latter  dif- 
ference 
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ference  is  equal  to  the  former;  and,  in  all  other 
cafes,  differs  from  it  by  twice  the  given  angle  GCI, 
expreffing  the  inclination  of  the  faid  lines. — When 
the  fum  of  the  angles  ACD  and  BCE  is  given, 
the  angle  ACB  is  alfo  given  : And  here,  nothing 
more  is  neceffary,  than  barely  to  defcribe,  upon  AB, 
a fegment  of  a circle  to  contain  the  faid  given  an- 
gle ACB. 

.LEMMA. 

If,  of  any  three  -proportional  lines  AB,  DB,  FB,  the 
difference  AF  of  the  two  extremes  he  bifetted  in  G ; and 
if  on  the  greatefi  AB,  as  a bafe , a triangle  ABC  be  fo 
formed , that  its  lejfer  fide  AC  Jhall  be  to  the  diflance 
MG  of  the  perpendicular  from  the  bifediing  point  G, 
in  the  given  ratio  of  AB  to  DB  ; then  Jhall  the  greater 
fide  BC  exceed  the  leffer  AC  by  the  given  line  DB. 


DEMONSTRATION. 

Becaufc  FM  exceeds 
AM  by  2GM,  BM  will 
exceed  it  by  2GM  BF; 
and  the  reftangle  under 
this  excefs  and  the  whole 
bafe  A B (—  zMGx  AB 
-f-  BF  x AB)  will  therefore  {by  9.  2 ) be  — BC2— 
AC2.  But  [by  hypothefis  and  10.  4.;  MG  x AB  — 
AC  x BD,  and  BFx  AB  = BD2 : Therefore  2 AC 
X BD  + BD2  — BC2  — AC2 ; and,  by  adding  AC2, 
common,  AC“  •+■  2 AC  x BD  4-  BD2  (or  the  fquare 
of  AC  -F  BD,  by  6,  2.)  will  be  — BC2 ; and,  con- 
fequently,  AC  + ED  zz  BC.  E.  D. 


This  Lemma  is  not  only  of  ufe  in  the  Problem 
next  following,  but  will  be  found  a ready  inftru- 
ment  in  the  folution  of  many  others ; for  which 
reafon  it  is  here  put  down. 


PRO- 
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PROBLEM  XV. 

From  two  given  points  A,  B.  to  draw  two  lines 
AC,  BC  to  meet  in  a right-iine  DE,  given  by  por- 
tion ; fo  that  their  difference  f ball  be  equal  to  a given 
rirht-line  BD. 


CONSTRUCTION. 

In  AB,  take  a third- 
proportional  BF  to  BA 
and  Bd ; and,  hav- 
ing bifedted  AF  in  G, 
take  GI  — B^;  make 
Gli  and  IK  perpendi- 
cular to  AB,  meeting 
DE  in  H and  K ; and 
draw  HAL,  to  which, 
from  K,  apply  KL  = 

AB  ; and  parallel  thereto  draw  AC,  meeting  DE 
in  C ; join  B,  C 5 and  the  thing  is  done . 


demonstration. 

Let  CM  be  perpendicular  to  AB. 

Then,  becaufe  of  the  parallel  lines,  it  will  be 
AC  : KL  (AB)  : : HC  : HK  : : GM  : GI  (ft*.) 
Whence  (by  alternation ) AC  being  to  GM,  as  BA 
to  B d-,  and  AB,  ^B,  FB  being  alfo  propor- 
tionals ; the  whole  Conftrudtion  is  manifelt  from 
the  Lemma  premifed. 

II  the  fum,  inltead  of  the  difference,  of  the  two 
lines  (AC,  BC)  be  given,  the  method  of  conftruc- 
tion  will  be  exadtly  the  fame,  without  the  leaft  al- 
teration of  any  one  ffep  provided  that  B d be  firft 
of  all  taken  (in  BA,  produced)  equal  to  the  given 
fum,  inffead  of  the  difference. 


P R O- 
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PROBLEM  XVI. 

From  two  given  ■points  A,  B,  to  draw  two  lines 
AC,  BC,  fo  as  to  meet  in  a right-line  DE  parallel 
to  that  (AB)  joining  the  j 'aid  points , and  that  the 
reftangle  (AC  X BC)  contained  by  them^Jhall  be  equal 
to  a rectangle  given,  ADEF. 


CONSTRUCTION. 


Bifed  AB  and  AF,  in 
G and  H;  and,  having 
drawn  Gl  perpendicular 
to  AB,  to  it,  from  A,  ap-  / 
ply  AO —AH ; and  from 
the  center  O,  through  A 
and  B,  let  the  circum-  A_ 
ference  of  a circle  be  de- 
fcribed  interfeding  DE  in  C •,  from  whence  draw 
CA  and  CB,  and  the  thing  is  done. 

For,  if  CK  be  drawn  perpendicular  to  AB,  it 
is  evident  ( by  25.  3 ) that  AC  X BC  — CK  X 2AO 
- AD  x AF.  £>.  E.  D. 


K BF 


PROBLEM  XVII. 

Through  a given  point  P,  fo  to  draw  a line  FPE, 
that  the  parts  thereof  PF,  PE,  inter ctpt ed  by  that 
point  and  two  tines  aB,  CD,  given  in  pofition,  fhall 
obtain  a given  ratio . 


v,  1 


CON- 
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CONSTRUCTION* 

Through  P,  to  any 
point  in  AB,  draw 
PG,  in  which  (by  13. 

5.)  take  PH  to  PG, 
in  the  given  ratio  of  ^ 

PF  to  PE  j draw  HF 
parallel  to  AB,  meet-  r — 
ing  CD  in  F • then 
draw  FPE,  and  the  thing  is  done. 

For,  the  triangles  PGE,  PHF  being  equiangU- 
lar  (by  3.  and  7.  2.)  thence  is  PF  : PE  : : PH  : PG : 
and  fo  PF  and  PE  (as  well  as  PH  and  PG)  are 
in  the  ratio  given. 

In  this  conftruflion,  it  is  ndcefiary  that  one  of 
the  two  given  lines  Ihould  be  a right- one:  The 
other  may,  it  is  manifeft,  be  a line  of  any  kind 
whatever. 

PROBLEM  XVIII. 

Through  a given  point  P,  to  draw  a line  GH  ter- 
minating in  a right-line  AB,  and  in  a line  CD  of  any 
kmd , given  both  by  pofition  •,  fo  that  the  rett  angle 
under  the  two  parts  thereof  PG,  PEI,  jhall  be  of  a 
given  magnitude. 

CONSTRUCTION. 

Having  drawn  EPF 
perpendicular  to  AB,  take 
therein  PF  (by  7.  6.)  fo 
that  PE  x PF  — the  mag- 
nitude given  : Upon  PF, 
as  a diameter,  let  a circle 
be  defcribed,  interfering 
CD  in  G •,  then  draw 
GPH,  and  the  thing  is 
done. 


Q 
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DEMONSTRATION. 

If  FG  be  drawn,  the  triangles  PFG  and  PHE, 
having  FPG  = HPE,  and  FGP  ( = a right  angle, 
by  ix  3.)  = PEH,  will  be  equiangular:  And, 
confequently  (by  24.  3.)  PG  X PH  :=  PF  x PE  — 
the  magnitude  given.  ^ E.  D. 

PROBLEM  XIX. 

Through  a given  point  P,  between  two  right -Vines 
AB,  AC,  given  by  pofition , fo  to  draw  a line  ED, 
that  the  fum  of  the  figments  ( AD  + API)  cut  off  by  it 
from  the  two  farmery  Jhall  be  equal  to  a given  line 

RS. 

CONSTRUCTION. 

Draw  PF  and 
PG  parallel  to  AB 
and  AC ; in  BA 
produced  takeAM 
— AF,  and  MN 
~ RS  •,  then  divide 
GN  in  D (by  17.  5.) 
fo  that  GD  x ND  = AM  X AG  •,  draw  DPE,  and 

the  thing  is  done. 

DEMONSTRATION. 

By  fimilar  triangles,  GD  : GP  (zz  AF  — AM) : : 
FP  (—  AG) : FE  •,  and  confequently  GD  X FE  — 
AM  X AG  r=  GD  x ND  (by  Conjlr.)  : Whence  FE 
— ND  and  therefore  FE  + AF  -+-AD  (AE-p  AD) 
= ND  + AM  + AD  ir  MM  1=  RS.  Q E.  Z>. 

It  appears  from  the  Conftruftion,  that  the  Pro- 
blem will  be  impoffible,  when  (GNJ  the  excels  of 
RS  above  PF  and  PG,  is  lefs  than  the  double  of  a 
'mean' proportional  between  thefe  two  quantities. 

PRO- 
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through  a given  point  P,  between  two  right-lines 
AB,  AC,  given  by  pofition , fo  to  draw  a line  DF, 
that  the  difference  (AD  — AE ) of  the  fegments  cut 
off  by  it  from  the  two  former,  [hall  be  equal  to  a given 
line  RS. 


CONSTRUCTION. 


Draw  PF  and  PG  pa- 
rallel to  AB  and  AC;  in 
AB  take  AMzrAF,  and 
MN  — RS  ; then  (by  18. 
5.)  let  a line  ND  be  added 
to  GN,  fo  that  GDxND, 
PGx  PF ; draw  DPE,  and 
the  thing  is  done. 


C R 


DEMONSTRATION. 

Becaufe  of  the  fimilar  triangles  PGD,  EFP,  we 
have  GD  x FE  - PG  x PF  = GD  x ND  {by 
Conjlr.)  and  confequently  FE  zz  ND ; whence  AD 
— 'AE  — AN — AE  (AM)  =MN~ RS.  j^.  E.  Z>. 

PROBLEM  XXI. 

Between  two  right  lines  NBN,  JVIBM,  given  by 
pofition,  to  apply  a line  DE  of  a given  length , and 
which  ( produced , if  neceffary)  fhall  pafs  through  a 
given  point  A,  equally  difiant  from  the  faid  given 
lines . 


Q.* 


CON- 
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C ON  STRUCTION. 

Let  I G be  the 
length  given  ; and, 
having  drawn  AB, 
make  the  angles  F,  G 
equal  each  to  ABD 
for  ABF)  •,  and  in  AB 
produced  take  AC  (by 
1 8.  5.)  fo  that  AC  X 
EC  1=  HG4  : from  C 
to  NN  apply  CD 
HG  •,  then  draw  DAE 
(DEA and  the  thing 
is  done. 

demonstration. 

Becaufe  AC  : CD  : : CD  : BC  (by  Conjlr.  and  10. 
4,)  the  triangles  CAD  and  CDB  (having  one  an- 
ale  common,  and  the  (ides  about  it  proportional) 
will  be  equiangular  (ly  1 5*  4*)  • And  therefore,  fince 
CDA  = DBC  “ ABE  (by  hypothecs),  the  circum- 
ference of  a circle  may  be  defcribed  through  all  the 
four  points  C,  D,  B,  E (by  n*  3*  or  1 9*  3-)-  And 
fo  the  angle  DEC,  (landing  on  the  fame  fubtenfe 
(DC)  with  D3C,  will  be  equal  to  it;  and,  conle- 
quently,  equal  to  EDC.  Therefore  the  ifofceles 
triangles  EDC,  FGH  being  equiangular,  and  hav- 
incr  CD  = HG,  their  bales  ED  and  FG  will  alfo 
be  equal.  A.  D. 

PROBLEM  XXII. 

In  a given  circle  ABDC,  to  apply  a chord  AB 
equal  to  a given  line  RS  (lefs  than  the  diameter)  and 
which  Jhall  pafs  through  a given  point  P. 


CON- 
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CONSTRUCTION. 

Infcribe  CD  — RS, 
upon  which,  from  the 
center  O,  let  fall  the 
perpendicular  OF;  alfo 
draw  OP;  upon  which  let 
a femi-circle  be  defcribed, 
and  in  it  apply  OE=OF  ; 
laftly,  through  P and  E, 
let  AB  be  drawn  ; which  ^ ' 
will,  manifeftly,  be  equal  to  CD  (-RS,  by  2.  a) 

as  being  equally  diftant  from  the  center’  by~con- 
ltrudhon.  J 

When  the  point  given  is  placed  without-the  cir- 
cle, the  conftruftion  will  be  no-ways  different, 

PROBLEM  XXIir. 

Through  a given  point  P,  f0  to  draw  a line  AB, 
that  the  parts  thereof  AP,  BP,  intercepted  by  that  point 
and  the  circumference  of  a given  circle , /hall  have  a 
given  difference , DE. 


CONSTRUCTION. 

From  the  center  C,  draw 


circle  PQC  be  defcribed,  and 
in  it  apply  PQ  equal  to  half 
DE,  producing  the  fame,  both 
ways,  to  meet  the  circumfe- 
rence in  A and  B : So  (hall 
AQ  ~ BQ  [by  2.  3.) ; and 
therefore  PB  (—  f Q^-f  PQ 

— AQ  + PQ  = AP  + 2PQ)—  AP  - 
was  to  be  done. 


P DE,  which 


ft.  3 
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PROBLEM  XXIV. 

From  a given  point  P,  to  the  circumference  of  a 
given  circle  C,  to  draw  a right- line  PBA,  fo  as  to 
be  divided  in  a given  ratio  by  a line  RBS  of  any  kindt 
given  in  pofition. 

CONSTRUCTION. 

To  any  point  D in  the 
circumference,  draw  PD, 
which  divide  at  E in  the 
ratio  given  ; and,  having 
drawn  PC  and  the  radius 
CD,  parallel  to  the  latter 
draw  EF,  meeting  the  for- 
mer in  F ; from  whence, 
to  RS,  apply  FB  zz  FE  ; 
then  through  B draw  PA,  and  the  thing  is  done . 

DEMONSTRATION. 

Let  CA  be  drawn.  Then,  becaufe  of  the  pa- 
rallel lines  CD,  EF,  ir  will  be,  CD  (AC)  : EF 
(FBJ  : : PC  : PF-,  and  fo  the  triangles  PAC,  PBF 
will  likewife  be  equiangular  {by  16  4.).  And  there- 
fore PB  : BA  : : PF  : FC  : : PE  : ED  (by  13.  4 ). 
£>.  E.  D. 

PROBLEM  XXV. 

Through  a given  point  P,  to  draw  a line  GH, 
terminating  in  the  circumference  of  a given  circle 
BGA,  and  in  a line  MN  of  any  kind , given  by 
pofition ; fo  that  the  re  El  angle  under  the  two  parts 
thereof  PG,  PH,  jhall  be  of  a given  magnitude. 

CON- 
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CONSTRUCTION. 


Through  P draw 
the  diameter  AB,  in 
which  let  PD  be  fo 
taken  (by  7.  6.)  that 
PA  X PD  — the  mag- 
nitude given.  From 
any  point  E in  the  cir- 
cumference, draw  EP 
and  the  radius  EC ; 
and,having  joined  BE, 
draw  DF  parallel  to 
BE,  and  from  its  in- 
terfe&ion  with  PE, 
draw  FO  parallel  to  EC,  meeting  PB  in  O ; from 
whence,  to  IVIN,  apply  OH  OF ; and  through 
P draw  HG  for  the  line  required. 


DEMONSTRATION. 

Let  PH  be  produced  (if  necefiary)  to  meet  the 
circumference  of  the  circle  in  I j and  let  C,  I be 
joined. 

The  lines  OF,  CE  being  parallel,  thence  will 
PO  : PC  : : OF  (OH)  : CE  fCI) •,  and  therefore 
OH  and  Cl  will  likewife  be  parallels  (by  16.  4.) 
Therefore  PH  : PI  : ; PO  : PC  : : PF  : PE  : : PD  : 
PB  •,  whence,  alternately,  PH  : PD  : : PI  : PB  : ; 
PA  : PG  {by  21.  3.  and  10  4.)  and  conlequently 
PH  X PG  zz  PD  x PA.  ® E.  Z>. 


PROBLEM  XXVI. 

From  the  circumference  of  a given  circle  C,  to  a 
line  MN  of  any  kind , given  by  pofition , fo  to  draw  a 
right-line  EF,  as  to  be  both  equal  and  parallel  to  a 
given  right  line  PQ. 

- Q 4 
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■ CONSTRUCTION. 

From  the  center  C, 
draw  CD  equal  and 
parallel  to  PQ  ; and, 
from  D to  MN,  ap- 
ply DF  z=  the  radius 
CB  ; draw  CE  equal 
and  parallel  to  DF  •, 
then,EF  being  drawn, 
it  will  {by  2 6.  i.)  be 
equal,  and  parallel  to  CD  ; which  was  to  be  done.. 


PROBLEM  XXVII. 

From  the  point  of  interfeblion  P of  two  given  cir- 
cles O and  C,  fo  to  draw  a line  PR,  that  the  part, 
thereof  QR  intercepted  by  the  two  peripheries , fhai-l 
be  equal  to  a given  line  AB. 


CONSTRUCTION. 

Upon  the  line  OC 
joining  the  two  centers, 
let  a - femi-circle  GDC 
be  defcribed,  in  which 
apply  OD  n:  i-AB  j 
and  parallel  thereto, 
draw  PR,  and  the  thing 
is  done . 


DEMONSTRATION. 

Let  CD,  and  OF  parallel  to  CD,  be  d rawn,  meet- 
ing PR  in  E and  F.  Then,  the  angle  ODC  being 
aright  one  {by  if.  ^.fand  PR  parallel  to  DO,  Eand 
F will  alfo  be  right-angles,  and  EF  — DO.(Ay  24.1.): 
And  fo,:  PE  — PF  being  (=  DO)  n:  .LAB,  it  is 
man  if  eft',  that  2PE  f-PRj  — 2PF  fPQ)  — AB,  or 
that  QR  “ AB.  Q E.  D.  ' . ‘ 


PRO- 
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PROBLEM  XXVIII. 

From  a given  'point  P,  in  the  line  paffmg  through 
the  centers  of  two  given  circles  C and  O j fo  to  draw 
a line  PD,  that  the  parts  thereof  DF,  FG,  inter- 
cepted by  thofe  circles , floall  be  .in  a given  ratio , (viz. 
as  p is  to  q)* 

CONSTRUCTION. 


„ ,f.  <T.  ■'  ■ Za  Jl 

Take  CH  to  OR,  as  p to  q ; and  Cl  to  OR, 
as  PC  to  PO  : Upon  HI  let  a femi-circle  be  de- 
ferred, interfering  the  circle  CDE.in  K ; through 


which  point  draw  !KL,  and  make  CL  perpendicu- 
lar thereto  ; at  which  diftance,  from  the  center  C, 
let  a circle  ML  be  deferibed  : Then,  if  from  P a 
line  PD  be  drawn  to  touch  this  circle,  the  thing 

is  done . 

DEMONSTRATION. 

# 

Let  CD,  CK,  HK,  FO  be  drawn,  andalfoCM 
and  ON,  perpendicular  to  PD,  and  HQ_to  CL. 

The  nght  angled  triangles  CDM,  CKL  having 
CD  = CK,  and  CM  - CL,  have  alfo  DM  - LK 
— QH  (lince,  by  13.  3.  the  angle  HKI,  as  well  as  L, 
is  a right  one).  Moreover  ( by  conjlrublion ) Cl  : 
OR  (OF)  : : PC  : PO  : : CM  (CL) : ON  ; and  fo 
the  triangles  CiL,  OFN  (having  their  fides  pro- 
portional) mull  be  fimilar  j and  confequentlv 
t)FN  alfo  fimilar  to  CHQ:  whence,  as  QH  (or 
DM) : FN  : : CH  : FO  (OR)  : : p : £ [by  Conjlr.). 
E.  D. 
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PROBLEM  XXIX. 

To  draw  a line  EC,  to  make  given  angles  with 
a line  MN  paffmg  through  the  common  center  O of 
two  given  circles  MEN,  KDF,  fo  that  the  parts 
thereof  CD,  ED,  intercepted  by  that  line  and  the  two 
peripheries , fro  all  obtain  a given  ratio. 


CONSTRUCTION. 

Let  QOM  be  the  given 
angle,  to  which  ECM  fhall 
be  equal : In  OM  produced, 
let  KA  be  fo  taken,  as  to  be 
to  the  radius  OK  in  the  given 
ratio  of  ED  to  CD  ; upon 
which  let  a fegment  of  a circle 
ABK  be  defcribed  to  contain  r\ 
an  angle  equal  to  QOM;  and, 
from  its  interfe&ion  with  the 
circle  MEN,  draw  BA  ; pa- 
rallel to  which,  draw  the  ra- 
dius OD  ; and  then,  through  D,  draw  EC  paral- 
lel to  QO.  v 


DEMONSTRATION. 

Let  BK,  BO,  EO  be  drawn,  and  alfo  EP  pa- 
rallel to  DO,  meeting  OQ  and  OM  in  Qjmd  P. 
Then,  the  triangles  AKB,  POQ,  having  ABK 

— POQ  (by  ConfirudHon ),  and  KAB  “ OPO  (by 
7.  I.)  have  the:r  external  angles  OKB,  EQO  alio 
equal  (by  9.  1 ) : Therefore,  becaufe  EQ  ( = OD) 

— OK,  and  EO  rr  BO,  thence  is  OQ  = KB  (by 

1 7*  !•) '»  and  therefore,  as  the  triangles  POQ,  ABK 
are  equiangular,  PQ  is  alfo  = AK  : But  (becaufe 
ot  the  parallel  lines)  CD  : ED  : : DO  (OK)  : PQ 
( AK).  <3>.  E.  D,  ' 
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problem  XXX. 

To  determine  a point  P,  fo  that  three  per pendicu* 
Ian  drawn  from  thence , to  as  many  right  lines  AB, 
AC,  BC,  given  by  pofition^  Jhall  obtain  the  ratio  of 
three  given  lines  m,  n and  p,  refpeflively. 


CONSTRUCTION. 


the  point  of  concourfe  P,  will  be  that  which  was 
to  be  determined. 

DEMONSTRATION. 

Upon  the  fides  of  the  triangle  ABC  let  fall  the 
perpendiculars  GL,  GK,  PR,  PQ,  PS ; and  let  GI, 
parallel  to  AC,  be  drawn. 

The  angle  LEG  being  rr  LAK  = GIK  (Cor. 
i . to  7. 1.)  and  L and  K being  both  right-angles  (by 
Conftr .J,  the  triangles  EGL  and  GIK  are  fmiilar; 
and  therefore  1G  (m) : EG  (») : : GK  : GL  : : PQ  : 
PR  (by  21.  4.)*  And,  in  the  very  lame  manner, 
m : p : : PQ  : PS.  E.  D. 

After  the  fame  way,  the  Problem  may  be  con- 
•ftru&ed,  when  the  lines  drawn  from  P are  re- 
quired to  make,  any  given  angles  with  the  lines 
upon  which  they  fall. 
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PROBLEM  XXXI. 

To  determine  a point  P , fo  that  three  lines  PA, 
I B,  PC,  drawn  from  thence  to  three  given  points  A, 
B,  C,  Jh all  obtain  the  ratio  of  three  given  lines  a,  b 
and  c,  refpeblively. 


CONSTRUCTION. 

Having  joined  the 


given 


points,  in  AB 
take  AF  — a,  and  Al 
— c:9  make  the  an- 
gles AFG  and  AIK 
equal,  each,  to  ACB  ; 
and  from  the  centers 
F and  G,  with  the  ra-  __ 
dii  £and  AK,  let  two 
arcs  be  deferibed,  in  ^ 

terfe&ing  in  H ; from  A 
which  point  drawHF 
and  HA  ; then  draw  BP  to  make  the  angle  ABP 
AHF,  and  it  will  meet  AH  (produced)  in  the 
point  P,  required. 

demonstration. 

Let  BP,  CP,  and  GH  be  drawn. 

, .Jf  triangles  ABP,  AHF  being  equiangular,  it 

Tp  ’a  \lP  1 : AF  (*}  : FH  W ’ aSo  AB  : 
Al  : : AH  : AF ; and  AB  : AC  : : AG  : AF  ''be- 

caufe  ABC  and  AGF  are  likewife  equiangular, (by 

Conftr. ).  Now,  feeing  the  extremes  of  the  two*  lait 

proportions  are  the  fame,  the  four  means  AP,  AC, 

AG,  AH  [by  10.  4.)  will  therefore  be  proportionals  * 

and  fo,  the  triangles  ACP,AHG  being  equiangular 

(by  15.  4.)  it  will  be  AP  : CP  : : AG  : GH  (AK)  • • 

FA  (a)  ; Al  (c).  E.  D. 
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PROBLEM  XXXII. 

T 0 determine  the  pojition  of  a point  P,  at  which , 
lines  drawn  from  three  given  points  A,  B,  C,  Jhalt 
make  given  angles , one  with  another . 

CONSTRUCTION. 

Draw  AB,  upon  which  (by 
22.  5.)  let  a fegment  of  a cir- 
cle APB  be  defcribed,  capa- 
ble of  containing  the  given 
angle  which  the  lines  drawn 
from  A and  B are  to  in- 
clude ; and  let  the  whole 
circle  be  completed  ; make 
the  angle  ABD  equal  to  that 
which  the  lines  drawn  from 
A and  C are  to  include  ; and  from  the  point  D, 
where  BD  meets  the  circumference,  through  C, 
let  DP  be  drawn,  meeting  the  circumference  in  P ; 
which  is  the  -point  required. 

Bor,  AP  and  BP  being  drawn,  the  angle  APC 
will  be  — the  given  angle  ABD  (by  11.  3.)  both 
{landing  on  the  fame  arch  AD  ; And  APB  is  alfo 
of  the  given  magnitude  by  conftru&ion. 

PROBLEM  XXXIII. 

Any  two  unequal  fegments  AB,  CD  of  a right-line 
AD  being  given , as  well  in  pojition  as  length ; to  de- 
termine a point  P in  a line  MN  of  any  kind , given 
by  pofition  \ at  which  the  two  angles  APB,  CPD, 
fib  tended  by  thofe  fegments,  fhall  [if  pofible ) be  equat 
to  each  other . 


D 
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CONSTRUCTION. 

Make  B a and 
parallel  to  each  other, 
taking  the  former  — 

BA,  and  the  latter  — 

DC-,  and  thro*  their 
extremes  draw  caO , 
meeting  DA  produ- 
ced, in  O:  Take  OF 
a mean- proportional 
between  OB  and  OC  5 and  from  the  center  O, 
with  the  interval  OF,  let  a circle  FG  be  defcribed  ; 
which  (when  the  Problem  is  pofiible)  will  cut  (or 
touch)  MN,  and  the  point  of  interfe&ion  P,  will 
be  that  required. 


DEMONSTRATION. 

Let  PO,  PA,  PB,  PF,  PC,  and  PD  be  drawn. 

Becaufe  OD  : Dc  (DC) : : OB  : B a (BA),  it  will 
be  {by  divifiori)  OD  : OC  : : OB : O A -,  and  confe- 
quently ODxOAzrOC  X OB  i=OP*  {by  Conjlr .). 
Therefore,  feeing  that  OA  : OP  : : OP  : OD,  and 
that  the  angle  O is  common  to  both  the  triangles 
OAP,  OPD,  thefe  triangles  muft  be  equiangular 
{by  15.  4.)  and  confequently  APF  = OPF  (OFP^) 
— OPA  (ODP)  — DBF  {by  9.  1.).  In  the  very 
fame  manner,  becaufe  OB  : OP : : OP  : OC,  the 
angle  BPF  will  be  zz  CPF  *,  and,  confequently, 
APB  alfo  =CPD.  QE.D. 
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PROBLEM  XXXIV. 

Two  right-lines  AB,  AC  being  given , both  in 
length  and  pofition  ; from  the  point  of  their  concourfe 
A,  fo  to  draw  another  line  AI,  that  two  perpendicu- 
lars IP,  IN,  falling  from  the  extreme  thereof  upon 
the  two  given  lines , fhall  cut  off  alternate  fegments 
BP,  CN  in  a given  ratio  each  to  the  line  AI  fo 
drawn. 


CONSTRUCTION. 


to  meet  in  D and  G : draw  DA  and  DG,  and 
from  G to  AD,  appiy  GHzzp,  and  parallel  thereto 
draw  AI,  meeting  DG  produced  (if  needful)  in  I, 
and  the  thing  is  done . 

DEMONSTRATION. 

Becaufe  of  the  parallel  lines,  AI  : GH  (:  : ID 
GD) : : BP  : BE-,  whence,  alternately,  AI : BP  : : 
GH  ( p ) : BE  ( q ).  In  the  very  fame  manner  AI : 
CN  : : p : r.  E.  D. 
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PROBLEM  XXXV. 

Between  two  lines  AG,  BH,  given  both  in  por- 
tion and  length , to  draw  a line  MN,  which  (hall  bit 
in  a given  ratio  to  each  of  the  fegments  MG,  N H 
cut  off  from  the  two  given  lines . 

CONSTRUCTION. 

Let  the  given  ratio  of 
MN,  MG  and  NH  be 
that  of  rym  and  ny  refpec- 
tively  : In  AG  and  BH 
take  Gg-  — m,  and  H h 
~n  \ and,  having  drawn 
GH,  parallel  to  it  draw 
hi  i to  which,  from  g , 
apply  gK  — r draw 
GKN,  meeting  BH  in 
N,  and  parallel  to  Re- 
draw MN,  and  the  thing  is  done. 

DEMONSTRATION. 

* i» 4 

Becaufe  of  the  parallel  lines,  it  will  therefore  be 
MN  : GM  : : gK  if)  : Gg  (m) ; and  likewife 
MN  : gK  ( r ) : : GN  : GK  : : NH  : H h (n) ; 
which  laft  (by  alternation)  is  MN  : NH  : : r : n. 
&E.  D. 
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PROBLEM  XXXVI. 

To  draw  a line  DF,  to  cut  three  other  lines  AB, 
AG,  BC,  given  by  pofition  ; fo  that  the  two  parts 
thereof  DE,  EF,  intercepted  by  thofe  lines,  Jhall  be 
refpeblively  equal  to  two  given  lines , de,  ef. 

CONSTRUCTION. 

Upon  the 
right-lines  df 
ef  let  two  feg- 
ments  of  cir- 
cles, daf  ecf 
be  defcribed, 
to  contain  an- 
gles, reflec- 
tively equal 
to  BAG  and 
BCG  : Then 

(by  Pfob.  27.)  draw  fa,  fothat  the  part  ^intercepted 
by  the  two  peripheries,  fhail  be  equal  to  AC  j join 

tljf*  ant^  ta^e  AF  — af>  AD  — ad 't  then  draw 
-Dr,  and  the  thing  is  done . 

DEMONSTRATION. 

The  triangles  FAD,  fady  having  AF  ~ af 
AD  — ad , and  A ~ a (by  Conftruftiori),  are  equal  in 
all  refpedls  ; and  therefore  (if  ce  be  drawn)  the 
triangles  FCE,fce,  having  F ~f  FCE  =:  fee,  and 
CF  — cfy  will  alio  be  equal  and  alike:  Therefore, 
feeing  the  wholes  DF,  df  and  the  parts  FE,  fe  are 
equal,  the  remaining  parts  DE  and  de  muft  like- 
wile  be  equal.  £>.  E.  D. 
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PROBLEM  XXXVII. 

Through  a given  point  P,  to  draw  a line  DPF, 
to  cut  three  lines  AC,  CB,  ABb,  given  by  pofition  ; 
fo  that  the  parts  thereof  DE,  EF  intercepted  by  thofe 
lines , jhdli  obtain  a given  ratio. 

CONSTRUCTION. 

In  CA  pro-  C 
duced,  take  AT 
to  CA  in  the  ^ 
given  ratioof  DE 
to  EF  •,  and,  hav- 
ing  joined  B,  T, ^ 
draw  PQ  paral- 
lel thereto*,  and 
from  its  interfec-  ^ 
tion  with  BC, 

draw  QN  parallel  to  CT ; alfo  draw  AR  parallel 
to  BC  : And  in  RB  take  RH  (by  18.  5.)  fo  that 
NH  x RH  = PQ  X TR  : Then  draw  AH , and 
DPEF  parallel  to  it,  and  the  thing  is  done. 

DEMONSTRATION. 

Becaufe  (by  Condr.  and  10.  4.)  NH  : TR  : : 
PQ  : RH  : : QE  : AR  (by  14.  4.)  it  follows  (by 
alternation')  that  NH  : QE  : : TR  : AR  : : TB  : BC 
(by  12.  4.)  : : BN  : BQj  Therefore  EH  ( when 
drawn)  will  be. parallel  to  QN  or  AD.f^jy  Cor.  to 
1 2.  4,) ; and  fo  DEHA  being  a parallelogram,  we 
have  again  (by  fimilar  triangles)  as  DE  (AH)  : 
EF  : : 1H  : IE  : : AT : AC.  ^ E.  D. 

When  the  fegments  AD,  BE,  cut  off  from  the 
given  lines  AC,  BC,  are  required  to  be  in  a given 
ratio  (inftead  of  DE  and  EF),  the  conftrudtion  will 

be 


Geometrical  Problems • 

be  the  fame  ; provided  that  CT  be  taken  to  BC 
in  the  ratio  given.  For,  then  AD  (EH)  : BE  : : 
CT  : BC.  ■ ... 

PROBLEM  XXXVIII. 

To  draw  a line  ABCD  to  cut  four  other  lines 
MONP,  NQ,  ROT,  SMT,  given  hy  pojition  *,  fo 
that  the  three  parts  thereof  AB,  BC,  C D,  intercepted 
by  thofe  lines , may  obtain  the  ratio  of  three  given 
lines  m,  n,  and  p,  refpedlively . 

CONSTRUCTION. 

From  any  point  S 

/ in  NP  draw  d 

fig  parallel  to 
TMS,  interfer- 
ing NQ^  in  b\ 
and, having  taken 
bg  to  bf  in  the 
given  ratio  of  n 
to  w,  draw  NgE  : 

Moreover,  hav- 
ing taken  OH  to 
MO  in  the  given 
ratio  of  n to  p,  draw  THG  ; and  from  (G)  its  in- 
terferon with  NE,  draw  GI  and  GF  parallel  to 
MP  and  ST,  refpeftively,  cutting  NQ  and  TR 
in  B and  C i thro*  which  two  points  draw  ABCD, 
and  the  thing  is  done. 

DEMONSTRATION. 

By  fimilarf  AB  : BC  : : BF : BG  : : bf:  bg : : m : n\ 
triangles,)  BC  : CD  ::  CG  : Cl : : OH  : MO  ::  n:p. 

I & E.  D. 
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PROBLEM  XXXIX. 

To  draw  two  lines  CA,  CB,  from  a given  -point 
C to  terminate  in  two  other  lines  PM.  PN,  given 
by  pofition , and  which , together  with  the  line  AB, 
joining  their  extremes , Jhall  form  a triangle , ABC, 
fimilar  to  a given  one>  ahc. 

CONSTRUCTION. 

Upon  ab  let  a 
fegment  of  a circle  / 
apb  be  defcribed,  / 
to  contain  an  an-  [ 
gle  equal  to  MPN,  V 
and  let  the  whole  V 
circle  be  complet-  cl 
ed ; draw  PC,  and  € M 

alfo  ae>  making 
the  angle  bae  ~ CPN,  and  interfering  the  peri- 
phery in  e ; and  through  c draw  ep , meeting  the 
periphery  in  p make  the  angles  PCA  and  PCB 
refpe&ively  equal  to  pea  and  peb  ; then  join  A,  B, 
and  the  thing  is  done. 

-DEMONSTRATION. 

If  pa  and  pb  be  drawn  ; then  will  the  angle  bae 
(CPB)  n:  cpb , both  ftanding  on  the  fame  arch 
be  ; therefore,  APB  being  alfo  — apb  {by  Coniir 
the  remaining  angles  APC  and  ape  mu  ft  confe- 
quently  be  equal;  whence,  as  PCA  —pea,  and 
PCB  rr  peb  {by  Conflr.),  the  triangles  APC,  ape , 
and  BPC, bpc  are  equiangular;  and  therefore  AC  : 
ac  (:  : PC  : pc)  : : CB  : cb.  And  lo  the  triangles 
ABC,  abey  having  the  fides  about  the  equal  angles 
ACB,  acb,  proportional,  they  are  like  to  each  other 
{by  15.  4.)*  Q E,  D. 
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PROBLEM  XL. 

* • • . • u v . * - 

To  defer ibe  a triangle  PQ  R,  equal  and  fimilar  to 
a given  triangle  pqr,  which  J hall  have  its  angular 
points  placed  in  three  right-lines  ABC,  BD,  AE, 
given  by  pofition . 


CONSTRUCTION. 

Upon  the  two  Tides  pq , pr,  let  two  Tegments 
of  circles  pbq , par  be  deferibed,  to  contain  angles 
refpeftively  equal  to  CBD  and  CAE  : Then  draw 
pa  ( by  Prob.  27.)  To  that  the  part  thereof  ba , in- 
tercepted by  the  two  peripheries,  (hall  be  equal  to 


BA  ; and,  having  joined  b,  q>  and  a,  r , make  BP 
— bp , BQ  — hq , AR  ~ ar , and  let  PQ,  PR,  and 
QR  be  drawn  for  the  Tides  of  the  triangle  re- 
quired. 


DEMONSTRATION. 

The  triangles  PAR,p<jr;  PBQ,p^,  being  equal 
and  alike  in  all  refpe&s  (by  Conjtr .),  not  only  the 
Tides  PR,  pr  ; PQ,  pq,  but  the  angles  QPR,  qpr , 
will  be  equal  •,  and,  confequently,  the  two  trian- 
gles PQR,  pqr  alio  equal  and  like  to  each  other. 

E.  D. 

R 3 
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PROBLEM  XLI. 

. . k.  v...  ■ < • 

. • 

To  defcribe  a trapezium  fimilar  to  a given  one 
efgh,  having  its  angular  points  placed  in  four  right * 
lines  CN,  BM,  AL,  CBAK  given  by  pofition, 

CONSTRUCTION. 

Let  three  points  p , q,  r be  found,  from  whence, 
as  centers,  fegments  of  circles  may  be  defcribed, 
upon  ef , egy  eh , to  contain  angles  equal  to  the 
three  given  angles  KAL,  KBM,  KCN,  refpec- 
tively  ; draw  pqy  in  which,  produced  (if  necefiary) 
take  qs  to  qp  in  the  proportion  of  BC  to  AB  $ 


and,  having  drawn  rst , make  ec  perpendicular 
thereto,  interfering  the  three  circles  in  a , bt  c. 
Take  AE  : AB  ::ae\  ab  ; and  make  the  angles 
CEH,  CEG,  and  CEF,  refpedtively  equal  to  ceb, 
ceg , an  d cef then  let  H,  G and  G,  F be  joined; 
and,  I fay,  the  trapezium  EFGH  will  be  fimilar  to 
the  given  one  efgh. 
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demonstration. 

Let  aft  bgt  cb , be  drawn,  and  alfo  pw,  qv,  per- 
pendicular to  ec.  So  fhall  ab  — eb  — eazz  zev  — 
2 ew  — 2vw  \ and  be  — ec  — eb  — 2 et  — • 2cv  zz 
2 vt : And  therefore  ab  : ^ : : vw  : t//  : : pq  : ^ 

13.  4.)  : : AB : BC  (£y  Again,  feeing  the 

triangles  EAF,  eaf ; KBG,  ; ECH,  ech  are,  re- 
fpedtively,  equiangular  ( by  Conftr.)  it  will  be  EG: 
eg:  : EB  : eb  : : AE  : ae  (iy  Conjlr.  and  Compofitm ) 
: : EF : ■<?/!  (£y  14.  4-)  ; and  fo  the  triangles  GEF 9gef 
(having  the  Tides  about  the  equal  angles  proportional) 
are  fimilar.  And,  in  the  very  fame  manner,  the  two 
remaining  triangles  EGH,  egh  (and  confeq.uently 
the  whole  trapeziums  EFGH,  efgh)  will  appear  to 
be  fimilar.  ig.  E.  D. 


PROBLEM  XLIL 

q’o  deferibe  the  circumference  of  a circle  through 
two  given  points  A,  B,  which  Jhall  touch  a right  •line 
CD  given  by  pofition. 


CONSTRUCTION. 


Draw  AB,  which 
bifedt  in  E by  the 
perpendicular  Eh, 
meeting  CD  in  F ; 
from  any  point  H 
in  EF,  draw  HG 

perpendicular  to  CD  j 
and,  having  drawn 
BF,  to  the  fame  ap- 
ply HI  zz  HG,  and 
parallel  thereto  draw  BK,  meeting  EF  in  K *,  then 
from  the  center  IC,  with  the  radius  BK,  let  a cir- 
cle be  deferibed,  and  the  thing  is  done. 
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1 

demonstration. 

Join  K,  A,  and  draw  KL  perpendicular  to  CD  2 
Then,  becaufe  of  the  parallel  lines,  HG  : HI : : 
KL  : KB  {by  21.  4.) ; whence,  as  HG  and  HI  are 
equal,  KL  and  KB  are  equal  likewife : But  it  is 
evident,  from  the  Conftrudtion,  that  KA  is  — KB  * 
therefore  KB  = KL  z:  KA.  g).  E.  D. 

Becaufe  two  equal  lines  HI,  Hi  may  be  ap- 
plied from  H to  BF  (except,  when  DIH  is  a 
right  angle)  the  Problem  will  therefore  admit  of 
two  folutions.  But  when  a perpendicular  let  fall 
from  H upon  BF  is  greater  than  HG ; the  Problem 
will  be  impoflible.  And  the  like  is  to  be  underftood 
in  the  conftruttion  of  the  fubfequent  Problems. 

PROBLEM  XLIII. 

To  defcribe  the  circumference  of  a circle  through  a 
given  ■point  A,  which  fh  all  touch  two  right  lines  BC, 
BD  given  by  p oft t ion. 


CONSTRUCTION. 

From  the  point 
of  concourle  B 
of  the  two  given 
lines,  draw  BA; 
and  alfo  BN,  to 
bifedl  the  angle 
CBD  ; from  any 
point  E in  BN, 
upon  BC,  let  fall 
the  perpendicu- 
lar EF,  and  to 
BA  apply  EG  rz 
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EF,  parallel  to  which  draw  AH,  meeting  BN  in 
H j then  from  the  center  H,  with  the  interval 
HA,  let  a circle  be  deferibed,  and  the  thing  is 
done. 

DEMONSTRATION. 

Upon  BC  and  BD  let  fall  the  perpendiculars 
HI  and  HK ; which  are  manifeftly  equal,  be- 
caufe  {by  Conjlr.)  the  angle  HBI  — HBK : More- 
over, as  EF  and  EG  are  equal,  HI  and  HA  are 
alfo  equal  {by  21.  4.)?  §£.  E.  D. 

PROBLEM  XLIV. 

T 0 deferibe  a circle,  which  Jhall  touch  a given 
circle  AaM,  and  two  right-lines  BC,  BD,  given  by 
pofition. 

CONSTRUCTION. 

Draw  PQ  parallel  to  BC,  at  the  diftance  of  the 
radius  A a ; and  through  the  point  of  concourfe 
B of  the  two  given  lines,  draw  NBP,  bife&ing 
the  angle  CBD,  and  meeting  PQ  in  P ; moreover, 
from  any  point  E in  PN,  upon  PQ,  let  fall  the 


C 

Q 


I 


perpen- 
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perpendicular  EF,  and  from  the  fame  point,  to 
PA,  apply  EG  =:  EF;  draw  AH  parallel  to  EG, 
meeting  the  periphery  of  the  given  circle  in  M, 
and  the  right-line  PN  in  H,  from  which  laft 
point,  as  a center,  through  M,  defcribe  the  cir- 
cumference of  a circle  ; and  the  thing  is  done. 

DEMONSTRATION. 

Draw  HS  perpendicular  to  BD,  and  HK  to 
PQ,  interfe&ing  BC  in  I. 

Then,  becaufe  EG  and  EF  are  equal  (by  Conjlr.\ 
HA  and  HK  (by  21.  4.)  are  likewile  equal  ; from 
which  take  away  KI  zz  AM  (A a),  and  the  re- 
mainders HI,  HM  will  be  equal : But,  it  is  evi- 
dent, that  HI  is  z=  HS,  becaufe  BH  bifedts 
the  angle  IBS ; therefore  HI  — HM  zi  HS* 
& E.  D. 

PROBLEM  XLV. 

T 0 defcribe  the  circumference  of  a circle  through 
two  given  points  A,  B,  and  which  fhall  alfo  touch 
another  circle  Odb,  given  in  pofition  and  magni- 
tude. 

CONSTRUCTION. 

Bifeft  the  given  diftance  AB  with  the  perpendi- 
cular DE,  in  which  (by  Prob.  15.)  let  the  point  C 


l 


be 
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be  fo  determined,  that  CO  (when  drawn)  {hall  ex- 
ceed CA  by  the  radius  O d of  the  given  circle. 

Then  that  point,  it  is  fnanifeft,  will  be  the  center 
of  the  circle  to  be  defcribed. 

r f r K • \ • 

P R OBLE  M XLVI. 

Through  a given  point  A,  to  defcribe  the  circumr 
ference  of  a circle , which  Jhall  touch  a given  circle  B, 
and  alfo  a right  line  BQjiven  by  pofition. 

CONSTRUCTION. 

Make  AH  perpendi- 
cular to  PQ,  and  BD  to 
AH  *,  and  having  drawn 
AB,  in  it  take  BF  a 
third-proportional  to  AB 
and  the  radius  Bd,  and 
let  AF  be  bifeded  in  G : 
then  draw  MN  (by  Prob. 

35.)  fo  that  MN,  NH, 

and  MG  may  be  in  the  fame  given  ratio,  among 
themfelves,  as  BD,  BA,  and  B d:  and  at  M and 
N let  two  perpendicplars  be  ereded  on  AB  and 
AG ; which  will  interfed  each  other  in  the  center 
C of  the  required  circle. 

DEMONSTRATION. 

Let  CA  and  CB  be  drawn,  and  alfo  CK  per- 
pendicular to  PQ.  Becaufe  MN  : NH  : : BD  : 

BA  {by  Conjlr.) : : MN  : AC  (by  22.  4.),  thence  is 
NH  (CK)  = AC.  And  fince  {by  Conjlr .)  NH 
(AC)  : MG  : : BA  : Bd , it  is  alfo  manifeft,  from 
the  Lemma  on  p.  222.  that  EC  ~ AC  -p  Bd; 

E.  D. 

.1 
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PROBLEM  XL  VII.' 

7* o defcribe  a circle  O amb>  which  Jhall  touch  two 
given  circles  AEa,  BF£,  and  aljo  a right-line  CD, 
given  by  fofition. 

CONSTRUCTION. 

% 

From  the  radius  BF  of  the  greater  circle,  take 
away  F h equal  to  the  radius  AE  of  the  lefier ; 
and  from  the  center  B,  with  the  interval  B ht  de- 
fcribe the  circle  B hv->  alfo  draw  PQ  parallel  to 
CD,  at  the  diftance  of  F b or  AE  : Then,  by  the 


laft  Problem,  let  the  center  O of  a circle  be  found, 
whofe  circumference  fhall  pafs  thro*  A,  and  touch 
PQ  and  Bhv ; and  the  fame  point  O will,  likewife, 
be  the  center  of  the  required  circle  Qamb. 

DEMONSTRATION. 

Draw  On , perpendicular  to  PQ,  cutting  CD  in 
m alfo  let  OA  and  OB  be  drawn  interfering  the 

circles 
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circles  A and  B in  a and  v : Then,  fince  {by  Conjir.) 
AO  — *t;0  r:  «0,  and  A a (AE)  zz  bv  (F  h)  zz  nmy 
let  thefe  laft  be  refpe&ively  taken  from  the  for- 
mer, and  there  will  remain  Oa  zz  Ob  ~ O m. 
£>.  E.  D. 


PROBLEM  XLVIII. 

To  defcribe  the  circumference  of  a circle  through  a 
given  -point  A,  which  [hall  touch  two  other  circles  B 
and  C,  given  in  pefition  and  magnitude. 

CONSTRUCTION. 

To  the  centers  of  the 
given  circles,  draw  AB 
and  AC  ; in  which  take 
Bb  zz  a third  propor- 
tional to  AB  and  the  ra- 
dius BE  ; and  Cc  rr  a 
third-proportional  to  AC 
and  the  radius  CF  : bi- 
fe<5t  A b and  Ac  in  G 
and  H,  and  let  F r be 
drawn  parallel  to  AB, 
meeting  BC  in  r.  Then 
{by  Prob.  34 .)  draw  AO,  fo  that  OM  and  ON  being 
drawn  perpendicular  to  AB  and  AC,  the  three 
lines  AO,  GM  and  HN  (hall  have  the  fame  given 
ratio  among  themfelves,  as  AB,  BE  and  Fr.  Then 
fhall  the  point  O be  the  center  of  the  required 
circle : For,  fince  {by  Ccnftr .)  AO  : GM  : : AB  • 
BE  ; and  AO  : HN  (: : AB  : Fr) : : AC : CF ; it 
is  manifeft,  from  the  Lemma  on  p.  22  2.  that  OB 
= AO  + BE ; and  OC  zz  AO  + CF.  df  E.  D. 
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In  the  very  fame  manner,  a circle  may  be  de- 
feribed  to  touch  three  given  circles ; the  Problem 
amounting  to  no  more  than.  To  find  a point  from 
whence  lines , drawn  to  three  given  points , Jhall  have 
given  differences : Since  a point  fo  found,  will  al- 
ways be  the  center  of  the  required  circle,  as  well 
when  the  three  given  circles  are  to  touch  that  circle 
inwardly , as  when  they  are  all  required  to  touch 
it  outwardly. 


The  End  of  the  Geometrical  Constructions. 
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ON  THE 


Elementary  Part  of  this  Work. 


/ 1XIO  M io.  Book  I.  What  is  here  laid 
down,  as  an  Axiom,  would,  more  properly, 
have  been  made  a propofition,  had  it  ad- 
mitted of  fuch  a demonstration,  as  is  perfectly 
confident  with  geometrical  dri&nefs  and  purity. 
But  the  laying  of  one  figure  upon  another,  what- 
ever evidence  it  may  afford,  is  a mechanical  con- 
fideration,  and  depends  on  no  Pojlulate. 


' Pheor . 4.  and  5.  Book  I.  There  is  fcarce  any 
thing  more  obvious  to  fenfe,  and  at  the  fame  time 
more  difficult  to  demondate,  than  the  firft,  and 
mod  fimple  properties  of  parallel  lines.  Even 
when  we  have  (in  Theor.  4 ) proved  the  poffibility 
of  the  exidence  of  fuch  lines,  we  cannot  from 
thence  infer,  that  their  didance  from  one  another 
is  every  where  the  fame  •,  without  having  recourfe 
to  an  Axiom,  which,  though  very  evident  to 
fenfe,  cannot  be  demondrated.  Thefe  difficul- 
ties wholly  arife  from  our  not  having  any  proper- 
ties, previoufly  demondrated,  whereby  the  progrefs 
of  a right-line,  produced  out,  can  be  traced,  with 
refoedt  to  its  didance  from  forne  other  right- line 

alligned  j 


256 


Notes  geotnetrlcal  and  critical 

affigned  ; nothing  lefs  being  required  here,  than 
the  proportionality  of  the  Tides  of  equiangular  tri- 
angles ; which  is  not  proved  before  the  middle  of 
the  Fourth  Book,  and  which  depends  upon  thefe 
very  principles. 

Schol.  to  Theor  5*  Book.  I.  As  there  are  feveral 
conditions  requifite  to  make  up  the  definitions  of 
a re£f angle  and  fquare,it  was  neceffary  to  (hew  here, 
that  the  feveral  properties  afcribed  to  thofe  figures, 
are  not  incompatible  one  with  another.  Euclid  is 
very  drift  in  this  particular,  and  never  undertakes 
to  demondrate  any  thing  relating  to  a figure,  till 
he  has  proved  the  pofiibility  of  the  exidence  of 
fuch  figure  by  an  aftual  condruftion. 

Theor.  22.  Book  I.  This  propofition,  which  is 
not  in  Euclidy  is  of  confiderable  ufe,  being  often 
wanted  in  determining  the  Maxima  and  Minima , 
in  mathematical  enquiries. 

Theor.  27.  Book  I.  This  Theorem,  though  not 
in  Euclidy  is  alfo  very  ufeful,  at  leafr,  to  our  defign  : 
by  it  we  are  not  only  enabled  to  divide  a right- 
line into  any  number  of  equal  parts,  withoufthe 
help  of  proportions,  but  alfo  to  demonftrate  that 
mod  important  propofition.  That  the  homologous 
fides  of  equiangular  triangles  are  proportional.  It  is 
true,  the  method  purfued  here,  is  not  exactly  con- 
formable to  the  idea  of  proportions  delivered  in 
the  6th  Def.  of  Euclid  s 5th  Book.  But,  even 
in  that  light,  the  demonftration  will  be  equally 
eafy,  without  inferring  it  Irom  the  proportionality 
of  triangular  fpaces. 
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T'heor.  i.  Bock  II.  This  propofirion,  which  is  not 
mentioned  by  Euclid , may  be  thought  unneceftary  • 
buc  it  muft  either  be 
demonftrated,  or  af- 
fumed,as  it  is  wanted 
in  almoft  every  pro- 
pofition  of  thefecond  A. 
book  : By  means  of  A 
it,  we  alfo  arrive  at  a 
general, and  verVeafy 
demonftration  of  that 
important  Theorem,  a 
1 hat  all  parallelograms 

(AEFD,  aefd)  which  Jland  upon  equal  bafes , and 
have  equal  altitudes , are  themfelves  equal : For,  when 
it  is  known  that  thefe  parallelograms  AEFD,  aefd, 
are  equal,  refpedively,'to  redangles  ABCD,  abed, 
of  the  lame  bale  and  altitude  (which  is  proved  in 
Prop.  2.)  it  is  alfo  manifeft  that  they  muft  be  equal 
to  one  another,  as  their  equal  redangles  ABCD, 
abed  are  fhewn  (by  Theor.  i.)  to  be  equal,  the  one 
to  the  other.  This  determination  is  more  general 
than  that  given  by  Euclid , in  the  36th  Prop,  of  his 
firft  book  ; where  he  demonftrates  the  equality  of 
parallelograms,  whofe  equal  bafes  are  in  the  fame 
ftraight  line : Which  may,  perhaps, be  thought  fuffi- 
cient  for  the  whole-,  becaufe,  if  the  bafes  are  not 
in  the  fame  right-line,  one  of  the  two  figures  may 
be  conceived  to  be  removed,  and  lo  placed,  that  its 
bafe  (hall  be  in  the  fame  right-line  with  the  bafe  of 
the  other. — But,  that  thefe  were  not  Euclid's  ienti- 
ments,  is  evident  from  this  He  hints  at  no  fuch 
thing  : And  had  he  approved  of  this  fort  of  de- 
monftration,  his  36th  Prop,  would  have  been  in- 
tirely  ufelels  ; as  nothing  more  (after  the  35thJ 
would  be  neceftary,  in  order  to  a general  demon- 
ftration, than  barely  to  place  one  bafe  upon  the 
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other.  But  it  is  certain,  that  this  is  a kind  of  de- 
monftration,  which  Euclid  never  has  recourfe  to, 
when  the  thing  in  hand  can  be  done  without  it. 
For  which  reafon  I cannot  help  wondering  a little, 
that  that  very  accurate  Geometer,  Profejfor  Simpfon 
of  Glafgow,  fhould  make  ufe  of  z7,  where  (1  ap- 
prehend) Euclid  would  not.  The  place,  I have 
now  particularly  in  my  eye,  is  the  addition  (for 
it  cannot  properly  be  called  a corollary)  made 
by  him  to  the  firft  proportion  of  the  fixth  book  : 
Which  addition  would  have  been  quite  unneceffary, 
had  what  is  above  remarked,  refpe&ing  the  equa- 
lity of  parallelograms,  been  fully  eftablilhed  in 
the  fecond  book  : For  then  the  demonftration,  that 
parallelograms,  having  equal  altitudes,  areas  their 
bafes,  would  nothing  differ  from  that  whereby  pa- 
rallelograms, Handing  between  the  fame  parallels, 
are  proved  to  be  in  proportion  as  their  bafes. 

E'heor.  9,  11,  12,  13.  Book  II.  Thefe  four  Theo- 
rems, tho’  not  in  Euclid > are  of  very  confiderabie 
ufe,  particularly  the  two  firft  of  them. 

Eheor.  1.  Book  III.  This  eafy  propofition  is  add- 
ed in  order  to  give  the  learner  a proper,  and  more 
precife  idea  of  the  quantity  of  an  angle,  and  of  its 
divifion  in  practical  ufes. 

Theor.  2,  3,  4,  5,  6,  7,  8.  Book  III.  Thefe  feven 
propofitions  comprehend  all  that  is  moft  mate- 
rial in  the  firft  feventeen  Theorems  of  Euclid’s 
3d  book. — As  there  is  no  where,  in  this  author, 
io  lone  a run  of  propofitions  together  that  are  lefs 
entertaining  to  learners,  or  of  lefs  real  importance, 
than  the  greater  part  of  the  laid  Theorems  ; I 
thought  it  would  be  of  ufeto  reduce  the  lubftance 
of  them  into  a lefs  compafs  : And  I flatter  mylelf, 
that  I have  not  fucceeded  ill,  in  this  particular. 

‘The  or. 
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' Theor . 24,  25,  26,  27,  28.  Book  III.  Thefe 
Theorems,  which  are  all  of  very  confiderable  ufe, 
will  not,  I flatter  myfelf,  appear  lefs  plain  by 
being  proved  independent  of  proportions,  as  the 
demonitrations  here  given  are,  not  only  more  con- 
cife,  but  depend  alfo  upon  fewer  principles. 

Def.  12.  and  jq.Book  IV.  The  explication  here 
given,  is  not  ftridtly  conformable  to  the  idea  of 
ancient  Commentators , but  is  delivered  in  a fenfe 
fomewhat  more  general.  With  them,  the  conipo- 
Jition  and  divijion  of  ratios , extends  to  thofe  cafes 
only,  where  the  fum,  or  difference  of  each  antece^- 
dent  and  its  confequent,  is  compared  with  the  con- 
iequent.  When  the  antecedent  is  compared  with 
its  excefs  above  the  confequent,  this  they  call  the 
converfion  of  ratios.  But  in  fuch  cafes  where  the 
antecedent  is  lefs  than  the  confequent,  and  where 
the  fum,  or  difference  of  the  antecedent  and  con- 
fequent is  required  to  be  compared  with  the  ante- 
cedent *,  it  does  not  appear  that  any  terms  have 
been  given  to  fignify  fuch  a comparifon.  Profefjor 
Simpfon  thinks,  that  the  definitions  we  have,  are  not 
Euclid's^  but  an  addition  by  Theon ; which  to  me 
appears  highly  probable  : This  at  leaft  feems  clear, 
that  thefe  definitions  ought,  either  to  have  been 
extended  to  a greater  number,  or  elfe  to  have  been 
rendered  more  general.  For  this  reafon  I have, 
after  the  example  of  modern  Geometers,  given  the 
fignification  of  thofe  terms,  fo  as  to  include  all  the 
feveral  cafes:  And  this,  I thought,  might  be  done 
with  the  greater  propriety,  as  the  truth  of  whatever 
is  here  underftood,  depends  upon  the  fame  de- 
monftration. 

1 Theor . 20,  21,  22,  23.  Book  IV.  All  thefe  The- 
orems, tho’  not  in  Euclid , are  of  confiderable  ufe  : 
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by  the  two  former,  the  demonftration  of  feveral 
others  is  rendered  more  eafy  ; and  the  latter  have 
been  applied,  to  good  purpofe,  in  the  analytical 
determination  of  feme  difficult  geometrical  pro- 


blems. 

Prob.  3,  4,  5,  6.  BookV.  In  the demondrations 
here  given,  it  may  be  thought,  that  I have  af- 
fected an  unneceffary  exaCtnefs,  by  making  them 
depend  on  Axioms  alone.  But  I was  willing  that 
thefe  fundamental  propofitions  ffiould  have  the 
fame  foundation  and  evidence,  as  they  appear  to 
{land  upon  in  Euclid ; without  referring  to  any 
thing  derived  in  virtue  of  the  4th  Populate.  But, 
whether  I judged  well,  or  ill,  in  this  particular,  is 
of  little  confequence,  as  the  demand  rations  here 
given,  are  not  lefs  plain,  and  but  very  little  longer, 
than  they  otherwife  would  have  been. — The  Pro- 
blems themlelves  might,  indeed,  have  been  given 
along  with  the  Theorems,  as  they  became  necef- 
fary,  according  to  the  method  purfued  by  Euclid ; 
whereby  any  objection,  of  this  fort,  might  have 
been  avoided.  But,  befides  fome  fmafl  convenience 
to  the  learner,  there  is  a real  advantage  in  having 
the  Problems  all  together,  after  the  Theorems  ; 
fince,  from  a great  choice  of  properties,  ready  de- 
monftrated  to  our  hands,  we  are  often  able  to  ar- 
rive at  a fh.orter  and  better  conftruClion,  than 
could  poffibly  be  given  from  fuch  properties  alone 
as  are  antecedent  to  Euclid’s  folution  of  the  fame 
■ Problem;  his  method  of  writing  having  obliged 
him  to  introduce  the  leading  Problems  as  foon  as 
poffible,  in  order  to  evince  and  eftabliffi  the  con- 
fidence of  his  definitions,  and  to  open  his  way  in 
a regular  manner  to  the  many  ufeful  Theorems 
thereon  depending.  And  it  is  for  this  reafon  alone, 
that  many  of  his  ConftruCtions  are  not  fo  well 
adapted  to  pradice,  as  thofe  in  common  ufe. 

Upon 
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Upon  which  account,  fome  have  been  precipitate 
enough  to  blame  him  ■,  not  feeing,  or  confidering, 
that  fuch  conftrudions,  tho'  not  fuited  to  anfwer 
every  purpofe,  were  the  mod  proper  lor  his  plan, 
and  the  bell  that  could  be  given  in  the  places 
where  they  Hand. 

Prob.  8.  Bock  V.  The  reafoning  in  this  propo- 
rtion, to  prove  that  rhe  two  circles  will  cut  each 
other,  may,  to  fome,  appear  neealefs.  Profejfor  Sim- 
fon(ai  p.  359.  of  his  Euclid , 4toEdit.  1756;  has  been 
a little  fevere  upon  me,  on  this  head,  for  attempting 
to  fupply,  what  I thought,  afmall  defed  in  Euclid. 
“ Who  is  fo  dull  (lays  hej  tho’  only  beginning  to 
*c  learn  the  Elements,  as  not  to  perceive  that  the 
ii  circle  defcribed  from  the  center  F,  &c.”  It  is 
not  without  a real  concern  that  1 here  fee  this 
able  Geometer  drop  his  ovvn  charader  fo  far,  as 
to  exprefs  himfelf  in  a manner  fo  very  ungcometri - 
cal.  If  the  thing  is,  indeed,  eafy  to  be  perceived, 
it  mutt  be  fo,  either,  as  an  immediate  objed  of  the 
fenfes,  that  is,  in  plain  terms,  by  infoedion  •,  or 
elle  it  muft  be  in  confequence  of  geometrical  rea- 
Ibnings  antecedent  to  the  thing  itlelf.  Now  I am 
clear  that  he  would  not  be  thought  to  mean  the 
former  ; and,  as  to  the  latter,  nothing  had  been 
given  from  whence  the  evidence  of  the  inference 
could  be  fo  clearly  leen  : For,  tho5  it  is  proved, 
that  any  two  Tides  of  every  triangle  are  greater 
than  the  third  fide,  it  would  beablurd  to  urge  that 
conciufion  in  the  cafe  before  us ; becauie  the  qtief- 
tion  here,  is,  whether  a triangle,  under  certain 
fpecified  conditions,  can,  or  cannot  be  formed  ? 
and,  therefore,  to  conclude  any  thing  from  the 
properties  of  triangles,  would  be  ridiculous,  and 
nothing  Ids  than  begging  the  queftion.  That  the 
determination  propoled  limits  the  Problem, no  body 
y/ill  difpute  : But  then,  is  it  not  neceflary  that 
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this  mould  be  proved,  in  Elements  of  Geometry, 
where  a reafon  for  every  thing  is,  or  ought  to  be 
given  ? From  this  confideration,  I cannot  intirely 
approve  of  the  emendation  propofed  by  this  Editor 
to  Euclid' s 24th  Prop.  Book  I.  For,  tho’  the  addi- 
tion there  made,  does  indeed  reflrain  the  propofi- 
' tion  to  one  cafe ; yet  this  ought  to  have  been  de- 
monftrated,  by  (hewing  that  the  point  F (vid.p  29.) 
muft  in  confequence  of  fuch  reftridtion,  neceflarily 
fall  below  the  line  EG  ; but  this  is  not  done. 
Many  other  inftances  might  be  produced  to  (hew, 
that  this  gentleman,  who  often  appears  a little  too 
hafty  and  fevere  in  his  cenfures,  is  not,  himfelf, 
every  where  equally  guarded.  In  Prop.  I.  Book  III. 
he  bids  you  to  draw  a ftraight-line  within  a circle, 
without  fpecifying  that  it  mult  terminate  in  the 
circumference  •,  and,  what  is  a great  deal  worfe, 
he  here  very  improperly  ufes  the  word  within  ; 
when  the  propofition  itfelf  is  laid  down  in  order  to. 
prove,  in  the  fubfequent  one,  that  fuch  line  muft 
necdTarily  fall  within  the  circle.  Thefe  are,  it  is 
true,  but  little  matters ; but  lefs  than  thefe  have 
fallen  under  this  gentleman’s  notice.  At  p.  358, 
M.  Clairaut  is  glanced  at,  for  an  inadvertency  of 
this  fort.  And,  in  the  note  at  the  head  of  p 415. 
it  is  faid,  “ The  words,  for  a firelight -line  cannot 
<c  meet  a firelight -line  in  more  than  one  pointy  are  left 
<s  out,  as  an  addition  by  fome  unfkdful  hand  ; for 
“ this  is  to  be  demonftrated,  not  a (fumed.”  Now- 
can  it  poftibly  (hew  any  want  of  (kill  in  an  editor, 
to  refer  to  an  axiom  which  Euclid  himfelf  had  laid 
down  (Book  I.  N°.  14  ) and  not  to  have  demon- 
ftrated, what  no  man  can  demonftrate  ? 

Prob.  16,  17,  18.  BookV.  Thefe  three  Pro- 
blems, tho5  not  fo  frequently  wanted  as  fome  of 
the  preceding  ones,  are  neverthelefs  of  very  confi- 
derable  ufe.  The  twolaftof  them  are  the  fame, 
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in  efred,  with  the  28th  and  29th  of  Euclid's,  6th 
book  *,  but  are  here  put  down  in  a manner  rather 
more  commodious. 

Axiom , p.  13 1.  This  Axiom  is  fubftituted  in- 
ftead  of  the  common  definition  of  equal  folids, 
which,  I really  think,  is  too  bad  to  be  the  work 
of  Euclid.  “ It  is  not  a definition,  but  a propofmon, 
“ whofe  truth  or  fallhood  ought  fas  a very  judi- 
« cious  writer  obfervesj  to  be  demonftrated,  not 
« affumed.”  Neither  is  it  at  all  conformable  to 
Euclid's,  manner  of  writing,  where  he  eftablilhes  the 
foundation  whereon  the  equality  of  plane  figures  is 
grounded-,  which  he  does,  not  by  means  of  a de- 
finition, but  from  the  application  of  two  of  the 
moft  fimple  figures  to  each  other-,  fo  that,  from 
the  coincidence  of  their  bounds,  their  equality  may 
appear  manifeft.  And  this  method  we  have  pur- 
ified in  treating  of  folids  ; without  which  a clear 
and  diftincl  idea  of  their  equality  can  be  no  more 
obtained,  than  of  the  equality  of  plane  figures  in- 
dependent of  the  4th  Prop,  of  the  firft  book,  which 
is. our  10th  Axiom.  I Ihould  have  faid  a good 
deal  more  on  this  head,  but  1 find  that  Profejjor 
Simfon  has  already  placed  this  matter  in  fo  ftrong 
and  clear  a light,  as  to  render  any  farther  apology, 
or  comment,  unneceflary  here.  Tho’  I muft  con- 
fefs,  that,  had  this  gentleman’s  work  come  into 
my  hands  * before  the  elementary  part  of  my  own 


* This  did  not  happen  till  the  middle  of  November  I759  ; 'when- 
being  in  town,  in  company  with  my  bookfeller , and  being  prejfed  by 
him  to  finijh  ; 1 acquainted  him  that  every  thing  was  actually 
ready  except  the  Preface,  which  would  cojl  me  fame  pains,  fince  it 
would  be  necejfary  to  obviate  fome  objections , particularly  with 
regard  to  the  reafons  for  my  rejecting  Euclid’s  definition  of  equal 
folids , and  building  upon  a different  foundation.  On  which,  he  im- 
mediately let  me  know,  that  Mr.  Rob.  Simfon  had  already  cleared 
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had  been  intirely  printed  off,  the  definition  of  ft- 
imiar  folids,  which  I have  given, from  Euclid , would 
have  been  delivered  under  a form  fomevvhat  dif- 
ferent. For,  tho’  it  involves  no  abfurdity,  as  it 
now  ftands,  yet  there  are  certain  cafes  (but  fuch  in- 
deed as  do  not  occur  in  any  Elements  of  Geometry) 
where  it  will  not  afford  the  precife  idea  it  ought 
to  convey. 

Pojlulatum , p.  131.  The  unfatisfadfory  and  in- 
conclufive  demonftration  given  to  Euclid's  2d  Prop. 
Book  XI.  (by  Euclid  himfelf,or  fome  lefs  fkilful  Edi- 
tor) leemed  to  render  lomething  of  this  lort  necef- 
iary.  In  that  demonftration  it  is  taken  for  granted, 
that  one  part  of  the  triangle,  at  leaft,  muft  be  in 
the  fame  plane.  But  it  has  been  very  juftly  ob- 
ferved,  that  a curve  furface  may  be  bounded  by 
three  right  lines:  Nor  does  it  feem  eafy  to  form  a 
clear  idea,  that  even  a part  of  any  one  of  the  three 
lines  will  be  in  the  lame  plane  with  one  of  the 
others,  unlefs  by  conceiving  a plane  to  be  turned 
about  upon  the  one,  till  it  meets  with,  or  falls 
upon  fome  point  in  the  other.  And  l have  the 
fatisfadtion  in  this  particular,  to  fee  my  fentiments 
exadliy  agree  with  thofe  of  a very  good  judge, 
whofe  name,  I have,  more  than  once,  had  occafion 
to  mention  in  thefe  notes.  It  is  true,  he  makes 
that  a 1 heorem,  which  I lay  down  as  a Poftulate. 
But,  fince  a plane  can  no  more  be  turned  about 
upon  a line,  than  a line  can  be  drawn  from  one 
point  to  another,  it  feemed  to  me,  that  the  one 


vp  that  point  ; and  expreffed  his  furprize  that  a work  offo  much 
repute,  wherein  ( he  told  me)  my  own  name  was  more  than  once 
mentioned,  had  not  come  into  my  hands.  A copy  of  which  I re- 
ceived from  him  the  next  morning.  In  confequence  whereof  I 
changed  my  firjl  defign  of  writing  a lon%  Preface  ; thinking  it 
would  be  better  to  give  what  1 had  to  offer , in  notes,  after  the 
example  of  this  Editor. 


was 
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was  as  properly  a Poftulate,  as  the  other.  How- 
ever, whether  this  be,  or  be  not  allowed,  is  imma- 
terial, as  the  degree  of  evidence  is  precifely  the 
fame.  There  is,  indeed,  one  reafo.11,  why  this  Theo- 
rem, or  Poftulate,  ought  to  have  preceded  that  gen- 
tleman’s demonftration  of  Prop.  1.  Book  XI ; It  is 
there  wanted  : For,  in  the  Corollary,  on  which 
that  demonftration  is  made  to  depend,  the  lines 
AB,  BD,  BC  are  fuppofed  to  be  all  in  the  fame 
plane  ; which  ought  by  no  means  to  be  aflumed  in 
the  firft  of  the  nth.  Euclid’s  10th  Axiom,  which 
that  Corollary  is  intended  to  fupply,  and  by  which 
the  propofition  is  ufually  demonftrated,  is  not  lit 
mited  by  any  luch  reftri&ion. 

Theor.  12.  Book  VII.  This  propofition  is  added 
on  account  of  its  ufe,  being  the  foundation  on 
which  the  whole  art  of  perfpeflive  in  a manner  de- 
pends. 

Tbeor  25.  Book  VII.  From  this  Theorem,  which 
is  very  extenfive  in  its  application,  feveral  others 
of  conftderable  note  may  be  deduced  : one,  or 
two  of  which,  for  the  fake  of  the  learner,  I fhall 
here  derive,  and  put  down  by  way  of  example. 

Let  A,  B,  C,  D denote  four  lines  in  continual 
proportion. 

Then,  ^ ] 2 j | ?*?it  follows  [from 

fince  (A  B : : A B,*  yheor-  2 ^ thaC 

A* : B! : : CBA  : CBD  : : A : D {by  2 2, 
y.)  or  that,  of  four  lines  in  continual  proportion, 
the  cube  of  the  firft  is  to  the  cube  of  the  fecond, 
as  the  firft  line  is  to  the  fourth. 

Again,  let,  A : a : : B : b : : C : c (where  A,  a ; 
B,  b ; C,  cy  may  be  fuppofed  to  reprefent  the 
homologous  fides  of  two  fimilar  parallelepipe- 
dons). 


Then., 
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Then  ^A  : a : : B : b~) 

fince  * A : : : C : r > it  alfo  follows, 

( A : a : : A : 

that  AJ  : a' : : BCA : bca  ; or,  that  fimilar  pa- 
rallelepipedons  are  to  one  another,  as  the  cubes  of 
their  homologous  fides. — The  proportionality  of 
fimilar  parallelepipedons,  defcribed  upon  propor- 
tional lines,  is  alfo  included  in  the  fame  Theorem  ; 
being  no  other  than  that  cafe  of  it,  where  the  pro- 
pofed  ratios  are  all  equal. 

■ Theor  5.  Book  VIII.  The  demonftration  of  this 
Theorem  might  have  been  delivered  under  a form 
fomewhat  different,  by  affuming  two  other  folids 
(without  regard  to  figure)  the  one  lefs,  and  the 
other  greater  than  the  propofed  parallelepipedon 
IP,  and  proving  that  cylinder  muff,  alfo,  be  greater 
than  the  one,  and  lefs  than  the  other : which  is 
done  by  means  of  Lem.  1.  that  is,  by  taking  Pm, 
or  Pt , fofmall  a part  of  IP,  as  to  be  lefs  than  the 
difference  between  the  given  parallelepipedon  and 
either  of  the  faid  folids : from  whence  the  de- 
monftration will  proceed  on,  in  the  fame  manner 
in  which  we  have  given  it.  But,  as  thefe  ad- 
ditional confiderations  would  have  increafed  the 
number  of  fchemes,  and  lengthened  the  procefs, 
without  adding  onejot  to  the  degree  of  evidence, 
it  was  thought  proper,  for  the  fake  of  the  learner, 
to  omit  them. 

<Theor.  8.  Book  VIII.  This  Theorem  is  not  fo 
ufeful  as  the  Corollaries  that  follow  from  it,  which 
are  all  of  very  great  importance  : In  the  3d  and 
4th  of  them,  the  proportion  of  all  kinds  of  prifras 
and  pyramids  is  aftigned,  without  the  afiiftance 
of  the  ufual  demonftrations  given  for  this  purpofe  ; 
which,  tho’  iufficiently  evident  in  themfelves,  are 
often  found  a little  perplexing  to  learners,  on  ac- 
count 
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count  of  the  fch  ernes,  wherein  fo  great  a num- 
ber of  lines  is  neceffary. 

Nothing,  in  the  courfe  of  thefe  notes,  has  been 
faid  relative  to  the  Theorems  on  proportions,  tho* 
fo  nice  and  critical  a fubject,  and  tho’  the  method 
I have  therein  purfued  may  (land  in  need  of  (ome 
apology.  But,  indeed,  the  whole  of  what  I have 
to  offer  on  this  head,  was  too  much  to  be  com- 
prized in  the  compafs  of  one  fingle  note,  and 
could  not  fo  properly  be  delivered  in  feveral  de- 
tached ones : For  which  reafon,  I (hall  here  throw 
together  all  that  I have  to  advance  on  that  fub- 
jeft. 

There  are  two  objections  that  may  be  brought 
againftthe  method  in  which  proportions  are  treated 
of  in  this  work ; the  one,  grounded  on  the  impof- 
fibility  of  dividing  every  magnitude  into  equal 
parts ; and  the  other,  on  the  incommenfurabiiity 
of  two  or  more  magnitudes  of  the  fame  kind, 
when  compared  with  each  other.  The  firft  of 
thefe  objections  appears,  to  me,  to  have  very  little 
weight.  For,  tho’  a magnitude  may  be  fo  con- 
(ticuted,  that  the  divifion  of  it,  into  an  affigned 
number  of  equal  parts  cannot  be,  aftually,  effected 
by  any  geometrical  conftruCtion  *,  yet  it  is  no  lefs 
evident,  for  that  reafon,  that  every  fuch  magnitude 
has  really  its  third,  fourth,  or  other  affigned 
part,  tho’  we  are  at  a lofs  how  to  take  it;  or,  in 
other  words,  it  feems  very  clear  to  conceive,  that 
in  every  propofed  magnitude,  whatever  its  figure 
may  be,  a lefs  magnitude  is  contained,  which,  re- 
peated an  affigned  number  of  times,  fhall  be  equal 
to  the  magnitude  given.  If,  as  the  mod  rigid 
judges  allow,  every  plane  figure  is  equal  to  fome 
fquare,  and  every  folid  equal  to  fame  parallelepipe- 
don*,  then  the  parts  of  the  fquare,  or  parallelepi- 
p«don,  which  are  actually  determinable  by  a geo- 
metrical 
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metrical  conftru&ion,  will  alfo  be  like  parts  of  the 
figure  firft  propofed,  and  fuch  as  we  conceive  to 
be  taken. 

The  other  obje&ion,  depending  on  the  incom- 
menfurability  of  magnitudes.,  is  a matter  of  real  dif- 
ficulty ; wh'ch  we  have  taken  fome  pains  to  ob- 
viate, in  the  Scholia  to  our  3d  and  7th  Theorems. 
Euclid , himfelf,  feems  to  have  been  not  a little  em- 
barraffed  with  it , if  we  may  be  allowed  to  judge 
from  the  different  methods  he  has  left  us  in  his  5th 
and  7th  books  j the  former  whereof,  which  is 
fuited  to  include  the  bufinefs  of  incommenfura- 
bles,  being  nothing  near  fo  eafy  and  natural  as  the 
latter  : it  has,  it  is  true,  the  advantage  of  being  ge- 
neral ; but,  that  the  principles  whereon  it  is  ground- 
ed, are  neither  fo  fimple,  nor  fo  evident  as  might  be 
wifhed  for,  the  many  difputes  about  them,  fince 
Euclid's  time,  by  Geometers  of  the  firft  rank,  will 
in  a great  meafure  evince.  And  farther,  it  feems 
fufficiently  plain,  from  Euclid’sovm  authority,  that 
lie  himfelf  was  not  intirely  pleafed  with  his  own  per- 
formance on  this  head ; or  that  he  was  convinced  (at 
leaft)  that  it  had  not  every  advantage : For,  other- 
wife,  it  will  be  very  difficult  to  account  for  his 
having  demonftrated  many  things  in  his  7th  book, 
by  another  method,  whofe  demonftrations  had  been 
a&ually  given  before,  in  the  5th,  under  a different 
form.  For  thefe  reafons,  when  I fee  the  extrava- 
gant commendations  that  have  been  lavifhed  on  this 
5th  book  of  Euclid , I am  no  farther  convinced  by 
them,  than  that  great  men  may  fometimes  launch 
out  too  far  in  behalf  of  opinions  which  they  have 
adopted.  And  1 believe  that,  whoever  has  read 
the  notes  on  the  5th  book,  by  that  great  reltorer 
of  Euclid , Profegor  Simfon , will  be  apt  to  conclude, 
that  thole  high  encomiums  are  a little  mifapplied. 
Indeed,  if  all  that  is  advanced  in  thofe  notes  be 
allowed  of,  I think  the  author  of  them  has  proved 
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too  much  *,  and  this  fuperb  fabric  of  proportions, 
leared  withfo  much  art,  ftands  upon  a tottering 
foundation.  It  is  not  by  choice  that  I go  out  of 
my  way  to  play  the  critic  \ but  as  the  writers  againft 
the  vulgar  and  indiftind  notion  of  proportions  fas 
they  term  it)  are  very  fevere  in  their  cenfures,  and 
affumea  great  fuperiority,from  the  boafted  accuracy 
of  their  reafonings , it  may  be  neceffary  to  (hew  my 
reader,  that,  tho’  what  he  is  here  taught  on  propor- 
tions, is  liable  to  fome  objections,  the  method 
which  fome  fo  greatly  prefer,  has  alfo  its  difficul- 
ties •,  and  that  there  are  other  objections  to  it  befides 
its  obfcurity.  And  this  I (hall  make  appear  from 
this  learned  Commentator’s  own  authority  and  con- 
ceffions  j and  in  order  thereto,  (hall  firfb  refer  to  his 
note  on  Prop,  10.  which  proceeds  thus.  “ It  was 
“ neceffary  to  give  another  demonftration  of  this 
“ propofition,  becaufe  that  which  is  in  the  Greek, 
“ and  Latin , or  in  other  editions,  is  not  legitimate. 

For  the  words  greater , the  fame , or  equal,  leffer , 
“ have  a quite  different  meaning  when  applied  to 
<c  magnitudes  and  ratios,  as  is  plain  from  the  5th 
“ and  7th  definitions  of  Book  5,  by  help  of  thefe  let 
“ us  examine  the  demonftration  of  the  xoth  Prop. 
“ which  proceeds  thus,  He  then  goes  on, 

in  a long  note,  to  (hew  the  infufficiency  of  a de- 
monftration, which  had  been  received,  by  all,  as 
perfectly  genuine  and  fatisfa&ory ; and  at  laffi comes 
to  this  conclufion.  “ Wherefore  the  roth  Propo- 
“ fition  is  not  Efficiently  demonftrated.  And  it 
“ feems,  that  he  who  has  given  the  demonftration 
“ of  the  joth  Propofition,  as  we  now  have  it,  in- 
<l  ftead  of  that  which  Euclid  or  Eudoxus  had  given, 
“ has  been  deceived  in  applying  what  is  manifeft, 
46  when  underftcod  of  magnitudes,  unto  ratios, 
“ viz.  that  a magnitude  cannot  be  both  greater 
“ and  lefs  than  another.  That  thole  things  which 
“ are  equal  to  the  fame  are  equal  to  one  another, 

“ is 
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4t  is  a mod  evident  Axiom  when  underftood  of 
“ magnitudes,  yet  Euclid  does  not  make  ule  of  it 
“ to  infer  that  thefe  ratios  which  are  the  fame  to 
“ the  fame  ratio,  are  the  fame  to  one  another  ; 
“ but  explicitly  demonftrates  this  in  Prop.  1 1.  of 
“ Book  5.  The  demonflration  we  have  given  of  the 
<c  10th  Prop,  is  no  doubt  the  fame  with  that  of 
“ Eudoxus  or  Euclid , as  it  is  immediately  and  di- 
“ reclly  derived  from  the  definition  of  a greater 
44  tatio,  viz.  7th  of  5.” 

Here  the  weight  of  the  objedlion  refls  on  its  not 
having  been  proved,  that,  of  three  given  magni- 
tudes A,  B,  C,  the  ratio  of  A to  C could  not,  at 
the  fame  time,  be  both  greater  and  lefs  than  that 
of  B to  C.  But,  if  in  the  demonflration,  here  re- 
jedted  as  infufficient,  there  is  any  real  flaw,  it  is 
chargeable  on  the  definition  of  a greater  and  lefs 
ratio,  as  the  reafoning  from  it,  is  clear,  flrong,  and 
perfectly  fcientific.  And  I would  ferioufly  afk  the 
Contemners  of  the  vulgar  and  confufed  notion  of 
proportions,  if  a definition,  by  which  it  cannot 
be  known,  whether  the  ratio  of  the  firfl  to  the  fe- 
cond  of  four  given  magnitudes,  may  not,  at  the 
fame  time,  be  both  greater  and  lefs,  than  that  of  the 
third  to  the  fourth,  is  really  calculated  to  afford 
thofe  very  accurate  ideas  they  pretended  to  ? This 
Commentator  has  too  much  penetration  not  to  be 
aware  of  the  force  of  this  objection,  which  he  has 
attempted  to  obviate  in  one  particular  cafe.  But 
the  new  propofition  given  by  him,  for  that  purpofe, 
ought  to  have  preceded  the  10th,  and  to  have  been 
demonflrated,  independent  of  it.  This  he  alfo 
feems  apprized  of,  when  he  fays,  that  “ it  cannot 
“ be  eafilydemonflrated  without  the  10th,  as  he  that 
44  tries  to  do  it  will  find.”  But,  be  this  as  it  will, 

1 am  not  at  all  clear  that  his  “ demonflration  of 
“ the  10th,  is  the  fame  with  that  of  Eudoxus  or 
44  Euclid Euclid,  or  (if  you  pleafe)  Eudoxus,  does 

never 
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never  (that  I know  of)  refer  to  any  definition,  till 
it  has  been  proved,  either  by  an  aflual  conftrudion, 
or  by  fome  demonftration  previous  to  that  in  hand, 
that  fuch  definition  involves  no  abfurdity,  or  con- 
ditions that  are  incompatible  one  with  another.  If, 
therefore,  it  was  conceived  poffible,  that  the  defi- 
nition of  a greater  and  lefs  ratio,  could  involve  fo 
great  an  abfurdity,  as  that,  by  it , the  ratio  of  A to 
C might  at  the  fame  time  be  both  greater  and  lefs 
than  that  of  B to  C ; this  point,  according  to  the 
method  prefcribed  by  Euclid , ought  to  have  been 
cleared  up,  not  by  means  of  propofitions  derived  in 
virtue  of  that  very  definition,  but  by  others  ante- 
cedent thereto,  and  independent  thereupon.  And, 
to  me,  the  8th  Prop,  feems  the  proper  place  for  the 
doing  of  this,  where  it  might  be  eafily  introduced, 
either  in  the  Prop,  itfelf,  or  by  way  of  Corollary. 
It  is  there  proved,  that  if,  of  three  magnitudes  A, 
B,  G,  thefirft  A is  greater  than  the  fecond  B,  then 
certain  equimulriplesof  A and  B maybe  taken  fuch, 
that  being  compared  with  fome  multiple  of  C,  the 
multiple  of  A fhall  be  greater,  and  that  of  Blefs  than 
the  laid  multiple  of  C.  Whence,  by  the  definition  of 
a greater  ratio,  the  ratio  of  A to  C is  greater  than 
that  of  B to  C.  To  which  might  be  added — .And 
becaufe  A is  greater  than  B,  any  multiple  whatfo- 
ever  of  A muft  be  greater  than  the  fame  multiple 
of  B ; and,  confequently,  no  equimultiples  what- 
foever,  of  A and  B can  pofiibly  be  fo  taken^  that  the 
multiple  of  A fhall  beequalto,orIefs  than  fome  mul- 
tiple of  C,  and  that  of  B greater  than  the  multiple  of 
C : for,  if  the  multiple  of  B be  greater  than  the 
multiple  of  C,  the  multiple  of  A,  which  is  greater 
than  that  of  B,  muft  alfo  be  greater  than  the  mul- 
tiple of  C.  Wherefore  the  ratio  of  A to  C can- 
not (by  the  definition)  be  lefs  (as  well  as  greater) 
than  the  ratio  of  B to  C. 

But,  notwithftanding  all  that  has  been  proved  on 
this  head,  either  here,  or  by  that  gentleman  him- 

felt, 


Notes  geometrical  and  critical. 

felf,  the  fame  objedtion  occurs  again  in  Prop. 
where  it  remains  in  its  lull  force,  for,  tho’  it  be 
allowed,  that  “ there  are  fome  equimultiples  of  C 
“ and  E,  and  fome  of  D and  F fuch,  that  the 
“ multiple  of  C is  greater  than  the  multiple  of  D, 
“ but  the  multiple  of  E not  greater  than  the  mul- 
" tiple  of  F yet  it  is  not  demonftrated,  nor  in 
any  fort  (hewn,  that  other  equimultiples  ot  thole 
quantities  cannot  be  taken  fuch,  that  the  very  con- 
trary fhall  happen. — If  the  demonftration  of  the 
10th  Prop,  has  b£en  juftly  rejected  by  this  gentle- 
man himlelf,  as  infufficient,  becaufe  the  impoffibili- 
ty  of  a contrary  conclufion  had  not  been  (hewn  * 
can  it  be  thought  that  this  13th  Propofition  is,  at 
this  day,  fufficiently  demonftrated,  where  the  fame 
objection  occurs,  and  that  in  a much  greater  lati- 
tude ? I have  a much  better  opinion  of  this  Edi- 
tor’s dilcernment,  than  to  imagine,  that  his  pafTing 
this  matter  over  in  filence,  proceeded  from  his  not 
being  aware  of  the  difficulty  ; but  it  feems  to  me, 
that  his  great  diflike  to  the  vulgar  idea  of  propor- 
tion (fo  often  teftified  in  the  courfe  of  his  notes) 
■would  not  permit  him  to  borrow  any  thing  from 
thence,  however  evident,  and  though  this  objec- 
tion, that  ftrikes  deep  at  the  very  root  of  propor- 
tions, might  by  means  thereof  be  very  eaftly  re- 
moved. 1 fay,  the  very  root  of  proportions  is 
deeply  (truck  at  in  this  objection  ; becaufe  both 
the  alternation  and  equality  of  ratios  {ex  aquali fc. 
dift.)  are  grounded  on  the  faid  13th  Prop  and 
which,  therefore,  till  the  objection  is  removed, 
mult  be  allowed  to  ftand  upon  an  uncertain  foun- 
dation. 

The  principle  hinted  at  above,  whereby  the  dif- 
ficulty might  be  obviated,  is,  that  if  a magnitude 
of  any  kind  be  given,  or  propounded,  there  may 
(or  can)  be  another  magnitude  ot  the  fame  kind 
which  lhall  have  to  it  any  ratio  affigned  This 
aftumpti.on  Mr.  Profejfor  will  by  no  means  admit  of 
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(tho*  jE«f//Whimfelf,  in  Prop.  2.  of  his  12th  book, has 
ufed  it) ; and,  in  a long  note  on  Prop.  1 8.  is  angry 
with  Clavius  for  having  recourfe  to  it  *,  affirming, 
“ that  the  demonftration  (given  by  means  thereof) 
“ is  of  no  forces”  and  that  “ the  thing  itfelf  can- 
“ not  (as  far  as  he  can  difcern)  be  demonftrated  by 
« the  preceding  propofitions,  fo  far  is  it  from  de- 
e<  ferving  to  be  reckoned  an  Axiom,  as  Clavius* 
“ after  other  Commentators,  would  have  it.”  That 
the  afllimption  cannot  be  generally  demonftrated 
by  the  preceding  propofitions  (nor  even  by  all  the 
propofitions  in  the  Elements)  I readily  afient  to  : 
but  then,  becaufe  a thing,  exceedingly  obvious  in 
its  own  nature,  cannot  be  demonftrated  •,  is  it  there- 
fore lefs  proper  for  an  axiom  ? I fhould  rather 
take  the  other  fide  of  the  queftion,  and  maintain 
that  nothing  ought  to  be  made  an  Axiom,  which 
can  be  demonftrated.  But  we  are  not,  it  feems, 
allowed  to  have  any  idea  of  proportion  but  what 
is  contained  in  the  6th  and  8th  (or,  as  this  Author 
makes  them,  the  5th  and  7th)  definitions  of  Eu~ 
clid’s  5th  Book.  And,  in  his  note  on  the  new 
Prop,  marked  A,  He  is  again  difpleafed  with  Cla- 
vius, for  thinking  it  fufficiently  evident,  from  the 
nature  of  -proportionals,  that  if,  of  four  proportional 
magnitudes,  the  firft  antecedent  is  greater  than  its 
confequent,  the  fecond  antecedent  will  alfo  be 
greater  than  its  confequent.  “ As. if  there  was 
(fays  he)  any  nature  of  proportionals  antecedent 
“ to  that  which  is  to  be  derived  and  underftood 
<a  from  the  definition  of  them.”  Now  I cannot 
help  thinking,  with  Clavius , that  there  was  a na- 
ture, or  idea  of  proportion  antecedent  to  that 
given  in  the  6th  and  8th  definitions  of  Euclid’s 
5th  book  : For,  that  mankind,  long  before  the 
time  of  Euclid , had  fome  way  to  Chew,  or  exprefs, 
in  what  degree  one  magnitude  was  greater  or  lefs 
than  another,  cannot  be  doubted  : And  this  was 

T the 


273 


£ 74  Notes  geometrical  and  critical . 

the  firft,  and  natural  idea  of  proportion:  And 
1 look  upon  thofe  definitions,  as  refinements, 
only,  on  the  fimple  and  natural  idea,  in  or- 
ber  to  take  in  the  bufinefs  of  incommenfurables  ; 
whereby  the  original  notion  is  fo  much  obfcured, 
that  it  requires  feme  (kill,  even  to  lee  that  it  is 
at  all  contained  in  thefe  definitions.  1 intirely  agree 
with  this  gentleman,  that  every  demonliration 
ought  to  be  ftridlly  derived  from  principles  before 
eftablilhed  : But  then,  whether  is  it  more  eligible, 
to  have  recourfe  to  an  Axiom  founded  (as  all  other 
Axioms  are)  on  the  evidence  of  fenfe  and  reafon, 
or  to  an  obfeure  and  perplexed  definition,  which 
may,  for  any  thing  that  has  been  proved  to  the 
contrary,  involve  an  ablurdity  ? 

That  there  is  fomething  very  ingenious  and  fubtle 
in  the  do&rine  of  proportions,  as  delivered  in  Eu- 
clid's 5th  book,  cannot  be  denied.  All  that  I con- 
tend for,  is,  that  the  principles  on  which  it  is  built 
are  obfeure , and  not  fo  firmly  eftablilhed,  as  to  au- 
thorize its  partifans  toaffume  that  great  fuperiority 
they  lay  claim  to,  in  point  of  geometrical  (trittnefs. 

I have  intimated  above,  that  the  principle  is  re- 
jected,by  which  the  confidence  of  the  definition  of  a 
greater  and  lefs  ratio  might  be  eftablilhed,  witnout 
much  difficulty : But  I wouldnotbe  thought  to  mean, 
that  the  fame  thing  cannot  poffibly  be  effedled  any 
other  way,  becaufe  l am  fatisfied  that  it  may  be  done 
from  the  confideration  of  multiples  alone:  But  a de- 
monfiration  of  this  fort  is  not  eafiy. — Were  I to  treat 
of  proportions  from  the  plan  laid  down  in  the  5th 
book  of  Euclid , 1 would  intirely  rejebt  the  10th  and 
1 3th  propofitions,and  every  thingelfe  founded  on  the 
definition  of  a greater  and  lefs  ratio,  as  being  of  no 
other  ufe  in  the  Elements,  than  to  open  the  way  to 

thofeimponantTheoremsonthealternationandequa- 
1 ity  of  ratios-,  which  maybe  betterdemonftrated  with- 
out them,  from  the  definition  of  equal  ratios  alone; 

which. 
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which,  from  the  conditions  of  it,  can  admit  of  no 
abfurdity,  and  whofe  confidence  is  evinced  in  Prop. 
15.  and  dill  more  clearly  in  the  fird  of  the  fixth. 

In  the  14th  of  the  5th,  whereon  the  alternation 
of  ratios  is  grounded,  it  is  neceffary  to  demondrate, 
“ That  if,  of  four  proportional  magnitudes,  of  the 
“ fame  kind,  A,  B,  C,  D,  the  fird  be  greater  than 
“ the  third,  the  fecond  fhall  be  greater  than  the 
<c  fourth  s and  if  equal,  equal ; and  if  lefs,  lefler.’* 
Which  may  be  very  eafily  done,  independent  both 
of  the  10th  and  13th,  in  the  manner  following. 
Fird,  let  A be  greater  than  C. 


E 


F 


h 


G 
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Of  A and  C (by  Prop.  8.)  let  fuch  equimultiples 
be  taken,  that  the  multiple  of  A fhall  be  greater, 
and  that  of  C lefs,  than  fome  multiple  of  B •,  let  E 
and  G be  any  two  fuch  equimultiples  of  A and  C, 
and  F the  multiple  of  B;  fo  that  E fhall  be  greater 
than  F,  and  G lefs  than  F ; and  let  H be  the  fame 
multiple  of  D,  as  F is  of  B.  Therefore,  becaufe 
E and  G are  equimultiples  of  the  fird  and  third, 
and  F and  H alio  equimultiples  of  the  fecond  and 
fourth  •,  and  feeing  that,  (by  Hyp.)  E is  greater  than 
F ; it  is  evident,  from  the  definition  of  equal  ra- 
tios, that  G mud  likewife  be  greater  than  H : 
Therefore  much  more  fhall  F (which  exceeds  G)  be 
greater  than  H •,  whence  alfo  B fhall  be  greater  than 
D (by  Ax.  4.)  B and  D being  like  parts  of  F and  H. 

When  A is  lefs  than  C,  it  will  be  demondrated 
in  the  fame  manner,  that  B is  alfo  lefs  than  D.  But 
when  A is  equal  to  C,  no  new  demon (tration  is 
neceffary  ; fince  neither  the  10th  nor  the  13th  have 
any  thing  to  do  in  this  cafe. 

Again,  in  the  20th  Prop,  (in  which  the  10th  and  ' 
13th  alfo  enter)  we  are  to  prove, <l  That  if  there  be 

“ three 
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three  magnitudes  (A,  B,  C)  and  other  three  (D, 
•c  E,  F)  which  taken  two  and  two  have  the  fame  ra- 
46  tio  (A  : B : : D : E,  B : C : : E : F)  if  the  firfl:  (A ) 
tc  be  greater  than  the  third  (C),  the  fourth  (D)  fnall 
“ be  greater  than  thefixth  (F);  and  if  equal,  equal; 
<e  and  if  iefs,  le/Ter.”  Which  may  likewife  be  done, 
without  the  affiftance  of  either  the  10th  or  the  13th, 
in  the  fame  manner,  above  fpecified. 

For,  if  A be  greater  than  C ; then  of  A and  C 
(by  Prop.  S.J'fuch  equimultiples  may  betaken,  that 
the  multiple  of  A fhall  be  greater,  and  that  of  C 
lefs,  than  fome  multiple  of  B *,  let  G and  I be  two 
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fuch  equimul- 
tiples of  A 
and  C,  and  let 
H be  the  mul- 
tiple of  B,  fo  f 
that  G fhall  be 
greater  than  *" 

H,  and  I lefs 

than  H ; moreover  take  L the  fame  multiple  of 
E,  as  H is  of  B ; and  K and  M the  fame  equimul- 
tiples of  D and  F,  as  G and  I are  of  A and  C. 
Therefore,  fince  of  the  four  proportionals  A,  B,  D, 
E,  equimultiples  G,  K of  the  firft  and  third,  and 
equimultiples  H,  L of  the  fecond  and  fourth,  are 
here  taken,  it  is  manifeft,  from  the  definition  of 
equal  ratios,  feeing  G is  greater  than  FI  (by  Hyp.) 
that  K muft  alfo  be  greater  than  L.  And  in  the 
very  fame  manner,  becaufe  B,  C,  E,  F are  propor- 
tionals, and  H is  greater  than  I,  L will  likewife  be 
greater  than  M : Therefore  much  more  fhall  K, 
which  exceeds  L,  be  greater  than  M.  And  con- 
fequently  (by  Ax.  4J  D fhall  alfo  be  greater  than  F. 
— When  A is  lefs  than  C,  the  demonftration  is  the 
fame  : The  other  cafe,  when  A is  equal  to  C,  does 
not  require,  nor  indeed  admit  of  any  improvement. 


FINIS . 


* 


